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PREFACE 


ns stated m Volume 1^ this work has been written chiefly fnr the 
purpose of supplying teachers and students with a usable textbook on 
the history of elementary mathematics, that is, of mathematics 
ihrofugh the first steps in the calculus. The subject has come to be 
recognized as an important one in the preparation of teachers and in 
the liberal education of students in colleges and high schools, showing, 
as it does, mathematics as constantly progressing instead of being a 
static mass of knowledge. Through a consideration of the history of 
the science the student comes to appreciate the fact that mathematics 
has continually adjusted itself to human needs, both material and 
intellectual; and thus he comes into sympathy ’mth the effort to im¬ 
prove its status, either adding to its store through his own discoveries 
or bettering the methods of presenting it to those to whom it is taught 
in our schools. 

In Volume T the reader found a general survey of the progress of 
elementary mathematics arranged by chronologital pEriods with rei- 
erence to racial and geographical conditions. In this volume he will 
fitid the subject treated by topics. The teacher of arithmetic will 
now see, in three or four chapters, a kind of moving picture of the 
growth of hts subject^—how the world has counted, how it has per¬ 
formed the numerical operations, and what have been the leading 
lines of applications in which it has been interested. In geometry he 
will see how the subject arose^ what intellectual needs established it 
so firmly, what influences Jed to its growth in various directions, and 
what human interest there is in certain of the great basal propositions. 
In algebra he will see, partly by means of fac^miles, how the symbol¬ 
ism has grown, bow the equation looked three thousand years ago, tlie 
way its method of expression has changed from age to age, and bow 
the science has so adjusted itself to world needs as now to be a neces¬ 
sity for the average citizen instead of a mental limity for the selected 
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feWr He will learn how the number concept hsts enlarged as new needs 
have manifeBted theniseU'es^ and how the world struggled with frac¬ 
tions and with the mysteries of such artihciaJi forms as the negative 
and the imaginary number, and will thus have a still clearer vision of 
mathematics as a growing science. The terminology of the subject 
will arouse interest; the common units of measure will mean some- 
thinfT mo.re than mere names; the minutes and seconds of time and of 
angles will take on a kind of human aspect; and the caleridar will 
cease to he the mystery that it is to the youth. Trigonometry will 
have a new interest to the teacher who reads what Plutarch tells of 
the shadow-reckoning of Thales^ and of the independent origin of the 
trigonometry of the sphere; and the calculus, which the freshman or 
sophomore barns in accordance with time-honored tradition^ will be 
seen to have a history that is both interesting and illuminating. To 
see in its genetic aspect the subject that one is teaching or studying, 
and to see how the race has developed it, is oftentimes to see how it 
should be presented to the constantly arriving new generations, and 
How it can be made to satisfy their intellectual hunger. 

^hile the footnote is frequently condemned as being merely an 
apology for obscurity or as an exhibition of pedantry^ it would be 
difficult, in a work of this kind, to dispense with its aid. There are 
two principal justifications for such a device: first, it enables an 
author to place the responsibility for a statement that may be open to 
question; and, second, it encourages many students to undertake 
further study, either from secondary sources or, what is more im¬ 
portant, from the original writings of the men, who rank among the 
creators of mathematics. With these two points in mind, footnotes 
have been introduced in such a way as to be used by readers who 
wish further aid, and to be neglected by those who wish merely a sum¬ 
mary of historical facts. For the student who seeks an opportunity 
to study original sources a slight introduction has been made to this 
field. The test of the book contains almost no quotations in foreign 
languages, the result being that the reader will not meet with linguistic 
diCTicuities in the general narrative. In the notes, however, it is fre¬ 
quently desirable to quote the precise words of an author, and this 
has been done with reference to such European langnagea as are more 
or less faimliac. It is not necessary to translate literally all these 
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extractsf since tlie text itself sets forth the general meaning. Students 
who have some general knowledge of Latin, French, or German will 
have little difftculty, and in many cases will have much interest, 
in seeing various statements in their original form. For special reasons 
a few notes have been given in Greek, but in every case the meaning 
is evident from the text. 

In these footnotes and occasionally in the test there have, in this 
volume^ been inserted a few names of minor importance which were 
purposely omitted in Volume I. These names refer to certain arith- 
metictans who contributed nothing to the advance of mathematica, 
but who, through popular textbooks, helped to establish the symbols 
and terms that are used in elementary instruction. In such cases 
all that has seemed necessary in the way of personal information is to 
give the approximate dates. In the case of names of particular im¬ 
portance further information may be found by referring to the Index. 

The difficult question of the spelling and trareshteration of proper 
names is always an annoying one for a writer of history. There is 
no precise rule that can be followed to the satiafaction of all reader^. 
1q general it may be said that in this work a man's name is given as 
he ordinarily spelled it, if this spelling has been, ascertained. To this 
rule there is the exception that where a name has been definitely 
Anglicized, the English form has been adopted. For example, it would 
be mere pedantry to use, in a work in English, snch forms as Platon 
and Strabon, although it is proper to apeak of Antiphon and Bryaon 
instead of Antipho and Bryso. “When iu doubt, as in the case of 
Heron, the preference has been given to the transliteration whicl. 
most clearly represents the spelling used by the man himself. 

In many cases this rule becomes a matter of compromise, and then 
the custom of a writer's modem compiitriots is followed. An example 
is seen in the case of Leibniz. This spelling seems to be gaining 
ground in our language, and it has therefore been adopted instead of 
Leibnitz, even though the latter shows the English pronunciation 
better than the former. Leibniz himself wrote in Latin, and the family 
spelled the name variously in the vernacular. There 3 dems, therefore, 
to be no better plan than to conform to the spelling of those recent 
German writers who appear to be setting the standard that is likely 
to be followed. 
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In connection with dat« of events before the Christian era the 
letters e.c. are used; in connection witli dalK after the beginning of 
this era no distinguishing Jetters are added except in a few cases near 
the beginning of the period, in which the conventional letters a,d. 
have occasiouaiiy been inserted to avoid ambiguity. With some hesi¬ 
tation, but for a purpose which seems valid^ dates are frequently 
given in parentheses after proper names* It is well recognized that 
a precise date^ like 1102 after the name Fibonacci, is of no particular 
value in itself* It makes no difference, in ordinary cases, whether 
Fibonacci wrote his Libcf Abaci in r203, or in ii 3 o, or in 1330, or 
whether abacus is spelled abbactfSj as in some manu 5 Cript$, or in the 
more correct Latin form. On the other hand, two things are accom¬ 
plished by a free use of such dates. In the first place, a reader is 
furnished with a convenient measuring mstnament; he does not have 
to look in the Index or in a chronological table in order to see approx¬ 
imately where the particular writer belongs in the world’s progress. 
The casual reader may well be pardoned if he does not recall where 
Bede, Alcuin, Gerbert, Jordanus, Fibonacci, and Roger Bacon stood 
chronologically with respect to one another, and in reading a technical 
history of this kind there h no reason why he should not be relieved 
of the trouble of consulting an index whenever he meets with such 
names as these. In the second place, it needs no psychologist to con- 
firni the familiar principle that the mind comes, without conscious 
efiortj to associate in memory those things which the eye has fre¬ 
quently associated in reading. .At the risk, therefore, of disturbing 
the minds of those who are chiefly interested in the literary aspect of 
a general statement of the progress of mathematics, many important 
dates have been repeated, especially where they have not appeared in 
the pages immediately preceding. 

The extent of a bibliography in a popular work of this kind is 
a matter of judgment. It can easily run to great length if the writer 
is a bibliophile, or it may receive but little attention. The puipose of 
giving lists of books for further study is that the student may have 
access to information which the author has himself used and w^hich 
he believes will be of service to the reader. For this reason the sec¬ 
ondary sources mentionod in this work are such as may be available, 
and in many cases are sure to he so, in the libraries connected with 



PREFACE 


VI] 


our universities, vf'hile the origmal sources are those which a.re of 
importance in the development of elementary mathematics or -which 
may be of assistance in shtywing certajn tendencies. 

The first time a book was mentioned in Volume I, the title, data, 
and place of publication were given, together, whenever it seemed 
necessary^ with the abbre\nated title thereafter used. Id general this 
plan has been followed ' jlume 11^ at least in the case of important 
works. To find the com|jiete title at any time, the reader has only to 
turn to the Index to find the first reference to the book. The abbrevia¬ 
tion cU. (for hco cltsto, in the place cited) is used only where 
the work has been cited a little distance back„ since any more general 
use of the term would be confusing. The symbolism 7" has been 
used fO'f "Vol. I„p. 7," in order to conserve space, although exceptions 
have been made In certain ambiguous cases, 33 in the references to 
Heath’s E^idid, references to Euclid being commonly by book and 
proposition, as in the case of Euclid, 1 , 47. 

The standard works are referred to as given on pages 3UV'-xvi of 
Volume I. 

In the selection of illustrations the general plan followed has 
been to include only such as will be helpful to the reader or likely to 
stimulate his interest; it would be undesirable to attempt to give, 
even if this were possible, illustrations from all the important sources, 
for this would tend to w^eary him. On the other hand, where the 
reader has no access to a classic that being described, or even to a 
work tvhich is mentioned as having contributed to the world’s prog¬ 
ress in some humbler manner^ a page in facsimile is often of value. 
It is evident that space does not permit of the use of such biblio¬ 
graphical illustrations as those which comprise a large part of the 
facsimiles in the author’s Kara ArUhmdka, 

Tn general the iUustrations have been made from the original books 
or manuscripts in the well-known and extensive library of George A. 
Plimpton, Esq,^ who has been very generous in allowing this material 
to be used for this purpose, or from the author’s collection of books, 
manuscTiptSj mathecnatkal portraits and medals, and early mathe¬ 
matical instruments. 

The scheme of transliteration and pronunciation of proper names 
is set forth fully orj pages xvii-mi of Volume I, Since Arabic, Persian, 
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HmdLi, Chinesej and Japanese names are used less frequently in this 
volumej it will sufficientty meet the needs of the reader if he refers to 
the scheme there given. 

As in Volume I, a few topics for discussion or for the personal 
consideration of students are suggested at the dose of each chapter. 
Specific questions have been avoided^ the purpose being not so much 
to examine the reader on the facts get forth as to encourage him to 
pursue his reading in other works upon the subject. In most cases 
this reading will be done in such encyclopedias as may be available, 
and, preferably^ in other histories also, but in any case the reader 
will have his attention called to a number of general lines for further 
study, and he will have the consciousness that the present work is 
merely an introduction to the genera] subjectj in which, it is hoped, 
his interest has increased. 

On account of the extent of the index to Volume I it has not been 
combined with that of Volume II. It should therefore be consulted 
in connection with the index to this volume, particularly with respect 
to biographical and bibliographicai references. Since, in many cages, 
textbooks are mentioned so frequently as to render a complete Hst so 
long as to be burdensome to the reader, thus defeating its purpo,se, 
such works are included only when the author is not mentioned in 
Volume I and when the work is of such importance as to make tho 
reference valuable. 

The author wishes to express bis appreciation of the aid rendered 
by various friends in reading the proofsheets of both volumes, and 
especially by the late Herr Gustaf Enestrdm of Stockholm, by Pro¬ 
fessor R. C, Archibald, by Mr. Jekutbial Ginsbui’g of NTew York, and 
by Captain E. L. Morss of Boston. 


DAVID EUGENE SMITH 
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HISTORY OF MATHEMATICS 


SPECIAL TOPICS OF ELEMENTARY 
MATHEMATICS 

CHAPTER I 

development of the ARITHMETTCA 
I. General Survey 

Nature of Aritlmietica- As stated in the Preface^ it is the 
purpose of this volume to set forth in considerable detail the 
important steps in the historical development of the several 
branches of elementary mathematics. One of these branches is 
noviT known as arithmetic, a name which, as commonly under¬ 
stood in the English-speaking world, has little or no relation to 
the arithmetic of the ancients* In recent times the word has 
acquired the meaning given by the Greeks and Romans to logis¬ 
tic, or the art of computation, a much more humble discipline 
than that which they called arithmetic. 

In order to make the distinction clear, the present chapter 
will set forth a sufficient number of simple details of the ancient 
arithmetic to enable the student to form an idea of its general 
naturCj and the second chapter will consider the development of 
that elementary art which now bears the ancient name. It will 
be seen that the science which formerly appropriated the title 
was not related to ordinary calculation but was a philosophical 
study dealing with such properties as might now find place in a 
course in the theory of numbers if the latter had not outgrown 
most of these simple number relations and become a subject for 
the university student. 
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Modern Theory. The modern theory of numbers has so little 
direct relation to elementary mathematics that its history need 
only be referred to briefly in (his volume.^ Certain features like 
prime and composite numbers, polygonal numbers (such as 
squares), and solid numbers (such as cubes) are stiJl found in 
elementary mathematics, hoiveverj and these features render 
essential a brief statement concerning the ancient arithmetic. 
In order to escpiain the position of this science in the ancient 
scheme of learning, it is desirable to speak first of the general 
range of knowledge according to the Greek schools of philoso¬ 
phy, and to distinguish between arithmetica, the chissical theory 
of numberSj and arithmetic^ the modern art of computation. 

2. The Seven Lieeral Aets 

The Sevenfold Division. As stated in Volume three and 
seveo have been the chief among mystic numbers in all times 
and among all peoples. Many reasons have been assigned for 
this universal habit of the race, most of them manifestly fanci- 
fulj and possibly no reason can be adduced that will command 
the general approval of scholars. If, however, we omit the num^ 
her hve^ which was often used as a primitive radix and thus lost 
its element of mystery, a fairly satisfactory explanation is found 
in the fact that three and seven are the first prime numbers,— 
odd, tin factorable, unconnected with any common radix, pos¬ 
sessed of various peculiar properties, and thus of a nature to 
attract attention in the period of superstition and mysticism. 

One of the many results of this veneration for these numbers 
is seen in the fact that the ancients numbered seven great 
branches of learning, just as they numbered the Seven Wonders 
of the World and the Seven Wise Men of Greece. They sepa¬ 
rated these branches into two groups, four studies making up 
the domain of science as recognized by the Pythagoreans, and 
three constituting the nonscientific domain, Plato“ spoke of 

^The sludent will find It elaborately treated in L. E, DEck&on, History cf 
the Theory of ^aittbsrs, 3 vois., WashingLon, 191^1523; hereafter jeferted to 
aa Dickson, Th. Numb. 

IX. See also Aristotk’s ToUikSf VUI, i. 
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tbe liberal arts and separated thern into two groups^ but he did 
not limit them to any de&nite number. The scientific group, 
consisting of arithmetic, geometry, spherics, and musicj con¬ 
stituted the ancient domain of mathematics* 

The Seven Liberal Arts* It was probably in the work of 
Capella (c. 460), that the seven liberal arts were hrst distinctly 
speci&eds^ These seven arts were thenceforth looked upon as 
necessary to the education of free men (liberi). They were 
then separated into the qnadrivium,® constituting the Pythag¬ 
orean groups and the trivium,^ made up of grammar, dialectics, 
and rhetoric.* 

The names of the seven arts are fairly descriptive of the sub¬ 
jects represented, with the exception of spherics, which related 
to mathematical astronomy; music, whidi related only to the 
theory of harmony;* and arithmetic, which had little in com¬ 
mon with the subject known in English by this name. 

iVarro (ist centur^^ d.c.) wrote a treaLfse on Uie "ntae liberal disciplines,” 
hut the work is not estant. Capetla introduced the liberal arts as the brides- 
niaids at the niarrlaKe of Philolesy and Mercury. Cassiadoru-i ic. 470-^. 5^4^ 
placed the limit dtrnittely it seven Tietausfi ot tbe seven pHlars in the Temple 
of Wisdom (Praverbs, lx, i). 

=rn medieval Latin also written quodfavium-, the quadmpie.x via, as some 
writers have it. The term in its literal meaning is found as early as Juvenal. 
In its technical cducalional meaning it is used by Casslod'CiruF. 

^Also Writtfiti 

■^As “Hii|;nilJQ natlone tuscus, civis pisanus^ episcopus fertariensfe,'^ to 
quote a medievat record, has it: "Et uero quia gramado. dialccta reEhoricu 
dicuntur triuuium quadam Eirailitudine quasi tripEcc uia ad idem i-dcst ad 
clnqueuLiain atismetbica. munica. Geoir.atria, astronomia. quadain simili similb 
tudiri'C dicuntur quiidriuuium qu^ii quadtupleji uia ad idem idcst ad siptetiUajcti.'' 
See also the well-known verse quoted in Volume I, pape iSo. 
an old Lutia hiS. hail it: 

Musicorum et cautorum nnajini c®t distantia: 

Isti dicunt ilU iioiunc quae componit musica. 

The distinction is well set forth ia B. Verattr, Pf' Maieniaiici UaVmni ant^rinri 
cd^'' invcnsiDyie deda- liampa, p. 4 (Modena, i 36 o). See also P. Tannery', "Du 
role de la. musitine jirecque dans Ic d^vtloppctnent ds lit maLthcrriatique pure” 
Ribi Maik., Ill i6i i E. Nirducci, «n cadicc * * . ded’opera di Giorpio 
Pachimere: rSftm^ndpuv Eendi^onti deUa R. Atcad. drd LiHiai, 

Rome. Vn iqi. 



4 EARLY WRITERS OK KUAIEER I’HEQRY 

Eaeily Whites s on Nuubeh Theoev 

Origia of the Theory. There is no definite trace of the study 
of the theory of numbers before the time of Thales (c* 5 oo e.c,). 
Tradition says that this philosopher, filler] with the lore of the 
Egyptians and probably well informed concerning the mysticism 
of the Babylonians, tanght certain of the elementary properties 
of numbers in the Ionic School, of which he was the founder. 
Such meager knowledge as he had he imparted to his brih 
liant disciple, Pythagoras (c, 54 oe,c.'), who thereupon resorted 
to the priests of Egypt and probably of Babylon for further 
light, In the school which he established at Crotona, in south¬ 
ern Italy (Magna Griecia), he elaborated the doctrines of his 
teachers, including ideas which are distinctly Oriental, and made 
the first noteworthy beginning in the theory of arithmetica. 

Little by little, first among the Pythagoreans and then in 
other schools of philosophy, the subject grew, a little being 
added here and a little there, until the time finally became ripe 
for the appearance of treatises in which the accumulated 
knowledge could be systematically arranged. 

Books on the Theory. The first successful effort in the 
preparation of an expository treatise on the subject was made 
by Euclid 300 n.c.), who is often known only as a geometer 
but who showed great genius in systematiaing mathematical 
knowledge in other important lines as welt. In his Elements he 
devotes Books II, V, VII, Vni, IX, X (in whole or in part) to 
the theory of numbers or to geometric propositions closely re¬ 
lated thereto j and includes such propositions as the following: 

If four numbers are proportional, they are also proportional 
alternately (VII, 13), 

If two numbers arc prime to fwo numbers, both to each, tlieir 
products also will be prime to one another (VII, 26). 

If a square number does not measure a square number, neitlier 
will the Bide measure the side; and if the side does not measure the 
side, neither will the square measure the Square (VIII, i 5 ). 

If an odd number measures an even number, it will also measure 
the half of it (IX^ 30). 
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The nejtt worker in this field was that interesting dtkt- 
tante in matters matliematicalj Eratosthenes (t. 230 e.cJ, who 
worked on a method of finding prime numbers^ by sifting out 
the composite numbers in the naturaJ series, leaving only primes^ 
This he did by canceling the even numbers except 2, every third 
odd number after 3^ every fifth odd number after 5, and so ouj 
the result being what the ancient writers called the sieve.^ 

His friend and sometime companion Archimedes (c. 225B.C.’) 
did little with the theory of arithmetica, but made an effort to 
improve upon the Greek system of numbers,^ his plan involving 
the counting by octads (lo'*), in which he proceeded as far as 
10 and making use of a law which would now be expressed by 
finch a symbolism as. = although he made no specific 
mention of this important theorem. 

It was to the commentary on the Tima^its of Plato, written by 
Poseidonius ft:. 77 b.c.), that the Greeks invariably went for 
their knowledge of die number theories of the Pythagoreans.^ 
This is seen in the fact that the phraseology used, by such writers 
as Theon of Smyrna (c. 125) and Anatolius ft. 2So), in speak- 
ing of this subject, is simply a paraphrase of that used by 
Poseidonius* 

l^icomachus, and Theon of Smyrna* The first noteworthy 
textbook devoted to arithmetica was written by Nicomachus 
(c. 100), a Greek resident of Gerasa (probably the modern 
Jcrash, a town situated about fifty-six miles northeast of Jeru¬ 
salem). He was not an original mathematician, but he did 
for the tiieory of numbers what Euclid had done for elementary 
geometry and Apollonius (r. 225 B*c.) for conic sections,—he 
summarized the accumulated knowledge in his subject. In his 
w'ork are found such statements as the following: "Now fur- 

^ VdL I, p. I0(j. (kos'kinan) t L^tm^ cribrvm, 

= Vol. I, P-. ]13. Set alaa hlsi {piamtm’Ui, Latin arirtarijiSt "sand 

rec}:oiicr"L ArcMm^dis Opera Omma, er!. (Leipzig, w‘lh 

tevistoh^, 

^F. E. Robbins, "PosidDnius and the Sources of Pythaj^otean Arithmology*” 
Cianunl Pkiif}hsy> XV 30^- On Plato’s ippreciation of the vain* oi 

this ItitiiJ of work see F. Cajoii, Greek Pbilosophcr^ on the Disciplinary Value 
of Matliemaiics,'' The Maihemasks Teacher {Deoember, 1^20), p. 57. 


II 



6 EARLY WRITERS ON NUMBER THEORY 

thermore every square upon receiving its own side becomes 
heteromecic; or, by Zeus, on being deprived of its own ade^' 
The next writer of note was Tbeon of Smyrna {c. 135)- He 
added several new propositions to tbe theory, two of them teing 
of special interest: (i) If« beany number, or - i is divisi¬ 
ble by 3, by 4, or by both 3 and 4; atnJ if is divisible by 3 ami 
not by 4, then m’ - i is divisible by 4- (2) If we arrange two 
groups of numbers as follows: 


I + 0 

d^= 1+0= 1 

I 'b I 

2+1= 3 

3 

4 + 3 = 7 


10 + 7 = 1; 

+ ^r-1 

d^= 2 d^_- 


then is of the form 2 w" ± i; for example, ^{=1 = 2 - L 

= g = 2 t 4 -t-1, ■ ■ ■, The numbers were called by Theon 
diameters. It is interesting to observe a fax:t unknown to him, 

namely, that the ratios — U ^2 'h ^ i ►''' 
the successive convergents of the continued fraction 

T . I £ 

and hence approach nearer and nearer the square root of 2. 

Boethms. Boethius (c. 510) appropriated the knowledge of 
such writers as Euclid^ Nicomachus, and Theon, incorporating 
it in his work De in^tUulione arUhmetica, Ubri duo and produc¬ 
ing a textbook that was used in all the important schools in the 
Middle Ages* It is the source with which a student may advan¬ 
tageously begin his study of this subject. 

Later Writers* The most noteworthy writer on the subject 
in the medieval period is Fibonacci (1202), and with respect to 
him and subsequent writers, all of whom have been considered 
in Volume I, we shall later speak in detail as necessity arises. 

^Intusduction, XX. Set G- Johnsmi, Tht AriihffiEiiaii FhUfucphy of 
ackus of G^rasi^^ Lancaster, hereaiter referred to aa /ohitsoii, iVicomac^KJ. 

The meaning is that x- ± \ is not a sguate but a heteromeck or oblorts numDcf. 
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4. Names foe Aeitiimetic 

Arithmetic and Logistic* The ancient Greeks distinguished 
between arithmetic,^ which was the theory of numbers and was 
therefore even more abstract than geometryand logistic,^ 
which was the art of calculating. These two branches of the 
study of numbers continued as generally separate subjects until 
the time of printing, although often with variations in their 
names; but about the beginning of the idtii century the more 
aristocratic name of ^’arithmetic” came to be applied to both 
disciplines. This use of the term was not universal, however, 
and even today the Germans reserve the word Arithmctlk for the 
theoretical part of the science as seen in the operations in alge¬ 
bra, using the word Rcchnen for the ancient logistic.^ Various 
writerpreserved the word "logistic” in the i6th century, but 
in the older sense it generally dropped out of use thereafter. 

From the fact that computations were commonly performed 
on the abacus, the name of this instrument was used in the early 
Middle Ages as a synonym of logistic. Finally, however, the 
word "abacuscame to mean any kind of elementary arith¬ 
metic,and this usage obtained long after printing was invented/ 

In the Middle Ages the name "arithmetic” was apparently 
not in full favor, perhaps because it was not of Latin origin* 
Thus, in a manuscript attributed to Gerbert the word is spoken 
of as Greek, the Latin being "numerorum scieniia."“ 

, fr&m (aniftmoi'), number. It paiscd over 

Latin as nriiel 

Est enim Arithraetices sub]ectum puriua quiddam 4 ' ma^is abstr actum, quam 
sabJectuQCL Geometrlae^' (J, WsHia, Opsm jW'cifet'fnatifa, I, iS (Oxford, i&ps)). 

, which pa^cd ovtr into Latin as JpjifjO'ca. 

* Compare alsa the Frtnth coiCLiL 

Noviemnagus, Ds tU^fi duo B^leo CLynns, 155^!; 

Schoner edition of Eamua ; "LoRUtEca quam uulgo wocant algoristkam 

et aigorEsmuni” (MS. notea in tbe edition of Gcimoa Frisiuf, in Mr. Flimp- 
ton’fe library). For biographica] vnforiufttiQn Trlatini; to such writers as arc ol 
particular JmfKlTtance, see the Indai nf Vnlume I. 

®As in Fibonacci's Ub^r Abad (laaa). 

^See Rara. Arithmetica lor many works bearing such titles as IJbro d' aimeba. 

““Graece Aritbmetica, latine dSdtur nyrnerorum wkntiaf” from the colo¬ 
phon of the "liber sjubtnis&imus de ajrithrnetl'Ca.''' Sec C- F. Hoch, Gfrbtrto c 
jM SiiiiRiirr^ * ■ ^d. dpi . , , Jtsfsi, p. 7Pf> (Milan, I-S46). 


S NAWE^ FOR ARITHMETIC 

Vlcissitiades of tlie Term. The word "arithmeticj” like most 
other words^ has Tjitidergone many vicissitudes* In the Middle 
AgeSj through a mistaken idea of its etymology^ It took an ejstra 
r, as if it had to do with " metric So we find Plato of Tivoli, 
in his translation (iii6) of Abraham Savasorda, speaking of 
"Boetiijs in arismetricis/^^ The title of the work of Johannes 
HispalensiSj a few years later (c, 1140), is given as ^^Arismet- 
rica,” and fifty years later than this we find Fibonacci dropping 
the initial and using the form " Rismetrka,” “ The extra r is 
generally found in the Italian literature until the time of print¬ 
ing,* From Italy it passed over to Germany, where it is not 
uncommonly found in the books of the 16th century,® and to 
France, where it is found less frequently*® The ordinary varia¬ 
tions in spelling have less significance, merely illustrating, as is 
the case with many other mathematical terms, the vagaries of 
pronunciation in the uncritical periods of the world’s literatures J 

^ Greek a measure, fts in "metre” and "mctmTopy,^* 

"^Abhandivn-s^n., XII, iG, For 3uch abridged fcrms see the Index of Volume I. 

^This is in one nf the MSS, formerly awned by EoncomEjagni, Sec the Kile 
catalogue d! his- library, p, ip4. Fibonaed (120a) commpaly used "abatus.” 

5*e thp "Brihi degE Atmall Decemvirall posseduti daJl’ ardiivo De- 
ccmviralc di Perogta,” in Eoncompagni^ Bulkiivio^ XII, 432 j E. Narducci, 
Caijologo di ManosmtUf 2d ed. (Rome, No, 56, p, 2&i herealtcr referred 

t* as Nardued, Cataloso l^anosc. 

°E,g,^ "Die Kun-it Arismctrlca die alter eddst vndcr deO £yb£ freycn 
kuTi&ten,” Kdbel, i 5 i 4 r A ME, in Stheubd’h (c, r^gal bandwritin^ in the 
Cniombia Uniifcrsity Library has "de ArrismetrK.-'^ Tliere U also a MS, copy 
madt c. in Rome, by a Swedish savant, Peder Mausson, from the ATor- 
gariia phylaiiiphica of Gregorina Reisch Crsc^), in which the form "Aris- 
metrice” Js sriven. See Bibl. Maih-, II (a), r?, 

*■30 in a MS, written by RjollatidyS c. XaH (sw Kcra Arithmeticor, p, 44ft) 
the form "arismetica" is usually given, but the form, “arismetrica ” also appear^:. 
In an unpublished MS, entitled "traiett d’Arismetricque . , . faite et compillfe A 
paris en Ian mil 4?s” (for 1475I there is this curious etymology; ArisTtieticvc 
est vne dts sept ats llberaLdx £ la premiere des quatre ars Mathematique En la 
quelle cst verEus de nombrer, Et est dicte de area Kom grec qui est en latin 
Virtus Et de menos aussi nom grec qui est en Latin nunaerua parquoy eat dicte 
VerEuB de Nombre.''^ E, Narducci, Catalogo Manosc., No, 603, p- 305, 

TThus, we hiLve "arimmetica^^ throughout Zuchetta’s work of iftop C&ce Rnrn 
Atithmtiica, p, 425); ''critmetiuhs” in a r^th oeutury MS, (see Narducci’s Cota- 
loga J/emojc,, No, 44(5, i, p. 267); "ariatmeticque" in an anonyrotms FtencL 
work, ParE, 1540; "Alcbori&mi de pratioa Aricmetica,'^ in a MS, of Sacroboaco, 
Boncompagni sale catalcjEuc, No. 643, 
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Origin of Algoiism. From the fact that the arithmetic of 
al-Khowariami (c, S35) was translated into Latin as liber 
Algi>rismi (Ihe book 0/ al-Kho^dfizim) ^ arithmetic based on 
the Hindu-Arabic numerals, more especially those that made 
use of ^e zero, came to be called algorism as distinct from the 
theoretical work with numbers which was still called arithmetic,* 
Since at often changes to a.u in French, we have "augrisme” 
and ^'augri^me,”—forms which were carried over to England as 
^^aiigrim,^^" later reverting to "algorism”^ or the less satis factory 
form of "algorithm.”* 

The prefix al was dropped from ±is word by most Spanish 
writers, giving such forms as "guarisma"'' and "guarismo,"" 
and in other countries there were many variations that were 
quite as curious.* 

The word troubled many of the early Latin writers, and 
various^ fanciful etymologies were suggested, the best conjec¬ 
ture being that of Sacrobosco that it came from Algos or Argos, 

^Thus, that pirt of the Rollandos IIS. f;;, 1^34! relating lo the thwrv is 
refcrrtd to in the phrase ^ Artsmetritc pars prEma Cractanda cst sp^cutatiua,'' 
while the other part it called ^^aleoriinms,” See abo U. Chores, Compm 
rendui-, XWj i&a. 

s“fl ouer the widic degrees ther hen nowmbrts of awgrym; ... & the nambiti 
of the (Icflrra of Eho aijjncs ben wrilen in Augrim.'^ Chauccr^a Aitroinbe, od. 
Sfceat, p, 

''Although a sypher in au^rrim have no might hi siigniflcactop of it-s^lvt, 
yet he yeveth power in agnificacion to other.” Chaucer, The Tcstiimmt of 
LovP) ed. Skeat, Bk. 11, chap, vii, 

^Thirs, Rccordc (c. 1541) in his Grovnd of Am (as spelled in the 1646 
edition): "Some call it Arsemeirick, and some Angrime. . . . Both namics are 
corruptly writLen: AisemcLrick for Arithmettck, as the Greeks call it, and 
AuRriine for Algortsme, as Lhe Arabians ionnd H” 1^46 ed., p. 3. 

*One eccentric Engiish writer, Daniel F-enninjf (1710), attempted to dis¬ 
tinguish algorithm, as first principles, from algorism, as the practice «f these 
principlea. 

“ As in the Spanish Swna dt Arithjneliai of Gaspard dc Tcxecta, Valladolid, 
JS4&. The separate word al or el (the) was prefijad, however, and the foim 
algotilmO 1$ $til[ preserved. 

. . de vn Filosofo Uamado AJgo, y por a^iresta cause fuc llamada d 
Guarismo" (Santa-Cruz, a Spanish writer, 15^4) f but see ATithmetica, 
P- 

^ ^ Arismetbique qui vulsayrcment est appellee argorisme” (E. dt la Roghe, 
a French writer, 15J0). We also find such forms as aOuiuresutut and akho- 
cfiarithmus in various MSS. of the satne period. 
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a certain philosopher^ this being merely a corruption of al- 
Khowarizmi/ It was not until 1S49 that the true etymology 
was again discovered.^ 

The Etymology early Recogpized and Forgotten. Very likely 
the etymology of the term " algorism was known to such early 
translators or writers as Johannes Hispalensis^ (c. 1140) and 
Adelard of Bath^ (c. 1120). By the following century, how- 
ever^ al-Khowarizint was quite forgotten by such Latin writers 
as Sacrobosco® (i:, 1250) and Bacon (c. 1250). From that time 
on have the word loosely used to represent any work related 
to computation by modern numerals'^ and also as synonymous 

iSd we have CEiaucet’i expreasiem, 

TJiogh ArE »5 the noble covntcr 
Sctc to rctcnc in hya counter. 

Dcihs (c. 

This derivation was foibwed by varioua Tvritera, aueb as Santa-Cruz 1 15^4)5 
CatJaJdi (3*01), and Taitaglia ed., I, toL 3, r.). Of the other fanciful 

etymoloriiios the followitvg may be oi jntexHt: af'Rris (GtocIl) ■+ mpj (custom); 
algot (Cretk for '"white sand*")-!-rfi pro j (calculatLon); idjoj (arE}-l-radu 
(number); Algoras, the name of a Hiadu scholar; Als^rt a of Ca^tUe. See 
A. Favaro, Boucompagni'a XTIf 113; M. Cantor, J/jJiAeTrtdJ'i.Trftc 

Beitrage srjitn der Vdiker, p. 267 (Halle, 1363); C. L Gerhardt, 

Vfiber die Bnlstehuns ■ - ^ des dekadhehen Zahletisyslems, Prog., p. 26, n. 
{Salz^vedel, K- Hunrath, "Zum Vcrstantjnisa dcs Wnrfcca Alt^orEsmua,” 

Bibl. Maih^ I (a), 70; and sec VIII (a), 74. P. Ramus (JeftAfanifn Matke- 
matie^nim iitri XXXI^ p, n2 (136^)) dtrived it from ai (Arabic for "the") 
■h dpt&fik^ [QriikmBs', number), and J. Sebuner (1534 edition of the j 4 igOfil/lfHZJr 
DemoNilralvi, fol. A [Jij], ip.) did the aiime. 

■^By the orienlaEist J. Reinautl See dc na- 

rioKEri dff France des tnecrtpiiaas st beUes^leitreSf XVIH, 303; Eoncompagni^ 
Bjilleitrrint XII, ii( 5 . Even z% late as 1861, howcvfiTj L. N. Beschereliela well- 
known French dictionary (Paris, iSdi) jemve of (the>+ gftor (parchment), and 
the variants See also BoncompaRni's BMiieiiiJip, XJIT1537, 

"Incipit prologus in lib™ alEthoarismt dc pratica arismetrice. Qui editus cat 
a magiistro Johanne yspalensi." See F. Wbcpckc, Joumai I (fi), ^ig. 

^ Who USES 3 ucb forms as ai^irrhmi and flfjfErrpEJT!*,. 

^"Hanc ipitur scsentiain numerandi compendiosam edidit phibaciphua nomine 
AJRue, unde aigoristnua uuncupatur, vel ars numerandl, vel introducUo in 
numcrum." Hall Swell od., p. r, 

®"Ceatc signifiance est appellee atgorisme'^ (MS. of c. 1273); see C. Henry, 
Bonpompflyni’s BadkUino, XV, gg. "Secondo Lalgorismo" (GhaJinai, rgai); 

, calcuiandi artem, quatn uul^s Algorithmum uocat” (Schouier, 1334). 
So the MS. of Scheuhel (f, t^^ei), already mentioned aa in the Culumbia Uni- 
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with the fundamental operations thefnselvea^ and even with that 
form of arithmetic which makes use of the abacus." 

Hames for Logistic* There have been various other names 
for logistic* The early Italian writers often spoke of a practical 
arithmetic as a practica,^ pratkd, or pratickeP Many of the 
Latin writers of the Renaissance, particularly in the i6th cen^ 
tury, spoke of it as the art of computing (^j supputandi)P 
The Dutch writers used the term “ciphering,’"'^ particularly in 
the 16th and 17th centuries, and from this source, through New 
Amsterdam, came the common use of the word in the early 
schools of America. 

In Italy, in the r5th century^ logistic occasionally went by 
the name of the minor art,^ and arithmetic and algebra by the 
name of the major art.^ 


5. ELEhiENTAifir Classifications of Number 

Abstract and Concrete. The distinction between abstract and 
concrete numbers is modern* The Greek arithmeticians were 
concerned only with the former, while the writers on logistic 
naturally paid no attention to such fine distinctions* It was not 

versity Library, has such phrases as "Alj^ehrae fundamenta seu ttlBpri 5 ni'u 3 ," 
“Algorismus de and " Alcforilhmua quanlitatis,^* shnwins tht broader 

use of the term. Stiiel (1544) used the term in the ■satflc way. 

1 Thus, Thicrfelder usM "Der Aljorithnuis^^ and "Die Spectea’^ 

(p. £i> 35 synortytnoua. Similarly, ^SALgQrithmuij 1st eiu 3 ehr aua der man 
Icmct Addireo/Sublrflihiren/MuUipticircn %Tid Diuidirtn” (Stitel, 1545). 

in the Algi}nl}»\i5 of KJus (15^8), the fiiat Poiish arilimetit, which ia 
purely a treatise <jn abacus reckotiinp. See S, Dichstein, B iW. Math., IV . S 
Similarly, there were several entitled AlgrjTithmvs itHeaiir published in 

Germany early in the idth century, all dealing with the abacus. 

“.■^s in the TMiAhao nrithmctit (1476). 

^ Ae jri Catanco's arElbmetic 

^Thus, Tojistall calls hts work Di arte suppuiflndi, a title already 

uwd by Clichloveus (1303) in the abridged fprm of Art mppuiadi. Glarcanijs 
(r^^S) speaks of the "supputandi ars/' and "supputatlon” (for computa^ 
Lion) wai a term in cummon use in Bnylanri until the igtb cenlury. For ex- 
amplc, 5CO Wk Butler, Qiiniilifljjs, Londun, id ecL, 17^5. 

•'Cyflering, eyffer-konst, cy'ffer-boeck, and the like. 

^L’arte rtiinoTC. ^L'afie or, in Lathn, Art masna. 
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until the two streams of ancient number joined to form our mod¬ 
ern elementary arithmetic that it was thought worth while to 
make this clarification^ and then only in the elementary schooL 

The terms "abstract’* and "concrete^’ were slow in estab¬ 
lishing themselves. The mathematicians did not need them^ 
and the elementary teachers had not enough authority to stand- 
ardi2e them. In the i&th centur>^ the textbook writers began to 
make the distinction between pure number and number to which 
some denomination attached, and so we find Trenchant (1566)^ 
for example^ speaking of absolute and denominate number, the 
latter including not only 3 feet but also 3 fourths.^ 

From that time on the distinction Is found with increasing 
frequency in elementary works. Such refinements, however, as 
required the product to be of the same denomination as the 
multiplicand are, in general, rpth century creations of the 
schools. Thus Hodder'^ asserts that "Pounds multiplied by 20, 
are shillings," and every scientist today recognizes such forms 
as "20 Ib. X 10 ft. = 200 foot-pounds.” 

Digits, Articles, and Composites. One of the oldest class! fica- 
tions of numbers is based upon finger symbolism.The late 
Roman writers seem to have divided the numbers below a. hun¬ 
dred into fingers {digHi)^ joints and composites 

^"L'absolu eat c^eluy cjul aucune denomiiiaLton ^ comnne s, 7, td 
nomlire eat abatrit, & de forme nue ae referant i la Theotitiue. Le dcntnnmt: 
eaL oetuy ai pronot^ce auec queJquc denomination . . . ■& st rclire & la 
Pratique/' The latter included “le vulgafrejnent denommS, comme 8 auE/^ 
and aSsa ^'le rompu, gojnint i." although be says that in prajCltce ^ i$ cdllfiid- 
ercd ab^tratt uultErs aome denommation L? given Lo it; '^luiuel en praO- 
quant e&t enteudu abs^Iu a'il n'a quelqiie denomination de auget:, comma diaant 
i d’aun” (15:7s ed.j p. 16). 

Similarly, Sttfel; "Numeri abstract! proptie dEcuntur, nulla proraiis 
denotninationfi liabfit" {ArUhmtiica Integra, 1544, fol. 7. if.). Xylander (1577) 
uaed and benanntt Zattten. ^1-675 ed., p. 56. 

^See page igS, Tb. Martin, ‘■^cs stones numdraur,” Annali di mol. para 
rd appUc.f V, 257, 337, and reprint (komc. 16^4) ^ hereafter referred to as 
TiIarLin, /j.t Signet Nlftn. Sycvus (>1 iwriicu ffitianta, 1593, p, 3I sijiaks 
of the fingtr origin; “Digitus heist ein Finger zal/dic unter zghen bedeut"; 
M, Wiikena, a Dutch arilhmctlciai] (. 4 ritbme'ira. DrCiningen, 1&30; ed., 
p. 1)1 stys; "r>ese ai|n Digit!, dat'^ Enckel oJte vingergetattn”; and many other 
early writers have slmtEar statements. 


DIGITS, ARTICLHS, COMrOSITES 

of fingers and joints, the joints being the tenSj and 
the composites being numbers like i5j 27, and so on. In a pas¬ 
sage attributed, but doubtfully, to Boethius it is said that this 
threefold division is due to the ancientsd While the terms were 
probably known in early times^ they were not used commonly 
enough to appear in the places where finger symbolism is men¬ 
tionedSo far as extant works are concerned, the classification 
is medieval. 

Meaning of “Digit/' Since there are ten fingers, it is probable 
that the digits were originally the numbers from one to ten 
inclusive; but so far as appears from treatises now' extant they 
were the numbers from one to nine inclusive, not the figures 
representing these numbers; that is, they were the numbers be¬ 
low the first “limit.” The division of numbers into liroits or 
differences (in which 10, so, ^io ^ye^e of the first order; 
100, 200,»’ - j 900, of the second order, and so onj is found in 
the works of such writers as Alcuin (c. 780), Jordanus Nemora- 
rius (t:. 1225), O’Creat 1150), and Sacrobosco (c. 1230), 
and was evidently common.* Since unity was not considered a 
number until modern times, it was sometimes definitely omitted, 
leaving only eight digits,* 


^ShiM this is the fir&t time the divisicm appears, so far as known, the paa- 
;s enough to be (Tuolcd in thf orij^inaU '"Diidtoa yaro, quq^ 

Tunquo inEra. primom limitem, id est oatnes, quos ab uultate usque ad denarian^ 
summam nutncrainus, veLeres apj^Uirc conswevernnt. Artkuli anttm omtits a 
deceno En ordine positi ec in infinitum progress! nuncupantur. Compositi 
quippe numerl sunt umnes a primo limhe id est a deteru usque ad Bccunrfuiii 
timitem id est vl^ti oeterique: sesc in ordinc sequontm exteptis EimiLibus. 
IncompositE autem sunt oirnies annumeratia eliam omnibus UmiUbua.*' 

Boethiua, ed. Fricdlcin, p- 395, Sec aL^g G.. knegtrom, JSi&E. Math., XL ^a), iii. 

spijny, 34f 7 5 it Martin, La Si£rta 51. 

^G. Eiicitrtim, "Sur les neuf Uimites' raentionnfe dang |’'A]Kiorismu5’ dc 
Sacrobosco," BibL XI (a), Siie also the 12Hi gentuiy MS. ducriticd 

by M. Cha^ea in the Teftd«i, XVI (1543^, 137; ihe iSew- 

tteri, p, 26; Bonc&tnpsigni’a Bulitilmo, X, S. Gunther* Cai^hiihU df- 
maik. UnterFkhts, p. (Berlin, iSS?) (for Bcrnelmus>, hereafter referred tu 
as Giinther, Math. Unterrichis. 

^E.g., by Pclctier (154?): ‘'^Le Nombre Entier &c diuise cn Simple, Artide, 
& Compo&i. Le Simple eat le Koinbrc piqg has que ici ce sout les hwUt 
fijpjnii, 2, 3, 4, 5 j G| T, S, 9n“ He uacs numbers and figures as aynonymous, and 
usea “aitnpic^^ fur 
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Meaning of "Article” and "Composite.” The articles were 
sometimes limited to nine in number (lo, 20, • • •, 90), but it 
was more common to take any multiple of ten. In the early 
printed books they were occasionally called decimal numbers/ 
and as such they finally disappeared. 

The term “composite,” originally referring to a number like 
17, 56, or 237, ceased to be recognized by arithmeticians in tliis 
sense because Euclid had used it to mean a nonprime number." 
This double meaning of the word led to the use of such terms as 
“mixed” and “compound” to signify numbers like 16 and 345-“ 

The oldest known French algorism (c. 1275) has the three¬ 
fold division* above mentioned, as does also the oldest one in 
the English language (c. 1300), already cited. The latter work 
is so important in the history of mathematics in this language 
as to justify a further brief quotation: 

Some numbur is called digitus latine, a digit in englys. Somme 
nombur is called articulus latine. An Articul in englys. Some nombur 
is called a composyt in englys. . . . 

jjSunt digit! numeri qui citra denarium sunt.® 

^Thus, Pellos (i4Qa, fol. 4) speaks of "numbre simile,” "nQbre desenal,” 
and "nQbre plus que desenal”; and Ortega (1513; 1515 ed., fols. 4, .<;) has 
"lo numero simplice,” "lo numero deccnale,” and "lo numero composto.” 

*EUments, II, dcf. 13. For other Greek usage see Heath’s Euclid, Vol. II, 
p. 286. 

Lazesio (15*6)» among others, pointed out this tvt'ofold usage "sccQdo sacro 
busco i suo algoristno” and "seefido el senso di Euclide" (154$ ed., fol. a). 
See also Pacioli, Suma (1494 ed., fols. 9, 10); Tartaglia, General Trattato (1556, 
U, fol. I, V.) ; Santa-Cruz (1594; 1643 ed., fol. 2). 

Trenchant (1566; 1578 ed., p. 223) speaks of "Nombre premier, ou incom- 
pos£.” and "Nombte second, ou composi,” a natural use of "second” as related to 
"premier” (prime), and the same usage was doubtless common at that time. 

3 “Alius a&t mixt*^ siue ppositus,” in the Questio hand indigna eiusq^ solritio 
ex anrelio Augusiino, c. 1507. So Hylles (1592; 1600 ed., fol. 7) says: "The 
third sort arc numbers MIXT or compound”; Digges (1572; 1579 ed., p. 2) uses 
"compound” atone; and Hodder (loth ed., 1672, p. 5) has "A Mixt, or 
Compound.” Dutch arithmeticians avoided the diSiculty by using terms in the 
vernacular; thus, Mots (1640) gives "De enckel getallen” (digits), “Punct 
oftc leden-getallcn” (articles), "t'samen-gevoeghde getallen (composites). 

*"Tu dois savoir ki sont .3. manicres dc nombres car li ,1. sont depit li autre 
article, li autre compost." See Ch. Henry in Boncompagni’s BuUettino, XV, 53. 

•The anon>Tnous writer here quotes from the Carmen de Algorismo of 
Alexandre de Villa Dei (c. 1240). The translation follows. 
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IS 

^Here he telles qwat is a digit, Expone versus sic. Nomburs digitus 
bene alle nomburs l>at ben with-inne ten, as nyne, 8.7.6.54.3,2.1. 
Articulis ben ben alle |)at may be deuidyt into nomburs of ten 
& nothynge leue ouer, as twenty, thretty, fourty, a hundiyth, a 
thousand, & such o)>cr. . , , Compositys ben) nomburs pat bene cora- 
ponyt of a digyt & of an articulle as fouretene, fyftene, sextene, & 
such o]>er. 

Recorde (c. 1542) sums the matter up by saying: 

A diget is any numbre vnder 10. . . . And 10 with all other that 
may bee diuided into x. partes iuste, and nothyng remayne, are 
called articles, suche are 10, 20, 30, 40, 50, &c. 100,200, &c. 1000. &c. 
And that numbre is called myxt, that contayneth articles, or at the 
least one article and a digette: as 12.* 

At best such a classification is unwieldy, and many of the 
more thoughtful writers, like Fibonacci (1202), abandoned 
it entirely. Others, like Sacrobosco (c. 1250), struggled 
with it but were obscure in their statements;" while Ramus 
very wisely (1555) dismissed the whole thing as "puerile 
and fruitless.”* 

All that is left of the ancient discussion is now represented 
by the word "digit,” which is variously used to represent the 
numbers from one to nine, the common figures for these num¬ 
bers, the ten figures o, i, . . 9, or the first ten numbers 

corresponding to the fingers. 

Significant Figures. After the advent of the Hindu-Arabic 
figures into Europe (say in the loth century) the difference 
between the zero and the other characters became a subject of 
comment. The result was the coining of the name "significant 
figures” for I, 2, 3, • • •, 9. At the present time the meaning 

• 

^ 1558 ed. of the Crovnd of Arlts, fol. C iij. Sirailar classifications are found 
in most of the early printed books of a theoretical nature, but less frequently in 
the commercial books. 

*Thus Petrus de Dacia (1391) confessed that he could not quite understand 
Sacrobosco, saying, ”ita credo auctorem esse inteUigendum." 

*"PueriHs et sine ullo fructu.” See also Boncompagni, Trcdtt^i d'Ariimetka, 
n, 27 (Rome, 1857); J. Havet, Ltitres de Cerberi, p. 338 (Paris, 18B9); 
Boncompagni’s Bullettino, XTV', 91; Abhandlungen, III, 136. 
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has been changed, so that o is a significant figure in certain 
cases. For example, if we are told to give log 20 to four signifi¬ 
cant figures, we write 1.301. Similarly, we write 0.3010 for 
log 2, and 7.550 for The term is doubtless to be found in 

medieval manuscripts; at any rate it appears in the early printed 
arithmetics' and has proved useful enough to be retained to the 
present time in spite of the uncertainty of its meaning. 

Odd and Even Numbers. The distinction between odd and 
even numbers is one of the most ancient features in the science 
_ of arithmetic. The Pythagoreans knew it, and 

their founder may well have learned it in Egypt 
or in Babylon. It must have been common to 
a considerable part of the race, for the game of 

-1 "even and odd” has been played in one form 

or another almost from time immemorial,’ being 
ancient even in Plato’s time.’ The game consisted simply in 
guessing odd or even with respect to the number of coins or 
other objects held in the hand. 

The odd number was also called by the geometric name of 
"gnomon,” the primitive form of the sundial. If such a figure 


Licht (1500); Grainm4ateu5 (1518), "ncun bedeutlich figuren”; Riese 
(1532}, "Die ersten neun sind bedeutlich”; Gemma Frisius (1540); Stifel (1544), 
"Et nouem quidem priorcs, significatiuac uocantur”; Pelcticr (1549), “Chacunc 
des neufs premieres (qui sont appellees significatiues)” . . .; Recorde (c. 1542)9 
"The other nyne are called Sigriifying figures”; Trenchant (1566). 

^This is seen in such expressions as dprMiir^, dprui ^ irc/Mrrd ^ 

Ta/fwi'. This 4iV7«i** yokes or not-yokes,” is similar to the Sanskrit 
"yuj” and "ayug” for even and odd. Horace couples it with riding a hobby 
horse as a childish diversion: 

Ludere par impar, equitare in barundine longa. 

5atifw, n, 3, 348 

See also E. B. T>ior, "History of Games,” in the Fortnightly Review, May, 
J« 79 . P- 735 - 

•In addition to the references to the Greek theory of numbers given in 
Volume I and in this chapter, consult Dickson, Hist. Th. Numb.', F. von Drie- 
berg, Die Arithmetik der Gricchen, Leipzig, 1819; G. Friedlein, Die Zahliekhen 
und das elemenlare Rechnen der Griechen und Romer, Erlangen, 1869; Heath, 
History, I, 67-117. Heath mentions a fragment of Philolaus (c. 425 b.c.) whidi 
says that "numbers are of two special kinds, odd and even, with a third, even- 
odd, arising from a mixture of the two.” 
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is turned to the east in the morning and to the west in the after¬ 
noon, the hours can be read on the horizontal arm as in the 
Egyptian sun clock mentioned in Volume I, page 50. Thus we 
have the origin of the right shadow, the umbra recta, used in 
early trigonometry. By such an instrument we come to " know ” ‘ 
the time, and by facing it to the south we also come to know the 
seasons, the solstices, and the length of the year.* 

It is apparent that the gnomon here shown in the shaded part 
of the figure is of the form 2 « -1-1 and hence, as stated above, is 

ti 

an odd number.* It is also apparent that 2^(2n + i) is a 

square, that is, that the sum of the first « odd numbers, 
including i, is a square,—a fact well known 
to the Greeks, as is shown by the works of 
Theon of Smyrna* (c. 125). 

That there is luck in odd numbers is one 
of the oldest superstitions of the race, with 
such occasional exceptions as the case of 
the general fear of thirteen,—a fear that 
seems to have long preceded the explanation 
that it arose from the number present at the Last Supper.® 

The general feeling that odd numbers are fortunate and even 
numbers unfortunate comes from the ancient belief that odd 
numbers were masculine and even numbers, always containing 
other numbers, were feminine. This led to the belief that odd 
numbers were divine and heavenly, while even numbers were 
human and earthly. The superstition was quite general among 
ancient peoples. Plato says: "The gods below . . . should re¬ 
ceive everything in even numbers, and of the second choice, and 

J-Giwk yvufjMV [gno'mon), one who knows, from know. 

> Heath, History, I, 78. 

*"Gnomon , . . quod Latini amussim scu normam vocant.” J. C. Hcilbron- 
ncr, Historia Matheseos Universae (Leipzig, 1742), p. 173; see also page 193; 
hereafter referred to as Heilbronner, Historia, 

*Tkeonis Smymaei . . . expositio, cd. Hiller, p. 31 (Leipzig, 1878). On this 
entire discussion see also Johnson, Nicomackus, and e^jecially Heath, History, 

77. 

"Ernst Boklen. Die Vnglucksutkl Dreizehn und ikre mytkiseke Bedeulung 
Leipzig, 1913, with extensive bibliography. 
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ill omen; while the odd numbersj and of the first choice^ and 
the things of lucky omen, are given to the gods above/’^ and 
die phrase “Dens imparibus nuinerfs gaudet” ("‘God delights in 
odd numbers”) probably goes back to the time of Pythagoras 

The superstition runs through a wide range of literature, 
Thus^ Shakespeare^ in the Merry Wiv&s of Windoort remarks 
that "there is divinity in odd numbers^ either in nativity^ chance^ 
or death.” Such beliefs naturally persist among the less ad^ 
vanced peoples and are common even today* For example, on 
the island of Nicobar, India^ an odd number of vessels of water 
are dashed against the hut where a corpse is being laid out, 
and the stretcher that bears it must always contain an odd 
number of pegs.’ 

Further Classification. The Greeks not only recognized odd 
and even numbers/ but they carried the classification much far¬ 
ther^ including what Euclid calls "even-times-even numbers,” 
"even-times-odd numbersand "odd-times-odd numbers*’‘ His 
definitions of the first two differ from those given by Nicom- 
achus (c. loo) and other writers,“ with whom an "even-times- 
even number” is of the form 2“; an "even-times-odd number” 
is of the form 2(271 -1- i); and an "odd-times-odd number’^ is of 
the form (aw -H i) (2m + i). How far back these ideas go in 
Greek arithmetic is unknown, for they were doubtless trans¬ 
mitted orally long before they were committed to writing. 

Since the product of two equal numbers represents the numer¬ 
ical area of a square, this product was itself called a square,— 
a word thus borrowed from geometry* The product of two 
unequal numbers was called a heteromecic (different-sided) 
number. Square and heteromecic numbers were called plane 

^ Lfiivt, Jowett traiislation, V, iw. 

2 On the genemi numbir ihecry of P^tha.raras, see Heath, Nhtifry, 1 , 65. 

^E. H. Man,‘'Notes on Ehc Nicobarege,” in the IndiaK Antitjwnry, p. 553. 

■*In Euclid’^ VII, 6, •j, ^priDt nnd 

5 For pirtiCHJ&rs see Heath's EticHd, Vol. II, pp. aSi gcq. For tbe 
" odd-Umes-e^™ nntahcr,'^ ^vhich EtidEd swma to have taken as synonymous 
with an " even-times-odd number,'’ set p. 2S3; on the general classifioa- 
tiong b-y the Greeks, see X. G. Hunger, Die QriihinEiisch^ Tsrminoiosic dtr 
CriEcEsn, PrOg„ Hildbu r^h auseu, 1S74, 
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numberSj while the product of three numbers was called 
a solid number^ the cube being a special case. These are 
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N r c O L AVS* 

O Vifijl tfl'erfliiiHfnw pj?! IVST» £J|. 
pitrifiriiiipdr iirtpor^rrftji 

a^TJtTTi ojpf jtffi uft 

gj wjr.E/I pripitfitt iiuidittcr.tim jit 

> xft 14 ^ li* K IC 0 L. 

Q^tK^atlo tm /iNirl^arttin nmtrovm txquif^f 
F.uchiifi i iv^T- 

UTtii a^TtiV (cjfS'jtff fti- 
Tsrtgitfjflp IM nufl^c* 

YOS dfxJJfrtS pif r diuifai^iui irax jm pir Muir 

get* N 1C O Cut id (Wffliflts ilfi j'jiitj'f mir eit ? 

1V 5 T, JcfKjj^jidDjl fitJi DfidiiiE! Himuri 

Cvriioi^r pdnejj,jMfhj(iirttpcriinpiiT£Mi wiKltijrJ'pcdiii'ijiijnffi nt 
pi»wp 45" ^gj.^ jfjuTi;rtfj) kis q\iiaq- dc;u\ri!im c<y 7 \fdunt^ 

V crunifi dit m{ i:£ ctj, fIf nitfrif 

cabit d[ p ^rciir in cteno 

irt£j)dJ«vjit.Ejlp ixtmpU^itU:,difiiirmt atm af- 
iempcrinji cjHtwriiMpgitti ,&oc f 

B jJiiin CDfjgrfgfififf iiMpdr,/Kl fjiudi \ bintoiiy 

dmowinifUTjpdr )iffJjM6[ttii'» Qwi r4tia notH'jmis 
tx EMrJ?E(J coijfgihfr: AiiieiMi nrt Etrf[fit' cjfcuHc 
fjir. H i C O tr* SjJfit lit tuic fteirto'ditqKO'f ftiffl 
Bywhotatx rmnitdf IVST, QirLdui f vntffu^ ,Sirtiif* 
partirrwipdj* nitrjif dcwi Jubu ht^nciii , pattlttr injpfir 

fjiitxit 

TttEORV 0^ OTD AND EVlSN NUMEDRS 

From the arithmetio ol Willichiuia (i|i4o). The prtge at&o illustrates the use oi 
the catechE^m method in the ifitli century 


particular types of the hgurate numbers mentioned later. 

The Boethian arithmetic made much of this classification; ^ 

imiitviigjie- firUk^nititit itbri d-uo, ed. Friedlem, p. 17 {LeipEi^, 
1SC7) 3 hereaiter referred lo as BoUhiuSf ed. Frledlein. 

For a full discLiEslan see R. BombelEt, L^anUca num^msums HtUiair ^ 
{Romej 1876); bereafteT referred to as BotnhEllij Anlkn bubki-. For the 
status of the classificatioiti in the early printed booliSj see PacSoli, SHma, 149+ 
ed.» f<jl. [i;]> v.{ = A tn, if-). 
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the medieval writers, both Arab* and Latin,* did the same; and 
early writers in the vernaculars simply followed the custom.® 

Prime Number. Aristotle, Euclid, and Theon of Smyrna 
defined a prime number as a number “measured by no number 
but by an unit alone,” with slight variations of wording. Since 
unity was not considered as a number, it was frequently not 
mentioned. lamblichus says that a prime number is also called 
“odd times odd,” which of course is not our idea of such a num¬ 
ber. Other names were used, such as “ euthymetric ” and “ recti¬ 
linear,” but they made little impression upon standard writers.® 

The name “prime number” contested for supremacy with 
“incomposite number” in the ^fiddle Ages, Fibonacci (1202) 
using the latter but saying that others preferred the former.® 

Perfect Numbers. Conventionally we speak of the aliquot 
parts of an integral number as the integrad and exact divisors 
of the number, including unity but not including the number 
itself. A number is said to be deficient, perfect, or abundant 
according as it is greater than, equal to, or less than the sum of 
its aliquot parts.® 


>On Savasorda (c. iioo), or Abraham bar Chiia, and his dassihcation, see 
Abkandlungen, XII, i6. On al-Has^r (c. isth century), see BibL Math., 
II ( 3 ). 17- 

^Thus Jordanus Nemorarius (c. 1225): "Par numerus cst qui in duo 
cqualia diuidi potest. Impar est in quo aliqua prima pars cst absq^ pari: 
adding supra parem vnitate. Parium nuroerorQ alius pariter par: alius pariter 
Ipar: et alius impariter par. Pariter par cst quS nuUus impar numeral. 
Pariter ipar est que quicunqj pares numer&t. Imparit* par est quS quida par 
sedm par£ ! quid& sedm impare numer&t." 1496 ed., fol. b (3). 

Chuquet, La Triparly (1484); see Boncompagni’s BuUettino, XV, 610. 
Curtze found an early German MS. at Munich (No. 14.908, Cod. lat. Monac.) 
with such terms as “gelich oder ungelich,” *’glich unglich,” and the like. See 
Bibl. Math., IX (2), 39. 

^Heath, Euclid, Vol. I, p. 146; Vol. II, pp. 284, 285. 

^"Nvmeroruinquidara sunt incompositi,et sunt illi qui in arismetrica ct in geo- 
metria primi appellantur. . . . Arabes ipsos basam appellant. Greci coris canon, 
nos autcra sine regulis eos appellamus ” Liber Abaci, 1 , 30. 

*£.§., 8 b a deficient number, since 8>i + 2 + 4; 6 is a perfect number, 
since 6=14-2 + 3; 12 is an abundant number, since i2< 1 + 2 + 3 + 4 + 6. 
Various other names are given to abundant and deficient numbers, such as 
redundant or overperfect (^cptcXtJi. and defective (AX«ir 4 »)- Heath, 

History, I, 10, 74- 
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This classification may have been known to the early Pythag¬ 
oreans, but we have no direct evidence of the fact; indeed, 
their use of ’'perfect” was in another sense, lo apparently being 
considered by them as a perfect number. 

n 

Euclid proved' that if /> = 2 ^ 2"and is prime, then 2’‘p is per- 

o 

fect.^ Nicomachus® separated even numbers into the classes 
above mentioned, and gave 6, 28, 496, and 8128 as perfect 
numbers, noting the fact that they ended in 6 or 8. Theon 
of Smyrna (c. 125) followed the classification of Nicom- 
achus, but gave only two perfect numbers, 6 and 28. lambli- 
chus* (c. 325) did the same, but asserted that there was 
one and only one perfect number in each of the intervals 
I ... ro, 10 • • • 100, 100 • •. 1000, 1000 • • • 10,000, and so on, 
and that the perfect numbers end alternately in 6 and 8,— 
statements which are untrue but which are found repeated in 
the arithmetic® of Boethius (c, 510). Subsequent writers in 
the Middle Ages and the Renaissance frequently followed 
Nicomachus or lamblichus. 

Fibonacci (1202) gave 2®(2* — i) = 6, J • 2®(2*-* i)—28, 
J • 2®(2® — i) = 496 as perfect numbers, and so in general for 
^ • 2'(2^—i) where 2^—1 is prime, — a rule which holds for all 
known perfect numbers.® Chuquet (1484) gave Euclid’s rule 
and repeated the ancient error that perfect numbers end alter¬ 
nately in 6 and 8. 

The fifth perfect number, 33,550,336, is first given, so far as 
known, in an anonymous manuscript’ of 1456-1461. Pacioli 
(1494) incorrectly gave 9,007,199,187,632,128 as a perfect 
number.® 


EUntents, IX, 36. 

*On all the work see Dickson, Hist. Th. Numb., with bibliography, I, i; R. C. 
Archibald, Amer. Math. Month., XXVIII, 140, with valuable references to 
American contributions. 

* Arithmetica, 1 ,14, 15. ^1668 ed., p. 43. 

^Arithmetical I, cap. 20, "De generatione numeri perfectL” 

?Dickson, Hist. Th. Numb., I, 5. 

’'Codex lat. Monac. 14,908. Dickson, Hist. Th. Numb., z, 6 . 

••’Sia el nOero a noi pposto. 9007199187632x28. qle c 5 mo e ditto: e pfecto.” 

Fol. 7. 9 - 
<1 
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Charles de Bouelles (1509) wrote on perfect numbers' and 
asserted, without proof, that every perfect number is even. 
He stated that 2’'“*(2’' —i) is a perfect number when n is 
odd, which is substantially the incorrect rule of Fibonacci. 
This was also given by various other writers of the i6th cen¬ 
tury, including as good mathematicians as Stifel* (1544) and 
Tartaglia* (1556). 

Robert Recorded (iSS 7 ) attempted to give the first eight 
perfect numbers, but three in his list were incorrect. Cataldi® 
showed that Pacioli’s pretended fourteenth perfect number is 
in fact abundant, that the ancient belief that all perfect numbers 
end in 6 or 8 is unfounded, and that perfect numbers of the type 
given by Euclid’s rule do actually end in 6 or 8. 

Descartes thought that Euclid’s rule covered all even perfect 
numbers and that the odd p>erfect numbers w’ere all of the type 
where p is a prime.® 

Fermat (1636) and Mersenne (1634) paid much attention to 
the subject, and their investigations contributed to the theory 
of prime numbers.' 

Euler at first (1739) asserted his belief that 2““‘(2'‘—i) 
is a perfect number for n = i, 2, 3, 5, 7,13,17, 19, 31, 41, and 
47, but afterward (1750) showed that he was in error with 
respect to 41 and 47. He proved that every even perfect num- 

If 

ber is of Euclid’s type, 2" 2 ) 2“, and that every odd perfect num- 

o 

berisof the formwhere r is a prime of the form 4«+i.* 

There are many references to perfect numbers in general 
literature,® in Hebrew and Christian writings on religious 

i"De Numeris Perfectis,” in his general work published at Paris in 1509- 
1510, See Kara ArithmtticOy p. 89. 

^ Ariikmetka Integra, fols. lo, ii (Nurnberg, 1344); also Die Coss Chris- 
toffs Riidclffs, fols. 10, II (Konipberg, 1533). 

*Lo seconda Parte del General TrattcUo, fol. 146, v. Venice, 1556, 

*Tke whetstone of witte, fol. (4, 0.). London, 1557. 

^Trattato de' nvmeri perfetti. Bologna, 1603. 

*CEuvres, II, 439. Paris, 1898. ^Dickson, ffwi. TA. iVtfwh., I, 11-13. 

“ Ibid., p. 18. For the later Uicory, consult this work, I, i. 

*Thus Macrobius, in his Saturnalia, says that she **pienus perfectus atque 
diuinus est.” Satvmaliorvm Liber VII, cap. xiii, ed. Eyssenhardt, 1868, p. 446. 
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doctrines,‘ including Isidorus of Seville and Rabbi ben Ezra, 
and in the works of medieval and Renaissance mystics.* 

Amicable Numbers.* Two integral numbers are said to be 
amicable^ if each, as in the case of 220 and 284, is equal to the 
sum of the aliquot parts of the other. These two numbers, 
probably known to the early Pythagoreans, are mentioned by 
lamblichus. They occupied the attention of the Arabs, as in 
the works of Tabit ibn Qorra (c, 870). It was asserted by 
certain Arab writers that talismans with the numbers 220 and 
284 had the property of establishing a union or close friend¬ 
ship between the possessors, and this statement was repeated 
by later European writers, including Chuquet (1484) and 
Mersenne (1634). 

For a long time the only amicable numbers known were the 
two given above, 220 and 284, but in 1636 Fermat® discovered 
a second pair, 17,296 = .2* • 23 • 47 and 18,416 = 2® ■ 1151, 
and also found a rule for determining such numbers.® A 
third pair was discovered by Descartes^ (1638), namely, 
9,363,584 = 2’• 191 * 383 and 9,437,056 = 2^» 73,727. Des¬ 
cartes gave a rule whidi he asserted® to be essentially the 
same as Fermat’s, but which various later writers, apparently 
ignorant of this assertion, assigned to Descartes himself. 

Euler® (1750) made a greater advance in this field than any 
of his predecessors, adding fifty-nine pairs of amicable numbers 
of the type am, an, in which a is relatively prime to m and «, 
and contributing extensively to the general theory. Dickson 

^E.g^ J. J. Schmidt, Biblischer Mathematicus, p. 20 (ZiUlichau, 1736). 

*See Curtre's mention of a Munich MS. (No. i4,<)o8, Codex lat. Monac.) in 
the Bibl. Math., IX (2), 39, with five perfect numbers, 

Thierfelder (1587, fol. A4, r.) says: "Den in sechsz tagen hat Gott Himracl 
vnd Erdcn/ vnd alles was darinen ist/ gemacht/ das ist cin Trigonal oder 
dreyedtichte Zahl/ welchc Zahlen l&r die beiligen Zahlen gehalten werdcn/ vnd 
ist darzu die erste perfect 2 Lahl.” ® Dickson, Hiit. Th. Numb^ I, 36- 

‘The terms "amiable” and "agreeable” are also used. 

^(Euvres, i894» II» 72, 208. 

"The rule is given in Dickson, loc. cU., p. 37 * 

f(Euvra, 1898, II, 93. »CE«vr«, 1B98, II, 148. 

^OpusetUa varii arguments, 3 vols., II, 23 (Berlin, 1746-1751). See also Bibl. 
Math., IX (3), 263; X (3), So; XIV (3). SS*; Cantor, Gesckichte, UI. 616. 
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(1911) has obtained two new pairs of amicable numbers and 
has also added to the general theory of the subject.^ 

Figurate Numbers. The Greeks were deeply interested in 
numbers which are connected with geometric forms and which 
therefore received the name of figurate 
numbers.® These are triangular if capable 
of being pictured thus: 

• 

• • • 

• • • • • • 

•• ••• •••• 

and are therefore of the form 

^n = ln(n + i). 

FIGURATE NUMBERS • 

From the printed They are Square if they can be represented 

squares, such as and are then 
of the form «®. They are pentagonal 
if in the form of a square with a triangle on top, thus: 

• 

• • 

• • • • 


so that the form is + —i). 

Similarly, there are hexagonal numbers 
and other types of polygonal numbers.* 

In the Greek manuscripts they appeared in such forms as those 
here shown, the a’s standing for I's or possibly for apiOfxo^ 
(arithmos\ number).* 

Related to figurate numbers there are the linear numbers. 
Under this name Nicomachus (c. 100) included the natural 
numbers, beginning with 2 ; side and diagonal numbers*; area. 




^See also his Hist. Th. Numb, and Amer. Math. Month., XXVIII, 195* 
*BoeUiius defined them as numbers ”qui circa figuras geomctricas et earum 
spatia demensionesque versantur." Ed. Friedlein, p. 86 , I. 12. See also Heath, 
History, I, 76. *Boethius, ed. Friedlein, p. 98 scq. 

4 These two forms are from a loth century MS. of Nicomachus in Gdttingen. 
*The Kol SutfterpiKol aptSpual of Tbeon of Smyrna (c. 125). See also 

Boethius, ed. Friedlein, p. 90. 
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or polygonal, numbers*; and solid numbers,* including cubic, 
pyramidal, and spherical numbers.* A relic of such numbers is 

Tyrdmidum nmeri hoc pd^o digertaitur» 



00990 0000 


PYRAMmAL NUMBERS 

From Joachim Fortius Ringdbergius, Opera, iS3X. The four layers of the two 
pyramidal numbers 35 and 30 are shown 

seen in problems relating to the piling of round shot, still to be 
found in algebras. Indeed, it is not impossible that they may 
have been suggested to the ancients by the piling of spheres in 

* See Nicomacbus, Introd., 11 , capp. 8-11. 

^Zrrpeol. Nicomachus, Introd., H, 14. 

> Boethius, loc. cit., 104, 121. 
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such games as the Castellum nucum to which Ovid refers in his 
poem De Nuce, where the pyramidal number is mentioned/ 

Continuous and Discrete. The distinction between continuous 
and discrete magnitude is commonly referred to the Pythag¬ 
oreans or even to Pythagoras (c. 540 b.c.) himself,® ^e 
continuous magnitude being geometric and the discrete being 
arithmetic. The distinction was recognized by various Greek 
and Latin writers,® appearing in the works of such medieval 
authors as Fibonacci (1202) and Roger Bacon (c. 1250).* 

Cardinals and Ordinals. The distinction between cardinal 
and ordinal numbers is ancient, but the names are relatively 
modern. A cardinal number is a number on which arithmetic 
turns® or depends, and hence is a number of importance,® while 
an ordinal number is one which denotes order.^ 

6 . Unity 

Unity. Not until modern times was unity considered a num¬ 
ber. Euclid defined number as a quantity made up of units,* 
and in this he is followed by Nicomachus.® Unity was defined 
by Euclid as that by which anything is called "one.”®® It was 
generally defined, however, as the source of number, as in the 

^Quattuor in nucibus, non atnpUus, alea tota est. 

Cum sibi suppositis additur una tribus. 

Ste also F. Lindcmann, ”Zur Geschichte der Polyeder und der Zahlzcichcn,” 
Sittungsberichte der ntolh.-physik. Clcsse der K. Bayerischen Akad. der Wis- 
sensck. tu Uunchen, XXVI, 625-757 (Munich, 1897). 

s'*OBm quantiti . . . sccondo Pythagora, e o continua, ouer Discrcta, la 
continua i delta Magnitudine, ... & la discrcta moltitudine,” Tartaglla, Gene¬ 
ral Traltato, I, fol. i, r. (Venice, i 5 S 6 )- 

•Boethius, cd. Friedlein, pp. 8, 16; Heath, Euclid, Vol. I, p. 234. 

*E.g,, in the Sloane MS. fol. 94 of the Communia. •Latin, cardo, a hinge. 

• Compare cardinal, a prince of the Church. Glareanus recognized this meta¬ 
phor; "Sunt enim quaedam, quae Cardinaiia appellant, It cardinc sumpta, ut 
opinor, metapbora, qu6d ut in cardine ianua uertitur, ita huius artis primum ac 
praecipuum negodum in hiscc consistat” (1538; iS 43 cd., fol. 3, r.). 

7 On the history of these terms see E. Bortolotti, " Definizioni di Numcro,” 
EsercUazioni Matematicke, II, 253, and Periodica di Afatematiche, II (4), 413. 

• W tA iic Elements, VII, def. 2. Sec also 

Heath, //tilery, I, 69. ^Inlrod., 1 , 7 i i- 

icTiv Ka 6 ' tKwfTov rfir orrwr cv \iytrai. Elements, VH, def. Ij 
ed. Heath, Vol. II, p. 279, with references to other Greek writers. 
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anonymous Theologumena^ a Greek work of the early Middle 
Ages. The dispute goes back at least to the time of Plato, for 
the question is asked in the Republic, ''To what class do 
unity and number belong?”—the two being thus put into 
separate categories. 

It is not probable that Nicomachus (c. 100) intended to ex¬ 
clude unity from the number field in general, but only from 
the domain of polygonal numbers.^ It may have been a misin¬ 
terpretation of the passage from Nicomachus that led Boethius* 
to add the great authority of his name to the view that one is not 
a number. Even before his time the belief seems to have pre¬ 
vailed, as in the case of Victorias (457) and Capella (c. 460), 
although neither of these writers makes the direct assertion.* 
Following the lead of Boethius, the medieval writers in gen¬ 
eral, such as al-Khowarizmi“ (c. 825), Psellus® (c. 1075), Sava- 
sorda^ (c. noo), Johannes Hispalensis" (c. 1140), and Rol- 
landus® (c. 1424), excluded unity from’ the number field.” One 
writer, Rabbi ben Ezra (c. 1140), seems, however, to have 

^ MoMft irrtv dpx^ OLpiSfuA, ft}) Theologumena, I, x. 

*'H ftiv pordf mutlov t 6 wow rpirow. See also Johnson, Nicomachus, 

p. 7. 

^"Nuinerus est unitatum coUectio.” Ed. Friedlein, p. 13, 1 . xo. In the 
Latin version of the so-called Boethian geometry it is asserted: "Primum 
autem numcrum id est binarium, unitas cnim, ut in arithmeticis est dictum, 
numerus non est, sed fons et origo numerorum. . . Ed. Friedlein, p. 397, 
I. 19. See also H. Weissenborn, Gerbert, p. 319 (Berlin, 18S8). 

Unitas ilia, unde omnis numerorum multitudo proocdit.” From the Cal¬ 
culus of Victorius; see Boncompagni's BuUettino, IV, 443, 

*' Nec dissimulandum est ex eo quod monas retractantibus unum solum ipsam 
esse, ab eaque cetera procreari. Omniumque numerorum solam seminarium 
esse, solamque mensuram et incremcntorum. causam. statumque detrimentorum.” 
From a fragment of Capella; see E. Narducci in Boncompagni’s BuUettino,XV, $66. 

®'*Quia unum est radix uniuersi numeri, et est extra numerum.” From the 
supposed translation of Adelard of Bath. 

®"Principium itaque omnis numeri est Monis, non-numcrus fons numero¬ 
rum.” See the 1532 edition, p. 13. 

^"Numerus est ex unitatibus profusa collectio” (Plato of Tivoli's translation, 
114S). See C. H. Haskins, Bibl. Afatk., XI (3), 332. 

•"Unitas est or^o et prima pars numeri . . . sed ipsa extra omnem numerum 
intelligitur.” See B. Boncompagni, Trattati d' Aritmttica, II, 35 (Rome, 1857)1 
hereafter referred to as Boncompagni, Trattati. 

•See Volume I, page 261. " Vnitas non est numerus sed prindpia numerorum” 
(Plimpton MS., Pt. I, cap. il. i®See also Boncompagni’s BuUettino, XV, 126. 
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approached the modern idea. In his Sefer ha^Echad (Book on 
Unity) there are several passages in which he argues that one 
should be looked upon as a number. 

Most of the authors of the early printed books excluded unity, 
as is seen in the works of Pacioli^ (1454)^ Kbbel" (1514)^ 
Tzwivel^ (150$}^ and many others. Thus the English writer 
Baker (15&8) remarks that "an vnitie is no number but the 
beginning and original of number.”* In the i6th century^ how- 
ever, the more thoughtful writers began to raise the question as 
to whether this e^cclusion of unity from the number held was not 
like the trivial disputes of the schoolmen,^ and by the end of the 
century it was recognized that the ancient definition was too 
narrow* Thus Hylles (1592), speaking of "an vnit or an in¬ 
teger (which sometimes I also cal an Ace),” is rather afraid to 
take a definite stand in the mattetj but says that "the latter 
writers, as namely Ramus, and such as have written since his 
time, affirme not only that an vnite or one, is a number^ but 
also that euery fraction or parte of an vnite, is a number. . . . 
I do accompt it after a sorte for the first or least number * . . 
euen as an egg, with® in power possibilitie containeth a bird 
though really and actually it is none*” Stevin (15S5), a much 
greater man, used Uie argument that a part is of the same 
nature as the whole, and hence that unity, which is part of a 
collection of units, is a number.^ To this Antoine Arnauld, "le 

Rssa vnita n& e mumfito: iBa btn ptincipdu di tLfl&cun numero" (1494 

cdr. ^ol- 5), 

5 verstehstu daa I, kein ^aJ ist/ sender es ist eSn gebererin/ anfang/ 

vnnd fundament sltcf ajuJcrer z&len” {Z'o/ey rt^cfteubunMifit Frankfort ed.* 1537, 

foL It isabo in liLs 1^31 t;d' dedication, and 1^49 cd-, i^l. 

^''Unitaa ttn numerua non est. aed fans et onjgo niimeronim-'^ (loL i)* 

ed., folr I. 

^15* Geiniiia Frigiqs (1543) makes it a matter of authority^ ‘'Nvnaerum 
autbores vocant muitiLndiotm ck Vnitatibus conflatmn. Itaque Vnitaa Ipsa tictt 
subinde pro numero habeaLLit, proprie tamen nLiiiicru5 non crit” {1563 cd.dfo). 5) . 

AJso Trenchant (r5(5e>L " . . . Fvnlti ii'est pas nfimbre . , . Maii cn la 
pratique, on [& n ombre eat tonslonts anifl-pt^ & fiueldiie sugfit * . , FvTaitt cst 
prinsc pour nombre" (1578 ed,, p. 

“Jic, for ^'wbich,” FYom Lhe 1600 editEon. 

^''Li partie eat d* maeme nature que te tour. Uniti est partie d^une mul¬ 
titude d' unitfz . . , et par cansequeut nombre." See aJso the Girard tdJtioUi 
of 1S44,, p. I, with sJIgbt cbangie in wording. 
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grand Amanld” (1612-1694), replied that the argument was 
worthkssj for a semicircle is tiot a circle. Stevin also used the 
argument that if from a number there is subtracted no number, 
the given number remains; but if from 3 we take i, 3 does not 
remain; hence i is not no number.^ The school arithmetics 
kept the Boethian limitation until the close of the iSth century.^ 

Another common notion was that unity Is^ like a pointy in¬ 
capable of division,—an idea also due to the Greeks.^ 

7. Latss Developments 

Higher Domain of the Arithmetica. The later de^'tlopments 
in the arithmetica do not belong to the domain of elementary 
mathematics. Their history has been treated with great erudi¬ 
tion by Professor Dickson in bis Hhtory oj the Theory of Num¬ 
bers.^ As a matter of general information, however, a few of the 
theorems which have attracted wide attention will be stated. 

Typical Theorems. In 1640 Fermat, in a letter to Bernard 
Frenicle de Bessy (c. 1602-1675), set forth the theorem that 
if ^ is any prime number and x is any integer not divisible by p, 
then i is divisible by p. The special case of 2 — 2 being 

divisible by the prime p had long been known to Chinese 
scholars, but the general theorem is due to Fermat. Leibniz 
proved the proposition some time before 16S3. 

Euler stated Fermat's theorem in a communication to the 
retro.grad Academy“ In the form: If « + i is a prime dividing 
neither a nor then £i“-- b" is divisible by H-1. 

As stated in Volume I, page 459, Wilson discovered (c* 1760) 
that if p is prime, then is a multiple of p^ The 

manuscripts of Leibniz now preserved at Hannover show that 
he knew the theorem before 1 683, but he published nothing upon 

I AbJtoiidljtJigen, X 3 V] 227. 

Ward's Maihentatidan's Guide, p. 4 tLaTidaiii 

jsuntc. neKa Geometria, & rvnita neU' AriTijmetica non i capace di parti' 
mento. Prodo $opr3. Euclide Jib. CEaciM, Resole Cevirali AbbuM, 

p. fFtarence, 

■+See also A. Natucci, U Concetto di NutHero, Turn, 153 
Presented in i733f publisbud in ir.iB. 
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the subject. Lagrange published a proof of the theorem in 1771^ 
deduced it from Fermat’s Theorem, and proved its converse. 

Fermat gave as his opinion that i is alvi^ays prime, but 
asserted that he was unable to prove it. Euler (1732)' showed 
that Fermat’s opinion was not warrantedj since 

2^ ^-I= 641 ■ 6,700,417. 

Fermat’s connection with numbers of this form led to their 
being called "Fermat’s Numbers,”' 

With respect to the sum and the number of divisors of a 
number there is an extensive literature.^ For example, Cardan 
(1537) stated that a product F of k distinct primes has 
I -f 2-h2’’ + - " + 2*"^aliqnot parts; for example, that 3 ■ s ■ 7 
has I -h 2 + 4 aliquot parts. This rule was proved by Stifel in 
his Arithtnelka Integra (1544). Frans van Schooten (1657) 
proved that a product of k distinct primes has 2*— i aliquot 
parts, which is only another expression for Cardanos rule. 

Descartes (probably in 163S) showed that if ^ is a prime 
the sum of the aliquot parts of p*‘ is iP'"- i)/ip — i)j a law 
simply illustrated by the cases of 2^ and 7“. 

Fermat proposed (1657) two problems: (r) Find a cube 
which, when increased by the sum of its aliquot parts, become? 
a square, one example being 7“^+ (i + 7 + 7’) ^ 20'; (2) find 
a square which, when iucreased by the sum of its aliquot parts, 
becomes a cube. Problems of this general nature attract^ the 
attention of men like Frenicle de Bessy, Lord Brouncker, 
Wallis, Frans van Schooten, Ozanam, and various later scholars. 

Other Subjeets of Investigation. Among other subjects in¬ 
vestigated is that of the factors of numbers that can be ex¬ 
pressed in the form of ± 6"; for example, to find all the 
prime factors of 2’® — 1 . There are also such questions as the 
infinitude of primes in general; the tests for primality; the num¬ 
ber of primes between assigned limits; the curious properties 
connected with the digits of numbers; periodic fractions; and 
the general theory of congruent numbers. 

iPublistied in *Ti. C. ArchibaJd, Atnir. Maih. Month., XXI, 247, 

^DicfcaoTi, J?Mt. Th. IVtitnb., I, 51. 
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TOPICS FOR DISCUSSION 

1. The numbers three and seven in folklore and in literature. 

2. The history of the seven liberal arts. 

3. Distinction between arithmetic and logistic in ancient and 
medieval times. 

4. History of the word ”algorism” in various languages, particu¬ 
larly with reference to its forms and significance. 

5. Various names given to what is now called arithmetic in the 
period known as the Renaissance. 

6. History of the distinction between concrete and abstract 
numbers. The present status of the question, including that of opera¬ 
tions with concrete numbers. 

7. History of the finger names assigned to numbers, and the 
probable reason why such names attracted more attention in early 
times than at present. 

8. Rise of the idea of significant figures and the present use of 
the term. 

9. Probable reasons for the superstitions in regard to odd and 
even numbers and for the properties assigned to them at various 
times and by various peoples. 

10. The gnomon and its relation to numbers and to other branches 
of mathematics. 

11. Nature of and probable reason for certain other classifications 
of number in ancient times. 

12. Probable cause for the special interest in prime numbers ex¬ 
pressed by the ancients. 

13. The historical development of the interest in amicable numbers 
and the present status of the theory. 

14. The historical development of the theory of perfect numbers 
and the present status of the theory. 

15. The interest in figurate numbers among the Greeks and the 
traces of such numbers in modem times. 

16. The history of the concept of unity and of the controversy 
with respect to its being a number. 

17. Traces of ancient arithmetic and logistic in modern textbooks 
in arithnoetic and algebra. 

18. Questions relating to the theory of numbers and attracting the 
attention of mathematicians during the 19th and 20th centuries. 



CHAPTER n 


LOGISTIC OF NATURAL NUMBERS 
I. Fundamental Operations 

Number of Operations. In America at the present time it is 
tlie custom to speak of four fundamental operations in arith¬ 
metic, that is, in what the ancients called logistic. This number 
is, however, purely arbitrary, and it is quite possible to argue 
that it should be increased to nine or more,^ or even that it 
should be decreased to one. 

The Crajte of Nombrynge (c. 1300) enumerates seven: 

^Here tells |iat |>er ben .7. spices or partes of ))is craft. The first 
is called addicion, j^e secunde is called subtraccion. The thryd is 
called duplacion. The 4. is called dimydicion. The 5. is called mul- 
tiplicacion. The 6. is called diuision. The 7. is called extraccion of 
|>e Rote.* 

Sacrobosco (c. 1250) had already spoken of nine of these 
operations,—numeration, addition, subtraction, duplation, me¬ 
diation, multiplication, division, progression, and the extraction 
of roots,"—and Michael Scott had done the same.* This was 
a common number among medieval writers and, indeed, in the 


*On the general question of the operations see J. Tropfke, GescMchte der 
Eletncntar-Mathematik, I (2) (Leipzig, 1921), hereafter referred to as Tropfke, 
Gejckichte; Suzan R. Benedict, A Comparative Study of the Early Treatise in¬ 
troducing mio Europe the Hindu Art of Rukomng^ Dissertation, Univ. of 
Michigan, 1914. 

*R. Steel^ The Earliest Arithmetics in English, Oxford, 1923. The old letter 
h is our th. Since it sli^tly resembles our letter y, the old word f»e (the) is often 
ignorantly written as ye, as in ‘’yc editor.” 

’In his Algorismm. See Volume I, page 222. 

♦Santa-Cruz (1594) refers to this, saying: ”... las espedes del qual, segQ 
lua de sacrovosco, y Michael Scoto, son nueue” (1643 cd., fol. 9). 
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early primed books/ Pacioli (i4g4)j however, claimed credit 
to himself for reducing the number to seven/ In due time a 
further reduction was made to six/ then to five, as with most 
i6th“eentury writers, and then to four. When five operations 
were taken, numeration was usually the firsts the topic properly 
including notation/ One of the first of the writers of any note 
to reduce the number to four was Gemma Friaius (1540),''' and 
such was his influence that this number soon became common. 
There have been those, indeed^ who gave only three funda- 
mental operations^ multiplication being included in addition 
as a special case. This number was given^ for example* by 
Elia Miarachi (c. 1500)/ 

Bupladon and Mediation. The four operations generally 
recognized at present will be considered later in this chapter; 
the two operations of duplation (doubling) and mediation 
(halving), with the reasons for their use* will be explained 
briefly at this time. 


Widman Pturhach {c- 14605 ist ed.,. 141^3), HuswirL 

Tartsisrlin and Santa-Crur (13^14}. 

^Hc s&j-s tliflt nine wen: given by "Ginua de sacro biisco t Prcidociiao iJe 
Ixildemandia da padua degnJ^imo a&Encuiomo t motti alLri in Joro alF^onami. 
Ma noi le dStte noue reduremo a sefrte'^ (fok n), r.). 

Since ibe nameg hive gQmc intertiit, the lift Is teproduced; La priisa sira 
dilta nuineratiCe ouec leprEieutiLifle: cioe sapere copinoaMre e reJeuare h figure 
e caritteri det nOero. La SKflda sir a ditta addEtiCe oner rEcog^herc: agiognere; 
sQmare e acoeanc, La terza ^irs ditta aybtraqiidc otitr abatcert" aotrare: cauar^ 
e trare. La J5rta fia ditta multiplicatidt. La ciuinta sin ditta diusaiofl over 
parthc. La seita siri ditta ^resaiCc. La septima sira ditta. delle radici 
e.ntractirme.^ Ibid. 

^E.g,j Glareanus "Eiufi sex, ut in epitemoe, proaequemur apcciK, nu- 

merationem, addltionem, subtractirmeifl,, muttipEicatioacni, diuEsionem, ac pro' 
grMsionem” (1543 od., fol. 9K 

‘NumeratSem (Lattn nKtniTj'iJiidi frntti jiUTnerui, a number) baa lately Leen 
used to mean the reading of uumbere. Since medieval writers often called tin 
characters i, 3, 3, . , . noiae fcompare tbe "notes’^ in music), tbe T^'riting of 
mimbera has been called notation. The dialiiiction Is One cliiefiy of the sdioo]' 
rooTEi. Ram,u3 (1369! 1SS6 ed., p. i) was one of the first prominent writer^ lo 
make it: "In numero specCitur prinmni notatio, deinde numeratlo." 

^’'Qvatinjr omnino sunt Arithmetkes species” (1363 ed.ffol. 6). 

*G. Wettheira, Die ArilkrK^tOi des Eiia MUra/:hiy ProKn Frankfort a. M., 
1893; hereafter referred to as Werthdin, Elia Afiiracfti, The first edition of 
Mfsrachi appeared at Constantinople* isja or 1553: the second, at Basel, 1346. 
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The Egyptians often multiplied by continued doubling,^ thus 
saving the trouble of learning a multiplication table. This was 
particularly convenient in working on the abacus. On this ac¬ 
count duplation was generally recognized as a separate topic 
until the 16th century. Moreover, the Egyptian tables of meas¬ 
ure were commonly arranged so as to make doubling and halving 
operations of great importance.* This method continued as 
long as the abacus was in use, and persisted for some time after 
that instrument was generally abandoned. An interesting illus¬ 
tration of mediation is seen, for example, in official papers of 
Russia prior to the time of Peter the Great (1672-1725), the 
word '‘half” being repeated as many as ten times to indicate a 
certain division.* 

The use of duplation and mediation is seen in many of the 
Arab works,* and this fact influenced such medieval transla¬ 
tors as Johannes Hispalensis® (c. 1140) and Adelard of Bath® 
(c. 1120). The processes were common in the theoretical works 
of the 15th century* but not in the commercial arithmetics, at 
least in Italy. The early printed books of Germany were less 
progressive in this respect than those of other countries, partly 


^Thus, 7 X IS — 3 X 2 X 15 + 2 X IS + 15. 

*S€e Uae common use of the fractions L I. I, the Edfu Survey, in 

H. Brugsch, Thesaurus Irucriptionum Mgyptiacarum, Leipzig, 1883-1891, 
Vol. ni; H. Brugsch, Numerorum apud Veteres ^gyptios Demoticorum Doc¬ 
trine, Berlin, 1849; T. E. Peet, The Rhind Mathematical Papyrus, London, 1923; 
hereafter referred to as Peet, Rhind Papyrus. For the survival of doubling and 
halving until the present time, see the tables in Mahmoud Bey, “Le systime 
mitrique actuel d’Egypte,** Journal Asiatique, 1 (7), 69, 82. 

*V. V. Bobynin, "Esquisse de I’histoire du calcul fractionnaire,'* Bibl. Math., 
X (2), 97. 

*E.g., al-Nasavi (c. 1025), on whose work see F. Woepcke, Journal Asiatique, 
I (6), 496; al-Ba^sar (12th century), on whose work see M. Steinschneider, 
Abhandlungen, III, 10; al-Khowarizmi (c. 82$), on whose work and al-Has^r's 
see Suter, Bibl. Math., II (3), 12. 

®Who, however, speaks of them merely as special cases of multiplication and 
division. See Boncompagni, Trattali, II, 38. Similarly, as to Gemardus (13th 
century?), see G. Encstrom, Bibl. Math., XIII (3), 289, 292. 

® Boncompagni, Trattati, I, 10. 

in the RoUandus MS. (1424) ; see Rare Arithmetica, p.446. RoHandus 
gives: "addere. sbfhere. mediare. duplare. diuidere. mltiplicare. et radices 
invenire” (fol. a). 
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because of the continued use of the abacus in that part of 
Europe, and so these two processes are found in the works of 
Tzwivel (1505), Kobel (1514), Grammateus (1518), Riese 
(1522), Rudolf! (1526), and various other writers of that 
period, often with a statement that they are special forms of 
multiplication and division/ Stifel (1545) uses them only 
apologetically, and Scheubel (1545) omits them entirely/ They 
are rarely found in any of the printed arithmetics of Italy,* 
Spain,* France, or England. It is a curious fact, however, that 
Recorde (c. 1542) omits them with integers but includes them 
with fractions,—a vagary that endured at least as late as the 
1668 edition of his Ground oj Artes. His example was followed 
by Baker (i$68), who had the notion that only fractions should 
be used with fractions, saying: **Ii you will double anye broken 
number you shall divide y* same by and giving triplation 
and quadruplation in the same way. Gemma Frisius (1540) 
did as much as any other Continental writer to show the absurd¬ 
ity of following those "stupid people” who would include 
these operations.® 

Names of the Operations. The awkward expression " the four 
fundamental operations” is modern. Several others used in 
the past possess the merit of greater brevity, and some of 
these are still found in various languages. A common name 
is "species,” a term of the 13th century and made popular 
in the i6th century by the works of Riese (1522) and Gemma 
Frisius (1540).® Ramus (1569) used both "parts” and 

^"Dupliren heist zwifeltigen/ ist nichts anders daft ein zal mit 2 multiplidrn. 
Medijren heist halb machen od’ halbiren/ ist nichts anders/ dafi ein zal in 3 
abteiJen.” Kobel (1514). 

*”Dc duplationc porro & Mediatione, cum ilia multiplicationis, haec uero 
diutsionis pars sit, scribere quicq^, neccssc non iuit.” “Tractatus secundus” of 
the IS4S edition of his Numeris. 

*£.g., Padoli (1494): "Ma noi le ditte noue redurcino a septe. Peroche la 
duplatioe iplidta in la multiplicatiAe: ela mediatide nella dluhit^e’* <foL I 9 i f-)< 

*E.g^ Santa-Cruz (1594): "Y por^ el doblar no se distingue del multiplicar, 
ni el medlar del partir” (1643 ed., fol. 9). 

“"Quid verd mouerit stupidos illos nescio” (1563 ed., fol. 12). 

•In the Latin editions: "Dc speciebus Arithmeticcs”; "Vocamus autem 
spedcs certas operand! ...” In the Italian translation; "Delle Spede dell’ Arit- 
metirte.” 
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“species,”^ while most of the Sp)amsh* and Dutch* arithmeti¬ 
cians of the 16th and 17th centuries used the latter only. 

A common Italian name in the i6th century was “acts 
although “passions” was also used.® When Clavius wrote his 
algebra (1608), he used the word operationes, and it is probable 
that this word worked down from algebra to arithmetic. 

Sequence of Operations. Our present traditional sequence 
has by no means been generally recognized, particularly in rela¬ 
tion to fractions. Although all writers place notation and a 
certain amount of addition first, there has been little further 
uniformity. Abraham bar Chiia (c. 1120), Rabbi ben Ezra 
(c. 1140), and Fibonacci (1202), for example, use this se¬ 
quence: multiplication, division, addition, subtraction, frac¬ 
tions, proportion, and roots.® Grammateus (1518) used the 
order: addition, multiplication, subtraction, division,'—an 
order which has much to commend it. 


2. Reading and Writing Numbers 

Babylonian Numerals. Since the early Babylonians were 
without papyrus or parchment, they doubtless followed the cus¬ 
tom of most other early peoples and wrote upon leather. Living 
on an alluvial plain, they had no convenient access to stone for 
the purpose of permanent inscriptions, except in the northern 
region, and so they also resorted to the use of clay. They 
wrote by pressing into the clay with a stylus, the result being 
wedge-^aped (cuneiform) characters. These tablets were then 
baked in the sun or in a kiln of some kind, and thus they 


i”Alii fadunt arithmeticac partes vcl spcdes . . .ArUhmtticae libri dvo, 
p. III. 

Santa-Cruz (1594): . . las espedes del qual . . . son nueuc.” 

’Thus Stockmans (1589), Houck (1676), and others speak of the "vier 
specien.” 

♦So Sfortunati (1534) speaks of the •’Cinque atti dell’ arithmetica.” 

“Tartaglia (iSS6) prefcR ’'atti” but sa>’s that ’'altri gli dicone Passioni dd 
numero” (1592 cd., fol. 5). The word comes from the Latin passio, used by 
late Latin writers to mean "phenomenon”; originally, something endured. 

®M. Steinschneider, Abhandlungen, HI, 107. 'i53S ed., fol. .Alii. 
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became fairly permanent records. For relatively small num¬ 
bers the numerical system was simple, consisting of the following 

characters: „ 

T = i, < = 10, = loo. 


These symbols had different numerical meanings, however. 
The Y stood not only for i but also for 6o, 3600, 12,960,000, 
and in general for 6o“. The < stood for 10 • 60", and hence for 
10, 600, 36,000, • • •. In every case the context was depended 
upon to determine which value was to be taken. Furthermore, 
we often find the units represented by horizontal strokes, 10 
represented by a vertical crossed by a horizontal stroke (like 
a plus sign), 20 represented by a vertical crossed by two 
horizontals, and so on. In certain tablets 71 is represented 
by I (for 60), the above symbol for 10, and a horizontal stroke 
for the unit. 


Y YY YYY V V7 W W \v i;; 

BABYLONIAN NUMERALS FROM I TO 9 

The forms vaxy in shape, but this gives an idea of the 
simpler numerals in common use. For the correct forms as 
seen in the clay tablets, see page 39 

In writing their numerals the Babylonians made a slight use 
of the subtractive principle with which we ere familiar in con¬ 
nection with the Roman notation. For example, the XIX of 
the Romans is equivalent to XX — I, a device that was antici¬ 
pated some two thousand years by the Babylonians, who wrote 
<<Y^ for 19, the symbol Y^ (lal or Id) meaning minus.' In 
this case, then, we have 20 — i, or 19. It has been suggested 
that one reason for writing 19 as 20 — i instead of 10 -f 9 is that 


^ There are numerous forms for this symbol, some of them very complex. 
See H. V. Hilprccht, Mathematical, Metrolotkal, and Chronological Tablets 
from the Temple Library of Nippur, p, 23 (Philadelphia, 1906); hereafter re¬ 
ferred to as Hilprccht, Tablets. See also G. Rclsner, "Altbabylonische Maasse 
und Gcwichte,” Sitxungsberichte der A. Preussischen Akad. der WisseTtsch., 
p. 417 (Berlin, 1896); G. Contenau, "Contribution 4 Thistoire iconomique 
dTImma," Bibliothique de vicole des hautes itudes, fascicule aip (Paris, 1915)* 
with excellent facsimiles of various numeral forms. See especially Plate XIV for 
the representation of 71 referred to in the text. The tablets date from c. 2300 
to c. 2200 B.C. 

7J 
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it was an unlucky number. The nineteenth day of a lunar month 
was the forty-ninth day from the beginning of the preceding 
month, and this forty-ninth day was one to be specially avoided. 
To avoid writing 19, therefore, the Babylonians resorted to writ¬ 
ing 20 — 1. This does not, however, account for such common 
forms as 60 — J for sgf and, as we shall presently see, the ex¬ 
istence of the subtractive principle is easily explained on other 
and more rational grounds. 

Since the larger numbers were used by relatively few scholars, 
there was no compelling force of custom to standardize them. 
The variants in these cases are not of importance for our pur¬ 
poses, and simply a few of the numerals will serve to show Uieir 


nature. These illustrations' 

date from c. 2400 b.c. 

0 

3600 



36,000, 

i.e., 3600 X 10 


72,000, 

i.e., 3600 X (10 -H 10) 

Oil- 

216,000 



2400 




i.e.f 2 X 60 - 1 - 50 -I-1 - 1 - 

• 

10 


f m 

36 


••Y*r 

19, 

i.e., 20 — 1 

©•YYi 

18, 

i.e., 20 — 2 

••Yr*. 

17, 

i.e., 20-3 



i.e., 2 X 60-f-10 -H j 

•.v*“ 

S 3 , 

U ., 504-3 


As mentioned later, the Babylonians also used a circle for 
zero, at least to the extent that they employed it to represent 
the absence of number, but it played little part in their system 

^G. A. Barton, Haverford College Library Collection of Cuneiform Tablets, 
Part I, Philadelphia [1905]; Allotte de la Fuye, **En-e-tar-zi pat^ de Lagas*” 
in the HSpreckt Anniversary Volume, p. lar (Chicago, 1909). 
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of jiotatioT:!^ More commonly a circle simply stood for lOj 
particnlariy in the early inscriptions, as shown on page 5S. 





TABLET FROM l^tTPPDa 

Contains divisors flJ 60 *> the ^otlelits bein^ in EedmCltiC pr&grtKicn. Dale 
c. J4CO B.Cr The top line neadi 2{ ■ fip), 5C-<io)s and The lefC-iiand 

figure 15 the Original ; the righl-tiand one is a drawing. Courtesy of the UnivprsHy 

of Fennsvlvanla 


Chinese Niunerals. The present forms of the Chinese nu¬ 
merals from I to 10 are as follows: 



A C J\fl ~p 


The number 789 may be written either from the top downwards 
or from left to right, as follows: 



h+ti 
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The second character in the number as written on the preced¬ 
ing line means hundred, and the fourth character ten. 

It will be observed that the figure for 4, probably four vertical 
marks in its original form, resembles the figure for S inclosed 
in a rectangle. On account of this the Chinese have given it 
the fanciful name of "eight in the mouth/'^ 

Chinese merchants also use the following forms for hgures 
from I to 10: I 11 i„ ^ S + 

and they have special symbols for lOo, 1000, and lOjOOO, 
besides those in which a circle is used for zero. 

These symbols are not the same as the ancient forms, but our 
knowledge of the latter is imperfect/ There are many variants 
of each of the characters given above, as when Ch’in KiU'Shao 
(1Z47) used i for 5, and both and for 9.“ The numerals 
on the early coins also show the variations that are found 
from time to time. In the second centurj^ n.c., for ejtample, 
we hnd the 5 given in the so-called seal characters in the form 
H a form which was used for hundreds of yeara.'^ 

Rod Numerals. There were also numerals represented by 
rods placed on the counting hoard,—-a device which will be 
described in Chapter III* These numerals appear in the 
Wu 4 s*q.q Suan-king^ which may have been written about the 
boginning of our era, or possibly much earlier, and are found 

^L. Vanhfe, in itprint. On the general aubioct of ihe Chineae 

mimerals ici their hiistonol development tht standard ivcnrh h that of F. H. Chal- 
fant in the Mttttoirs oi (Ae Cartuigb: .Tfsu-eufti, Vol. r^’'. No. i, and Plate XXIX. 

^We have, hovi^svcrH various records goinf hack to the early part of the 
Chtistimi Era. For esamplfi, the Metropolitan Mtlseutn^ New Ynik^ has b. latirl 
grant of 40J in which lie forms of the nuiuerafa are almoat the ssuue ais those 
ncxw in use. 

BChaJfant, loc. at.; Y. Mikitnif Tke De^ijfinpmeKi of Melkematics in CAmi 
and JoMny P- J 3 (Lcrpiig, 1^13): fiereafter reierred. to as Mitami, China. On 
the general topic sec S. VV. Wiliiants, The Middle Kmg^dottii New York, iSS?; 
18^5 ed., t hereafter referred to as WKIIama, Middle KinEd^fm. J. HaRcr, 
All. ^planBiion of the Elementary Charar.t^i of Chineie^ London, iScil; 
J. LeggCj The CAfnejc id ed., I, 440 (Oxford,. 1853). 

*H, E, Morse, “Currency in China,” lovmfd of the iiTortA China Branch 
of the R. jljfat. .Sof., Shanghai, cepriDt (n.d.). Valuable on the history of 
Chinese money and weights. 



ilONOGKAif ]?aEMS DP CHINESE KUMEHALS 

The Japanese jangf were sticks used for repreetititig niimbcrs and wcric de¬ 
scended from the bamboo rods'' of the ancient Chinese, They gave rise to a 
jflftfif meth-od of wricinj numbers. From a work by the Japanese roathtmatidan 
Fujita Sadasyke fh Chinese chiracters- Tht number in the first ifne at the 

top ia 4fij43i 
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even as late as the 19 th century. The oldest forms for the units 
are commonly arranged as follovrS: 

I II lU IflJ llfll TTT TIT mr 

In the tens^ column the symbols usuEiliy appear as follows: 

the arrangement thereafter alternatingj the hundreds being like 
the units^ and so on. Sometimes the T used instead of 
TT for 7 hundreds^ and so on, and similarly for S and 9. By the 
common plan the number 7436 would appear as tL itll sT, 
In this system the zero takes the form of a circle in the Sung 
Dynasty (950-1280), as is seen in a work of 1^47/ where the 
subtraction 1,470,000 — 64464 = 1,405,536 appears as 

1 =TOOOO 

l = O^II!ll = T TXIIII-LX 

with two forms for 4. 

These numerals were frequently written in the monogram 
form;® for example, 123,456^789 appears as HigiMP^P. 

Hindu NuuieTalSn The history of those Hindu-Arabic nu¬ 
merals which may have developed into our modern European 
forms is considered later. It should be said, however^ that 
there are various other systems in use in India and neighboring 
countries. Of these the most interesting is the modem Sanskrit, 
the numerals being as follows: 

These characters are evidently related to the early Brahmi 
forms which are mentioned later. 

^The Kki^ck^ans of Ch’in Kju-5liafl, See A. WyliE, CAjueie 
Ptr ni. p, 159 seq. (Shanghai, iB$7); L. Vanh^e, iit T*oufls-P&o, rfipriut, thinks 
that the 3cro reached China from India sotnewhat earlier, 

^A. VBsiine, mr I’orisim iU (Paris, ifigab re¬ 

print from the Buiietm de Gi(>sraph^£^^ hereafter reltrred tio as Vissiere, 
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Of the numerals of the sarine general character and in use in 
parts of Asia adjacent to India, the following are types ■ 



0 

Siam 

0 

Burma 

0 

Makbar 


Thibet 

0 

Ceylon 


Malayalam 



iT) 'tZD ^ <5^ b ^ £o Oo 

5 •) ?^0G)?o(;9o 

n ^ ^ 

e^e^CUO^'^@i iSI 


Their^history has no particular significance, however;, in a work 
of this nature, since the forms are local and are relatively 
modern/ 


An Americaii Place Value, When Francisco de Cordoba 
landed the first Spanish expedition on the coast of Yucatan^ in 
r5i7j he found the relics of a highly developed civilizationj that 
of the Maya, which had received its deathblow in the wars of 
the preceding century/ Within a few years after the European 
invasion the independence of the Maya was completely lost. 

^ 5^5 Di^S° de Landaj bishop of Merida^ in northern Yuca¬ 
tan, wrote a history of these people,* so that our knowledge of 
their achievements goes back to about the beginning of the 
period of European influence. They had an elaborate calendar 
before the Spaniards arrived, and capable investigators have 
asserted that the Alaya cycle began as early as 3373 e.c. 

^One of the best penetal works on Eastern notatioti is tliat of A. P. POiaii, 
Exfiosi dss cfe ^um^r-aiictft cAei te Ftuplts Orierttaux A^tciefts et 

JU'oflierfies, Paris, ifi6o, witb iij*ny tables, 

®S. G. Morley, An /nirtfduition ta the Study of Maya Hieroglyphs, 
p. 6 (VVasbiiiKttm, rovs). This work skould be consulted for details respecting 
this entire topic. Authorities vary as fo the plural fonn of Maya, some giving 
Mayas and others Maya. See also C. Thomas, ^Knmeral SystEins of Mraco 
and Central America,” AitHual Rep^rl of the Bureau of Aiaerieoti Btknolosyt 
XIX (iS^j^iSgSL 553 tWashitiEton, 1900). 

^In his Relation de Cosos d£ Yuaiian, a ‘work >iot printed until rS64. 
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The Maya counted essentially on a scale of 20j using for their 
basal numeraJs two elements, a dot (•) and a dash (—), the 
former representing one and the latter hve. The first nine¬ 
teen numerals were as follows, reading from left to right: 


* * 
m • 


• * 


4 # * 
• 4 • 

4 4 4 


4*44 
4*4 4 

4 4 4 4 


There were numerous variants of these formsj’^ but these offer 
no special peculiarities which we need consider. 

The most important feature of their system was their i:ero, 
the character which also had numerous variants. Since 

their scale was vigesimal, they wrote 20 as we write 10^ using 
their characters lor i and zero.^ The following table shows the 
general plan that was used when they wrote on flexible material: 


Numerals 

4 


pm 

* 

4 • ■ * 

H 

* * • 

Imji 

4 * • 

Our forms 

I 

0 

1 

17 

rs^io 

0 

3G0 

0 

d 

19-3(5 

rj- 2 o 

^3 

Values 

Id 

37 

30Q 

360 

7113 


We see here a fairly well developed place value^ the lowest 
order being units from i to 19^ the next being from 1-20 


Mortcy, Jpc. cUn Pr Sg, which ahoulcl be cafisuJted for a description of 
the system. 

“Thtir apetitt] hieroglyphic for 20, used for certain purposes, need nut 
concern ua. On the word “ hierogiyphic ” see page note 3. 
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to 17 -20; the next being from i - 360 to ig * 360; the 
next being 7200^3^ and so on/ representing a very satisfactory 
system. There is no evidence in any extant record that it was 
used for purposes of cotnputation, its use in tbetexts being merely 
to express the time elapsing between dates. The fact^ however, 
that the pebble and tod are 
apparently the basal elements 
in the writing of numbers 
leads us to feel that we have 
in these numerals clear evi¬ 
dence of the early use of an 
abacus. If, as many ethnol¬ 
ogists believe, there Is a con¬ 
nection between the Japanese 
and certain of our primitive 
Americans, the use of the rods 
may be traced back to Asia. 

Egyptian Ntnnerals. The 
Egyptians bad four materials 
upon which they could con¬ 
veniently record events. One 
of these was stone, a medium 
supplied by the quarri^ along 
certain parts of the Nile, An¬ 
other medium was papyrus, a 
kind of paper made from strips of the pulp of a water reed 
which w^as apparently more common at one time than it is at 
present. The other two common materials were wood and pieces 
of pottery* Leather does not seem to have been so commonly 
used as in other countries. 

In writing on stone the Egyptians took time for the work and 
made their characters with great care. These characters are 
called hieroglyphics.^ The hieroglyphic characters were com¬ 
monly written from right to left, but also from left to right. 

^Fot conapTele description aee Moiley, loc. cit., pp. ta 5-133. 

“Itie sacrfid inscription a, from the Greek !epir aacred + 

to carve. 



EARLY rOEMS OF OOMIiOW 
EGYPTIAN NUMEEIALS 

From a piece oi po-ttery of the First 
DynastyH c, 34°° i.a The syrabols for 
ID i.tid tea att repeated several time^ 
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In tile earlier inscriptionB they are often written from the top 
down. This accounts for the various ways of writing the simple 
numerals, a character often being found facing in different 
directions. For our present purposes it suffices to give the 
ordinary form of hieroglyphic numerals/ as follows: 

I II Ei; If El ^ III 'ill lEii Hi n 

123 45*^7® 

in iiri nn i>s w 9 1 f 

II 12 20 4.0 70 100 30 Q 1000 lOjOOO 


Numerals reading trcMn left to right. From the walls of a temple at Luitor 


^ These are as given in A. Eisenllohr, Ein mctihem-oihch^S Handbuck der alttn 
ad. -cd., tabEe foEJowiivg p, S (Leipaig, 1377)1 her'caftor refarred to 
Eis^ohr, Pupyrus. See shio Feet, E}dn 4 FnpyFHS', J. De Mor^gan, 
tiianiii PreMsiorigue, p. 115 (Faria, igsi ). 
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There were higher numerals, but the above will serve 
to show the general nature of the 
the hieroglyphic forms were 
used in writing inscriptions on stone 
and in elaborate treatises on papyrus, 
other forms were early developed for 
rapid writing on papyrus, wood, and 
pieces of pottery . There were two forms 
of this writing, the hieratic (religious) 
and the demotic (popular). The for¬ 
mer was a cursive script derived from 
the hieroglyphic, and the latter was a 
somewhat later form of the hieratic, 
beginning in the 7th century e. c. After 
the demotic forms came into general 
use, the hieratic waa reserved for 
religious purposes. 

The hieratic writing usually pro¬ 
ceeded from right to left, although in 
early times it 13 occasionally found 
running from the top down* The numerals to 10 were of the 
following forms: ^ 

/ tt tu U*t <2 -Z /V 

123 45^7^91^ 

The demotic forms offer no peculiarities of special interest.^ 

Greek Numerals* The first numeral forms of the Greeks seem 
to have been such upright strokes as were used in all Mediter¬ 
ranean countries, and perhaps represented the fingers. These 
strokes were repeated as far as the needs of the primitive in¬ 
habitants required. For example, in a stele from Corinth, of 
about the 5th century b.c., there Is the numeral [JdfJM, referring 


characters employed. 



HrEHOCLYTHIC FOS COCHi 

(about sqq b*c.) 

The nteatting ig.^Thq Fslcun 
Ifil captive booo men 
the Lindt at the HaJlSOon 
LaJte," Chert bein^ a. harpoon 
just below this in the i>riEiiilill 
inacriptioa 


1 These ate taken from the Ebcis Pipj^rus as copied by Eisenlohr. Nattimlly 
the forms varied with different scribes. 

iFor a careful sUidy of these forms, with ruirntroiis facwmats, s«H. BrvEsch, 
lifvMeroTum apud Vstercj JEgyptipi DinetiiOTUVi DoctriKa^ BerSin, 1^49' 







EAtttrY CVPJtlOTE NU1£EEAE.S 

From a fragment of a temple record ftnuid on the bland of Cyprus. In the last 
two lints the numeral for 6 {J|| |||) appears twice. CoLirtesy of the Metro¬ 
politan Mustuii] of Artj New York 


EAELY CYPHTOTE 2IUMEXALS 

The lower part of the fragment shown above. Tbe numerals are the same as 
those OB the tablets found at Knossoa, Crete, where O ia used tor looo, O for looj 
— for ro, and I for i, The number 4 ( 31 IIJ Is in the first line and the number 14 
(lirl—) in the line next to the last. The Pheeniciana used these symbols ior 
ten and one, Courtesy of the Metropolitan Museum of Art, New York 
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to a fine of eight obols for 
intru< 3 ing on certain prop¬ 
erty,^ Inscriptions illus¬ 
trating this usage are found 
not only in Greece but in 
various islands of the east¬ 
ern Mediterranean Sea, as 
shown in the illustrations 
of monumental records 
from Cyprus. By the time 
Greece had reached the 
period of her intellectual 
ascendancy there had de¬ 
veloped a system of nu¬ 
merals formed from initial 
letters of number names. These forms appear in records of 
the third century n c.;, and were probably in use much earlierj 
although the custom of writ¬ 
ing large numbers in words 
seems to have been general. 

Many generations later the 
system was described so fully 
by Herodianus, a prominent 
grammarian of the latter part 
of the second century^ that 
the symbols were thereafter 
known as Herodianic numer¬ 
al s^ although this name has no 
worthy sanction. In recent 
times they have been known 
as Attic numerals, since they 
are the only pre-Christian 
number forms found in Attic 
inscriptions. The system is 
also known as the acropbonic 
(initial) system^ the initials 

^Am^ricdn of Archipslcgy [iQigh p. JS3. 



GIIEEK NUMERALS OF THE 
PTOiE-WATC PERIOD 

On an icasaliedra] die of Che rCoIemaic Pe- 
rL&din Alexantirtftfjust before the Chnstian 
Era. Such dke are occaaioniilly found, 
usually madt of Of quarts. one 
13 basalt,whitened for the purjMse at pho- 
tographtug. From the author^? coUectiOEi 



EAKr.V CYFRIOTE ^:U^rEEALS 

From a fraRmmt qf a rccaptacle in a sapc- 
tuary. The Inseriiition reads, ”ZcLjfi'’s por¬ 
tion of wine is three measures.’’ Courtesy 
of the Metropolitan Museum of Art 
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SO 

of the several number natneSj as of {pm*te)^ iive^ being 
useiij singly or in combination^ in the following manner: 

Pj an old form for IT, tbe letter pi^ initial of TTEMTE 
{pen*te)j five, used as a numeral for 5; 

Aj the capital deVta., initial of AEKA ten, used 

as a numeral for ro; it Is often written like O m 
the Greek papyri, and an inscription at Argos has O; 

H, the old Attic breathing, like our hj later represented 
by \ initial of HEKATOM {hekaton')^ hundred; 

X, the capita] chi^ initial of XIAthousand; 

M, the capital mu, initial of MTPIOl {myr'ioi), ten 
thousand. 

These numerals were frequently combined, thus: 

P' or n, pmt^-deka^ was used for 50; 

P, was used for ^00; 

and so on for other numbers. 

The forms of the letters varied in different cities and states of 
Greece, but the variants need not concern us in this de,scnptionK^ 
The following will show how the characters were used: 

rl = 6 pHHH = Soo 

AFIIN^ig 40,000 

PAAAA = go ^ 50,000 

but in the manuscripts the forms vary so much as often to be 
exceedingly difficult to decipher* 


^G. FriedJem, Dje Zahhtkhin undf jiaj elementatt Rtchnen di^ GriEchen jmd 
Romer, Erlan^eni. F. G. Kenyon, Fakeagraph:;^ oj Greek Papyri, Obtfota, 

E. 5, Rottrla, Greek Epigraphyi p. (Camijridgie, ifi87>; J. Gow, 

"Tfae Greek Numeral Alphabet," Jitvfnal qJ Pidlftiosy (jSS 4), p. 273? S. Rei- 
nach, Traiti iTApisrapkie Grteque, pp. 216, 218 {Pajrifi, iSflg); J, P. Mabaffy, 

“On the KumericaJ Symbols used hy the Greek Hiitorians," Tran^. of ihe JSoydl ^ 
Soc. of Literaiitre, XXVII , 160; Heatb, Bisiory, I, ip. The best modern treat- 
tnent h that of M. N. Tod, “Tbree Greek Numeral Systems,^’ Journal of HeRenk 
Stndits, XKXni, 27, and "The Greek NuTneral Notation,^ Arnmal pf tke British 
Sekool at Aikem, XVni, 9S. On the mimerafe of Crete see Sit A, J, Evarva, The 
Fdaee ofMimiStP. a^^^Londoiij ip2iKand5£ri>tfl3 A'koij, p. 258{Oxford, r^pg). 
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To tliese may be added the following characters related to 
numerical work: 

T “ talent and also I obol 
h = drachma 

! ^ obolj with D or C for obol 
5 ^ Stater, so that staters 

and H H AAA An = 348 staters 

= 5 talcntSj ^ = 10 talents, H = 100 talents 

Contemporary with the development of the Ionic alphabet 
we find numerical values assigned to the letters, somewhat as 
we use letters to number the rows of seats in an assembly room. 
The oldest forms that we have are substantially as follows: 


M 

It 

< 

7 

N ^ 13 

T=r9 

2 

e= 8 

1 = 14 

V = 20 

r = 3 

1= g 

0=15 

= 21 

1! 

<1 

K= 10 

n ^ 16 


h -5 

^=11 

P=i7 

4 ^ ^ 23 

X = 6 


s = 18 



These were used very early, but the system was manifestly 
of no value for computation. A more refined alphabetic system 
appeared at least as early as the third century a.c., running 
parallel with the more primitive systems. 

As seen above, the Greeks had twenty-four letters in their 
common Ionic alphabet, but for a more satisfactory system of 
numerals they needed twenty-seven letters. They therefore 
added the three forms F or H (the old digamma), ^ or some¬ 
times 9 (the Phoenician koph), and^^ (perhaps the Phoenician 

Rcinath, Ipc. rii., p. J 30 . 

« A Tnodem name tor the character Is jawjfi (nrdf+iri, son*pi'}, aufigtsted because 
of Its resemblance to in its 15th century form. The forrn in the ad century 
was ^3 and it may go back to the T (s) t which was used from th* ^th to the 
2d century i.c. Sec Roberts, Joc- p. 10. 
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^hin or tsude)^ after which they arranged their system as 
follows: 


Units 

A 

B 

r 

A 

E 

F 

2 

H 

0 


1 


3 

.+ 

S 

(j 

7 

S 

9 

Tens 

1 

K 

A 

M 

H 

z. 

0 

n 

S 


10 

20 


40 

SO 

60 

70 

So 

90 

Hundreds 

P 


T 

Y 


X 


Q 



100 

200 

30° 

400 

50P 

A 00 

700 

Soo 

90c 


To distinguish the numerals from letters, a bar was commonly 
written over each numberj as in the case of A, although in the 
Middle Ages the letter was occasionally written as if lying on its 
side, as in the case of 

The capital forms were used, the small letters being an in¬ 
vention of a much later period. In a manuscript of the loth 
century in Gottingen the small letters are found, and there are 
no accents when these numerals appear in tables. When, how¬ 
ever, they appear in the text, there are bars superscribed to dis¬ 
tinguish the numerals from words, thus: ci: fj etc. In 

modern books the forms usually appear as and so 

on, the accents being used to distinguish the numerals from 
letters. The thousands were often indicated by placing a bar 
to the left, thus: 

/A. /B, /Tt for looo, 2000, 3000, ■ ' 

these appearing in modern Greek type as , 0 , ,7, * - 

The myriads, or ten thousands myr'ioi)t were rep¬ 

resented by such forms as the following: 

M or M, r0,000; 20,000; itl, 30,000, and so on. 

In late Greek ma^i^cripts the symbol * was used for myriad,, 
as in the case of IA for 14 myriads (140,000). We also find 
such forms as A for 5 myriads (50,000).^ 

J-V. GAx4£lifl.u&tn, Die Schrijt-, UKtufsihrijisti and tfn Bysaati- 

fiischen M'iiitlaltsr, sd ed., p. f hercaittr referred to as 

Gardthausai. Dk Seh-ijtr See aJsti F, E. Robbins, Grt^-Egyptian Matbe- 
^naljtal Papyrus,” XVIH. 32&. 

^ Gardthaasen, Die Schrijt, p.371. 
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In tEe early Christian period the three lines of letters rep¬ 
resenting units, tens^ and hundreds respectively ^'exe called 
verses or rows, and the rectangular arrangement of the figures 
in these verses was probably of some value in computation/ 

Hebrew KumeraU. The Jewish scholars used the letters of 
their alphabet for numeral symbols in the same way as the 
Greeks did. We find Uiis usage well established in the Macca- 
bean period (2d century b.c.)^ but it is probably of an earlier 
date. In the Talmud the numbers above 400 are formed by 
composition, 500 being formed of the symbols for 400 and looj^ 
and 900 being a combination of the symbols for 400, 400^ and 
roo.^ Later writers^ however, followed a plan introduced by the 
Masfioretes,^ in which certain final forms of letters were used for 
the hundreds above 400. These numeral forms as now recog- 


nized 

are as 

follows: 








D 

1 

1 

M 

“l 

T 

n 


r 

s 

3 

4 

5 

6 

7 

a 

9 

T 


b 

s; 


D 

V 

D 


1 □ 

20 


40 


60 

70 

So 

9 ^ 

? 

1 

IF 

n 

1 

C 

1 

n 

y 

100 

soo 

300 

400 

500 

600 

700 

Soo 

goo 


The thousands were represented by the same letters as the 
units. Since the number 15 would naturally be represented by 
10 and St ^ead from right to leftj that is, by ir\\ and since these 
are the first twro letters of the word m,'y'(Jh.vhjJahveh, Jehovah) ^ 
the Hebrews wrote 9 + 6 (it;) instead. 


^'^Prirnus igltur versus eat a, mouade u&qiic ad enneadem,^ etc. (CapeSla, VH, 
74s). Fivonius EuJoguiB (f, 400) remarks: "Friini versua absolutiu iUhvenark) 
numero continctur.” See J. G. Sriiyly* in "Mflange Nicole," ReateH de 
moires de Fkiioh^e CioiJ, el d'Atchiot., p. S14 (Geneva,. i$os). 

“pn.-!, 

^Tbe schotats engaged in the work of M^^isoTah^ the cstablEshing of the 
traditional pronunciation and accents of the Hebrew ^criptutes. The work ex¬ 
tended over a loiiK period, closing in the roth qcnluty. See Jewish Encydo- 
pedia^ IX, 348 (New York, 1905) . For the zero, sec Smith-Karpinslfi, p. 
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Gematria, The fact that the letters of various ancient alpha- ■ 
bets had numerical values, and hence were used in computation, 
ied to the formation of a mystic pseudo-science known as 
gematria, which was very popular among the Hebrews as well 
as among other peoples. 

Although it had many modifications^ its general nature may 
be explamcd by saying that the numerical value of a name 
could be considered instead of the name itself. If two names 
had the same numerical value, this fact showed some relation 
between the individuals. It is probable that 666, ''.the number 
of the beast” in Revelations, was the numerical value of some 
name, this name being known to those who were in the secret, 
but being now' lost. It is not improbable that it referred to 
"Nero Csesar,” which name has this value when written in 
Hebrew, For nearly two thousand years attempts have been 
made to relate the number to different individuals, particularly 
to those of a religious faith differing from that of the one sug¬ 
gesting the relationship. Thus, it has been assigned to various 
popeSj to Luther, and to Mohammed; but it has also been re¬ 
lated to statesmen, to the Latin Chnrchj and to various other 
classes and organizations. In some cases a man^s name and its 
gematria number have both appeared upon his tombstone. An 
interesting illustration of gematria is also found in our word 
"amen.^^ Written in Greek, the numerical values of the letters 
are as follows: A{ir) —i, M(^) = 40, H —S, M(ir)^ 50, the 
total being 99. On this account we find iu certain Christian 
manuscripts the number 99 written at the end of a prayer, to 
signify '^ameu,"^ 

Roman Tfumerals. The theories of the origin of tlie Roman 
numerals are for the- most part untenable. Priscian (6th cen¬ 
tury') believed that "I” was used for i because it was the 
initial of the Greek Ta, a dialectic Greek word for unity/ al¬ 
though long before the Greeks had any written language it ^ 
was used for this purpose in Egypt, Babylon^ and various 

^ Gandthsuseti, Di^ Jcftri/t, j>, 30^. 

^See tht 152? CVenice) tditipi] of Priaciao, fo3. 371, f. For the fcminSnc of 
eTrfAfiw} the ^olic Greeks used faj Uie other Greeka, j^tn, Homer both forms. 
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other parts of the ancient ’world. His other theories were 
eqiially unscientifio eiscept in the cases of C and M. These 
syntbols he look to be the initials of centum (hundred) and 
inille (thousand)^ and there ’was enough historical evidence for 
the late adoption of these letters as symbols for loo and looo 
to justify him in making this statement. There are also various 
theories connected with stick-laying, but for these there is no 
historic sanction ► 

In the 16th century Mattheus Hostus^ asserted that the 
theory of the early granunarians jrivolum est ; and while his own 
theories were generally about as frivalous, he made the plausible 
suggestion that the V was derived from the open hand, the 
fingers with the exception of the thumb being held together. 
This led naturally to taking the X as a double V,—a view held 
by various later ’writers and receiving powerful support from 
Mommsen (1850), the great German authority on Latin history 
and epigraphy* The theory is not inconsistent with the fact 
that the V is occasionally Inverted (A)j since this form^ al¬ 
though an early otie^ may have developed relatively late with 
respect to X and may thus have represented half of that numeral. 

Mommsen^s most important suggestion, however, was that 
C and M are not primitive forms but are late modifications of 
such formsj influenced by the initials of centum and mtUe. The 
primitive forms for 50, lOO, and jooo he stated to be the Greek 
aspirates X (cM), from which L was derived; Q (theta)^ from 
’Which comes the C; and (pht), which is the origin of the M. 
As to this theory there is positive evidence that one of the 
earliest forms for X (chi) was and this^ with the later forms 
li-, _Lj and L, was used for 50 in the inscriptions of about the 
beginning of our era. 

As to the use of 0 for roo, we have also the early forms 
©, O, and ©. If the last of these were written rapidly with 
a stylus or a reed pen, the result might easily resemble C* 
We have not, however, any of these transition forms extant, 
although by analogy ’With L and M we might well accept 
this theory. 

ametiSsta veteribus Latina et Grands laiiata. Antwerp* 
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The ^ was also -written CD, and the symbol for 1000 is very 
commonly given on the ancient monuments as cb, 

and the like, so that this part of the theory is reasonable. The 
M as a numeral is unusual on the older monuments, although 
an expression like MM for 2000,-where M evidently stands for 
the word tnille, is not uncommon. GeDOrally the Romans used 
one of the modifications of ^ as stated above, or the symbol m, 
which is probably a cursive form of Cl3, with numerous variants 
such as and 

As to the X for 10, there is the further theory that it may 
have come from the crossing off of ten single strokes for i by a 
deciis^^are line, either as Ui+WlJI or as UH-HtDT, which was ab- 
breviated ag This is analogous to the possible Egyptian 
plan of grouping ten strokes by an arc and thus obtaining their 
s^unbol 0. There is mnch to commend this decussofB theory, for 
20 was commonly written If-orH, and similarly for 30 and 40► 
If this is the origin of the X for 10, then the V and A -were 
naturally taken as halves of X. On the w^hoie, this seems quite 
as probable as the hand theory. It has also been thought that X 
represents the crossed hands, thus giving two fives. 

In 1SS7 Karl Zangemeister“ advanced the theory that the 
entire system was based on the single decussare principle. 
Briefly, a crossing line multiplies any number by fen. Hence 
we have 1 and for r and 10 respectively; X and K for 10 
and TOO, from the latter of which the X finally dropped out, 
leaving C, which became our C under the influence of the initial 
letter for centum i and H for looo, which finally became the 
common m. Although the theory is interesting, it has never 
been generally accepted by Latin epigraph ists, and so we at 
present fall back on the Mommsen theory as the most prob¬ 
able of any thus far suggested. It is quite as reasonable, how¬ 
ever, to believe that the symbols -were arbitrary inventions of 
the priests. 


iDcfitfjaffi is the verb fortn, The word also appears as dictissalio, decus- 
jatijM, ^d dmissis, according to the sentenoe construction. 

2"]^titehung der riSralschcn Zahlzeichen," SjiitmfjbffncAJe der K^ntgl. PreusS. 
Akad. dtr tViTJCTUcA., XLIX, loii^ with & bibboftr&phy on 1^73. 
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An examination of the many thousand inscriptions collected 
in the Corpus Inscriptiouu-m Latmarum^ fails to solve the prob¬ 
lem of origin, hut it shonvs the change in forms from century to 
century. This change is even more marked in the medieval 
manuscripts. The follov^mg brief notes will serve to shoiv how 
these numerals have varied. 

The k is always a vertical stroke, or substantially so. Hori¬ 
zontal strokes are used in writing certain fractionsn In late me¬ 
dieval manuscripts the stroke appears as i or, as a final letter, j. 

The V also appears on the early monuments as U or A, and 
is frequently found in such contracted forms as X, for 15. In 
the medieval manuscripts It varies with the style of writing, 
appearing as V, v, U, and u. In the late Roman times the cliar- 
acter f^, with numerous variants, was used for 6 , possibly from 
the Greek numeraL To represent eight, for example, this char¬ 
acter was combined with 

The X also appears on the monuments as ^ or > . It is fre¬ 
quently combined with other letters in such forms as for 70* 
In the medieval manuscripts it is often written as a small letter. 

The L very frequently appears on the monuments of about 
the beginning of out era in the older forms of -Jr, d', and J_. In 
the Middle Ages it often appears as a small letter, as in a ease 
like ClxYilj for 16S, 

The C has clianged less than the other forms, appearing on 
the ancient monuments as a capital and frequently in the later 
manuscripts as a small letter. 

The D is generally thought to be merely half of the C 13 
which stood for thousands* It is occasionally written ci and 
appears very commonly as D. even after the beginning of 
printing. In the Middle Ages it appears both as a capital 
and as a small letter. There is a pOBSibility that the use 
of I> to represent 500 is due to the fact that the Etruscans 
had no such letter In their early alphabet, and consequently 
took the A (delta) for this purpose, }USt as they took other 


^L. A. Chassint, Diciion-mire des AbriviaHeTm , . . du Moyea p. ii* 
(Paris, 1884), 
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Greek letters for numerical purposes. The del£a was then 
changed, in the course of time, to the form with which we 
are now 

When the Romans used the M in representing numbers^ it 
was cominonly as the initial of thousand. W^hen writ¬ 

ten with other numerals, the thousand symbol was usually 
CI3h cb, or some similar form, as in the 

case of ooCilf for ij[03* In the medieval manuscripts the M, 
usually a capital^ replaced the earlier forms, as in the number 
Mcccclxxxxiiij for 1494. 

The subtractive principle is found in certain cases like that of 
IV for 4^ that is, s " This principle was^ as we have seen^ 
used by the Babylonians in the 3d millennium b.c. It was also 
used by the Hebrews, at least in word forms, but apparently not 
before the Ktruscans and Romans used it. The Etruscans “ pre¬ 
ceded the Romans in recognizing the principle and made a more 
extensive use of itn They commonly wrote their numerals from 
right to left^ and so we have such forms as the following: ^ 

XIIIXX, for 30 +(xo —3)^ or 27; 

XIIXXX, for 30 -h (10-2), or 38; 

I'll!, for 50-3 j or 47; 

MtX, for (50 — 10) +2, or 42, 

’ The Etruscans also used for X^ and so we find such forms 
as for XL; when read from right to left this means our 
LX (60), but when written it moans our XL (40)** Such 
forms as XH^ for the Roman LIX are also found. 

Subtractive Principle Widespread. The subtractive principle 
ivas probably used by various other early peoples^ for an 
Emmature mind finds it easier to count backwards by one or two 
from some fixed standard, like 5, lo^ 15, 20^ and so on^ than to 
count forwards by three or four. Thus, the Romans found it 
easier to think of "two from twenty*’ {duo dc viginH) than of 

Leftbvrt, Nutei d’lli^ityirt des MatMmaiiq-aetj p. 30 {Lfluvsi^d 1920). 

-R. Btcwn, "T^e Etroscan NujnerftlsH'^ ArchiSitlogicai Rev., 

a\^^ Corsserif Ueber di£ Sprache dsr Etmsker, 2 vols., Leipiig, 1874, 1873. 

Inseriplionu^ Eirusca^n.™, I, N’ds, 23, s?, 33 , 38, pastim (Leipztffj 
1^53“ b 4615. 
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eight and ten" {cctodecim}^ and of "one from tv/enty” than 
of "nine and ten.^^ This is especially the. case with numbers 
above five^ since the difficulty is hardly experienced until nine 
or fourteen is reached. 

As an indication of the tendency of primitive peoples to use 
the subtractive principle the fact may be mentioned that the 
Zuni Indians, whose number names refer to the fingers, speak 
of four as "all the fingers almost complete," and of nine as 
"almost all are held up with the rest,’^ each containing the 
idea of subtraction.^ 'ITiey had a system of knot numerals 
which involved the same principle. A medium knot indicated 
5^ and this with a small knot before it indicated S — ij whereas 
if the small knot came after the medium one the number was 
5 + r. Similarlyj a large knot indicated lo, and a smal) 
knot was used either before or after it so as to indicate 9 or 11 
respectively. 

Further Cases of the Subtractive Pimciple. It is because of 
the fact that the difficulty is not evident with so simple a 
number as 4 that the Romans did not commonly use the 
subtractive principle in this case, preferring the form I EL! to 
the form IV. They used the principle more frequently in the 
case of 9, but even here they wTOte Vllll oftener than fX» In 
the case of 400 they usually wrote CCCCj but occasionally they 
used CD, Even as late as the i6tb century ■we often find a 
number like r549 ■written in some such form as McccctxxXKviiij* 

Relics of the subtractive principle are seen in our tendency to 
say "ten minutes of (or "to”) six” instead of "fifty minutes 
past fivCj” and to say “a quarter of (or "to") six" rather than 
"three quarters of an hour past five." 

There is a possibility that the Romans avoided IV, the initials 
of iVPfTER, Just as the Hebrews avoided n' iri writing i5i as 
the Babylonians avoided their natural form for 19, and as 
similar instances of reverence for or fear of deity occur in other 
languages. 

H. CushiEiiT, "Manual Canespta,^ Attitfkan AntArttpclugiit 
Th. W. Danzet i)ie ATifangs dtf Sekrift, Pr SS t n. L. Conml, 

Nwnber C{?ympif p. fNew York, 
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Even when the subtractive principle was iised^ no feed 
standard was recognised. The number rp was commonly writ¬ 
ten XJX, but not infrequently IXX.^ We also find NX for 8 and 
IIXX for i8^ but these were not so comnaon* It is quite rare to 
find CD for 400 or CM for gooj and forms like WlCM and DCD 
were never used in ancient or medieval times* In general, there- 
fore^ it may be said that the Romans recognized the subtractive 
principle but did not make much use of it. 

Occasionally this principle was used with the fraction ■}., for 
which the Romans wrote the letter S, initial of semis (half). 
Thus we find SXC for 89^ and SXXC for 79*. 

Large ITumhers* The Romans had relatively little need for 
large numbers, and so they developed no general system for 
writing them. The current belief that they commonly used a 
bar, or vinc^lmn^ over a number to multiply it by 1000 is erro¬ 
neous. What they ordinarily did, if they used numerical sym¬ 
bols at all, was to take some such forms as the following: 

For 100,000: CCCi 33 J IT! ® # 

For 10,0001 CCI 33 jiln jiln 

For 5,0001 I 3 J h b hi K b, 

To represent larger numbers, these forms were repeated. 
Thus, the symbol £1^^ used for 100,000^ is repeated twenty- 
three times on the columna rostmta^ making 2^300,000* 

In the Middle Ages^ howeverj we find such forms as [x] or [XI 
for million and|Ml for hundred million^ that is, for ten hundred 
thousand and one thousand hundred thousand. 

Use of the Bar* The Romans commonly placed a bar over a 
number to distinguish it froni^word, as in the case of fjvIR 
for duumviri (two men) and IIIVIR for the triifmvirate. The 

early inacriptiotii this forra was Mme^mes used fhr since the Ronmns 
accaaicnally wrote numbers from right to left^ like Uie early Greeks. 

»A Roman monuinjejit set up in the Forum to commemorate the victory of 
2to E.c. oyer the Carthaj^inSans. This is the earliest noteworthy e:rample of the 
use q1 large nymbem in a Roman inscription. 
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oldest esiample that we have of the bar to indicate thousands 
dates from about 50 b.c^ Cicero (io6'43 b.c.), or^ more prob¬ 
ably, some late copyist of his works, also used XX,CD and 
CCl^^ CClOO CCCC as equivalent. The vittculum is found fre¬ 
quently in tlie works of Pliny (ist century), but it is not used 

fueiuQt iiat¥S.omia 
poiiimt 

J. u 

X- 1^* 

f 0. 

Cl lAfli 

Oi 13* Qifw^^nw» 

ciO' CIO. XAfff. Miifi'* 

10> roo** Qykii^ut 
CMOi ^ Si. 

^, CCCl^DO- 

3oo ^ 0 0 0 0 0+ bfd 

CCCdsoOd- CCCClD 30 ;i.i^ooeflQ,Dnif 4 

ItoBUni liiHJim non ^gniiantur ifffic; ctmeji^ 

ilia ft Ctf pin™ ftgm}!C 4 Tt aoltaiiidiipli(nnt KOtie#?, 

QIf ^ * IC^Oi 

CIO* CIOh ClCJ. jaoPi 

cio, t[>, Ip?* tn * i>* 

EOlViAlSr NUMERALS 

Prom tlie work ot Freigiug, a Swiss writer,, published in 1551 

with much uniformity and we are not sure how many of his 
numeral forms are due to later scribes. In the Middle Ages the 
vinculum was called a tUulusJ" but even then it was more com¬ 
monly used to distinguish numerals from words than to indicate 
thousands. 

'Thus BerneliTius: “Nam sicut prinpa imita!; uotitur ptr eiementum. 3 , ita 
milleiiarius primus per idem T, ajperaddito tantmn titulo." A. OlltriSn CEiOfres dt 
Gerbtrtt p. ^&o tFaria, 



62 READING AND WRITING NUMBERS 

The Romans did^ not iise the double bar to indicate 
1000 X lOoo, as in ? for 5,000,000^ but it is said to be oc¬ 
casionally seen in the late 
Middle Ages.^ 


NuraentiOp 


ao 

CO 


CClOO 

CGIDO 


X 

X 

ccicc 

dmc 

:>Mo 

IMl 

roife^ 

CC LDO 00 


CCDO “=■ 

CC.I 03 •• 


CCD 3 

CCIOD Vi- 


CQXI “ 

CCIOO 00 IM 


CCDO>» ~ 
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From Bonso^s work oti tJie myatery oi 
flumberSs EttRsung, 35&4-15S5 


Late Coefficient Method. 
In the later Roman times 
there arose a kind of coeffi¬ 
cient method of represent¬ 
ing large numbers. Thus, 
Pliny used XllM for 12^000, 
and we have a relic of this 
method in our modern use 
of 10 M. In such cases, 
however, M was looked 
upon as abbreviation for 
milie rather than as a sym¬ 
bol for 1000, although the 
distinction is^ of coursCj not 
noticeable. We find the 
same thing in the Middle 
Ages, as when O'Creat (c. 
1150) writes milia 

for ten thousand thousand. 
A somewhat similar usage 
appears in the Campotus 
Reijih eri (13th century), 
where Illl^miJia. ccc^Xvi 
appears for 4556. Even as 


late as the r6th century 
the same plan was foUowedj 
as when Noviomagus (1533) wrote IltM for 3000 and MM for 
ijOOOjOOO, and when Robert Recorde (c, 1345) used vj,C for 
600, ixM for gooo, CCC.M for 300,000, and 230 M, MM, 
for 230 - The coefficients were often written above the M, 

as in MM for 80^000,000 and MM for 100,000,000, in a manu- 


Cappelli, IMiiitnaria cfj Abbrsviaturt, sd ed., p. lii (Milan, igu). 
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script of c. 1442 -^ They were also written belowj ns mCxxiij for 
123 and C MM C M C for 123,456.789, in the arithmetic 

1 Ml] Ij;i !v] vL1 

of Bartjens." 

Epigraphical Uithculties. The Romans varied their numerals, 
often according to the pleasure of the writers, and it takes a 
skilled epigraphist to decipher many of those that appear upon 
the amphorie stating the amount or the price of wine. For ejc- 
ample, the following numbers, which were taken from, wine jugs 
of about the 1st century, and which are by no means among 
the most difficult, would certainly not be understood by the 
casual observer: 




for CO CCC = 1300 


for IXCS -S9I 


Such forms concern chiefly the student of epigraphy, how'- 
ever. The medieval numerals are more interesting^ since they 
involve new methods^ aud hence a few tj^es will here be given: 

c - Ixiiij *ccc T ■ i, for 164,35 r, Adelard of Bath (c. 1120). 

vi ♦ dclsvi^ for 6666^ Radulph of Laon (c* 1125). 
II.DCCCXflll, for 2S14, Jordanus Nemorarius (c. 1225). 
MaCLVI, for i655j a monument in San Marco, Venice. 
To. Is. ic, for IS 99 ; edition of Capella^ Leyden* 159?' 
xxyiiij for 28* edition of Horace, Venice* 1520. 
IIII«t et huit* for 83 , a Paris treaty of 1388.^ 

©DCXL* for 1640* edition of Petrus Servius* Rome, 
1640. 

four Cli.M* two Cxxxiiii* millions, sixe ClxxviiiM. flue Clxvii, 
for 451*234,67^,5^^7^ Baker, 1568, 

cop^ of Sflcrotiosco'3 anEhroeUc made c. 1442. See Rarn 

p. 4SO, 

SA Dutch work of the iBlh centtciyd ed., p, S. 

SThia fa simply the French quaire vingi (4 x 2a) and Js common in medieval 
French MSS- 



H 


READING AND WRITING NUMBERS 


To the many other peculiaritiea of this system it is not pos¬ 
sible to aJlow further space. The Roman forms persisted in 
use, especially outside of Italy, until printed arithmetics made 
our common numerals widely known. Even at the present time 
the fishermen of Cbioggia^ near Venice, use forms that closely 
resemble those of the early Etruscans^ so persistent is custom 
in the humbler occupations of man.^ 

Our Common Notation^ When we come to consider the origin 
of our common numerals, we are confronted by various theories, 
and the uncertainty is quite as marked as in the case of the 
Roman system. These symbols are generally believed to have 
originated in India, to have been carried to Bagdad in the Sth 
century, and thence to have found their way to Europe.’^ This 
is not certain, for various authors of scientific standing have at¬ 
tempted to 3hov7 that these numerals did not originate in India 
at ali,^ but the evidence still seems much more favorable to the 
Hindu origin than to any other that has been suggested. The 
controversy has recently centered about the meaning of the 
word liindasi^ which is often used by the Arabs in speaking of 
the numerals. It is asserted that the word does not mean Hindu, 
some claiming that it refers to Persia and others that it means 
that which is related to calculation. It is difficult, however, to 
explain away the following words of Severus Sebokht (c* 650), 
written in the 7th century and already quoted in Volume X: 

I will omit all discussion of the science of the Hindus, a people 
not the same as the Syrians ; their subtle discoveries in this science 


* A. P. Niimij '* Sul scgTiT prcalfabetici uaati . . , nel 3 a nucnerajl&ne icritta dai 
pEiScatori Clodiensi,” Aiii Jef /f. Ijtitvto Vensto id. leU. ed arliy VI (6), 67?^. 

^ Smith ajid KurpinsJit, Tha Hindu^Ambk Njimerais., ivith bibliogifapliy, Boa- 
ton, 1911; Lhereafter referred to as Smith-Knxpinglti); G. F, HSU, The De-aeLofi- 
tfjesi of Arobk Numerals in Europe, Oxlord, igii; J, A, Dccourdemanche, 
"Sur la filiation des chifftes europfeens modems ct deg chi'Sri^ modemes dea 
ArEthcg,” d^Eibjto^pftie de Sodologie, Paris, icgis; G, Oppert, ^'Uebqr 

d. Ur^pruufi dcr Nu]],” EdtsrMifi Ethnnira^ie, XXXII, 12a (BErhn, igaoj; 
G, N. Bancrjet, m And^nl tndia, p. 3« (Calcutta, 1919). 

^£.ir-i see Carta do Vain, "Sur Porijicn: des chifirea,^^ SdeTitia, XXI (1917), 
273 j but see F. Cafori, "Tht ConLroi'trsy on the Origin of our Numerals, 
The Sdentific Mi^nl■hly, iX, 438, 
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of astrCHiomy, discoveries that are more iageiiioiis than those of the 
Greeks and the Babylonians; their valuable methods of calculation ^ 
and their computing that surpasses description. I wish only to say 
that this computation is done by means of nine signs. 

Types of Early Hinau Wumeiala. The early numerals of India 
were of various types,' The earliest known forms are found in 

the mscnptions of King Asoka^ the great patron of Buddhism 
who reigned over most of India in the jd century li. c+ These 
symbols axe not uniform, the characters varying to meet 
the linguistic conditions in different parts of the country^ 
The Karo$thT forms, for eJtample, are merely vertical markSi 
I N [)Ml JMI IIIM, and are not particularly significant. The 
Brahmi characters found in some of these inscriptions are of 
greater interest. The only numerals thus far found in the Asoka 
edicts are as follows: 


+ S 3 rir yf T 

“ ^ SCf 5^? 300 200 200 

The I^ana Gliat Instriptioiis. About a centuty after the Asofca 
edicts certain records were inscribed on the walls of a cave on 
the top of the N^na Ghat hill, about seventy-^five miles from the 
city of Poona, A portion of the inscriptions is as follows: 



^Fot discussiari, and biblSography $ei; Smith-Karpinstij p. 




66 


JIK4DING AND WRITING NUMBERS 


The probable number forms contained in these inscriptions 
are as follows: 

V T ? ofrrc' 

13 4 ^ 7 9 JO lo 10 

O -i a> V? 

so 6 q So ioo i ao Jao 200 400 

T 7 TT Tf Ter 7^ 

700 lOOO 4000 6000 lOjOOO SDjOOO 

The nest important trace of the numerals is found in the 
caves at Nasikj India. These are of the ist or 2d century and 
are as follows: 

_ == ^ 7 < 7 ^ ? 

I 2^4 567S9 

cco<e xy V 7 Jf' 

yo 10 20 40 70 roo 200 500 

1 f T r V If 

looD 200O 3000 4000 Sooa 70,000 

The significant feature of these numerals is that they dearly 
resemble the Nana Ghat forms^ and that in both we seem to 
have the progenitors of our present numerals. 

It diouid be understood^ however, that the interpretations of 
the inscriptions at N^a Ghat and Naaik are not universally ac¬ 
cepted. All that we can say, in our present state of knowledge, 
is that these are the probable number forms as stated^ that they 
resemble some of the numerals that were transmitted to Europe 
as of Hindu origin^ that no ^ero appears in these early inscrip- 
tions, and hence that the place value, as we know it at present^ 
had not yet been developed. 
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V ariauts af Hindu Forms. The variants of the Hindu forms 
preceding the invention of the zero may be seen in the table 
shown below. 

^UMiJRALS t i j 4 i ■ 1*7 ^ ■5 i{* irj- jo jo 6 d ^ ^ j*ip ica loco 

^Asoka t if 

3 S:ika M[lirXD<[bC XX 7 ? ?J)V} 

*Asoka I i| "j- /£* C A 

^Nagarl ^ ^7 PcxTo ^ cP 7/-^^ 

^Nasik -==¥ t' f 7 © X 

f^Ksatrapa. 

Ttu'ima ^ X09© 

^Gupta (5 

®VaJhabi % = ^ 

Nepal f\ ^ ^ 

Kalinga ^ ^ 

Vaklfaka ^ ^ ti ^ 

As to the original significance of these forms we are wholly 
ignorant except in the cases of the first three. As to I, lb ni^ 
or ~j =j there is, of course, no question. The vertical 
forms may have represented fingers used in counting or they 
may have been the marks that one naturally makes with a 
stylus or brush in keeping a numerical recordn The horizontal 
forms may be pictures of computing sticks, like those which the 
Chinese used in remote times, and w^hich appear in the Chinese 
numerals* Such sticks are naturally laid horizontally with re¬ 
spect to the eye. The earliest Sumerian forms of the numerals 

^Karo^tl^^ numeraJs, Aloka mEcriptions, c. 230 b.c. For sognccs oi infor- 
matJoTi W 3 t^ rc-iptot t* tkis title ^ee Smitb-KftTpjgski, p. ag- 

^Same, Sitka inscriptions, probably of the fir$t oeatury b.c. 

SBraimi numerals, A^k* inscriptions, c. *50 B.c. 

* Same I Niin^ Ghat inscriptioiifi, c. 150 b.c. 

''Same, Nasik instription, c. ico. 

^ K^iatrapa coins, c- 20a. 

^Kiisana. m£cr[pt[on&| c. 15®. 

SGvpLi inscriptiona, c. 500 to 450- Valhabl, c. 6c*. 
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were hori^onUl^^ and so the computing rod may have had its 
origin in Sumeria, The later Babylonian forms were vertical, 
and so the finger computation may have been in favor at that 
time. The Mediterranean lands adopted the vertical forms, and 
the Far East preferred the hori^ontaL From the vertical II 
came the following Egyptian forms: 

Hieroglyphic M 

Hicrfitic U 

Demotic 4 

From the symbol if csine also the Arabic P, which is our 2 if 
turned on its side. Indeed, our 2 is merely a cursive form of 
zr and our 3 is similarly derived from as is seen from a 
study of inscriptions and manuscripts,“ These horizontal forms 
were early used by the Chinese and probably found their way 
from China to India. 

Fanciful Theories. Numerous conjectures have been made as 
to the origin of the characters from four to nine, but no one of 
them has had any wide acceptance. We may dismiss at once all 
speculations as to their derivation from such combinations 
as M and 0 and from the number of sticks that might be laid 
down to make the figure S. Such ideas are trivial and have no 
sanction from the study of paleography. There remain, how- 
ever, various scientific theories, as that the forms are ancient 
initial letters of number words,^ None of these theories, how¬ 
ever, has stood the test of scholarly criticism, and today we 
have to confess that we are entirely ignorant as to the origin 
of the forms which began possibly in India in Asoka's time and 
appear as the common numerals which we use. 


'Sir H. H. Howard, "On the Eartiest IrLseripLEons from ChaltiELj” Proce&d- 
ingi af ths Scckiy of Biblicai ArchtEology^ XXI, 3.01. 

intcrratirig fact in relation to the fijure 2 is that the Romans often 
wrote '^93 two lines, =;, the twelfth beins understood as we understand tenths 
when we write 0,3. They also wrote this character cursively, 3, which h the - 
chniractcr used for our 2 in several early printed books. 

^^For detaiti of this theuiy consult the bibliography given in Smith-Karpinskii 
p. 3*. 
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Origin of the Zero. The origin of the zero is quite as uncer¬ 
tain as the origin of our other numerals. Without it the Hindu 
numerals would be no better than many others^ since the dis¬ 
tinguishing feature of our present system is its place value. 
The earliest undoubted occurrence of a ?-ero in India is seen in 
an inscription of S76 at Gwalior. In this inscription 50 and 270 
are both written with zeros.' We have evidence, however, that 
a place value was recognized at an. earlier period, so that the 
zero had probably been known for a long time. The Babj-- 
loniansj indeed, had used a character for the absence of number, 
and they made use of a primitive kind of place value; ^ but they 
did not create a system of numeration in which the zero played 
any such part as it does in the one which we now nse. There 
is also a slight approach to a place value in some of the late 
Greek works. For example, Plopha ptus seems, judging by 
certain manuscripts, to have used’B'AcpTTZ for 23,587, the four 
points about the B being a late Greek symbol for myriads, and 
the position of A determining its value as 30 hundreds.® 

The form of the aero may have been suggested by an empty 
circle, hy the Greek use of omicron (0) to indicate a lacuna,* 
by the horned circle used in the Er^mi symbols for ten, by the 
Hindu use of a small circle (0), as well as a dot, to indicate a 
negative, or in some other way long since forgotten. There is 
no probability that the origin will ever be known, and there Is 
no particular reason why It should be. We simply know that 
the world felt the need of a better number system, and that the 
zero appeared in India as early as the 9th century, and probably 
some time before that, and was very likely a Hindu invention. 

The Arabs represented 5 by a character that looked some¬ 
what like the Hindu zero. In a manuscript of 1575 the numer¬ 
als appear as ^ AV^ . In other manuscripts we find 

such forms as T, ai, and c:. Because of the resemblance of 
their five to the circle the Arabs adopted a dot for their zero. 

^ S« Datta, Amtr. Math, XXXIU, 445- 

^For particulars see p. 51. 

^For othtr caiea see Gardthausen, Dip Scfinftt P- 

♦ Being the intlial of {fjuden')^ nothing. Thus, Anchimedes might havt 
UMd O to indicate the alisence of degres or miriu les. See Heatb. A rchtwide^^ Im. 

u 
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For purposes of comparison the Sanskrit forms are here re¬ 
peated and the modern Arabic forms are given: 

Sanskrits 

AraWc, O'iVM* 

The various forms of the numerals used in India after the 
zero appeared may be judged from the table here shown. 



2 


4 


n 



234567 Bgo 

1 T 'O ^ 

I h-A 

^ a b 9 ° 

nlirv) 


5 BakhshiJI MS. Ste Volume I, page 164; Smith-Karpiiiski, pp- 4 'Jn 50- 

^Tbfi 31 4 h ^Ij trom H. H. Dhrava, "The Land-Grants from Sinkheda,'' Efi- 
ifaphis Indies, VoL II, pp. rfl-24 with plates; date SflS. The 7 > r, s, irpm Bhan- 
darkir, "DaulQtkhad PlfttiCB,” E^grnpAia VoL IX, Part V; date c. ?g6. 

5 The &, "j, 2, from '’Buckliaii Inscriptiou of Najtabhatta,'' Bhandarknir, Epi- 
f^raphia ItnUca, Vol. iX, Part V; date B13. The 3 from “"The Morbi Copper- 
Plate,”Etilndarkaj, Indian ^i 4 i!].g«af^, Vo 3 . 11 , pp. 357-158, ^vith plate; dartc 3 o+. 

^The fi from the above Morbi Copper-Plate. The 4., 5, 7, <?, and □ from "Aani 
Inscription of Mahipila/' Indian Antiquary, Vol. XVT, pp. i 74 -J 7 Sj date 917. 

^TJie S, 9 j 4, from ” RaaJitrnkuta Grant of Amo.iTbavTiTsb 4 ,” J. F, Ffeetj Indian 
Antiquary, VoL Xll, pp. 263-27?; date c. g^ir See Bhhlcr, The 7, y, 3, from 
"Tockiede Copper-Plate Grant/’ Plrnt, Indka, Vol- III, pp. S3-5S. 

^From 'VA Coppcr-Platc Grant of King Tritodianapiia Cbanlukya of Lata- 
dtsa,” H. H, Dhruva, Iiidian Anfignary, Vol. Xll, pp. eo 6-’203; date 1050. 

"A, C. Purnell, Sevth Indian Paienographp, Plate XXIII, Tclojju-CamLrese 
numerals of the nth century. 
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The following are later European and Oriental forms: 

1234567 & g o 

' l '2- 3 ^ S tS" 7 vy® 

' i 8 ^ 

* / -c ■£ K 5" 6 o 

‘ <Sr^ ^V\(I o 

’ ^ ^ 1 £i ^ < /? o 

o ^ ^ • 

The Name f or Zero* The name for3:ero is not settled even yet. 
Modern usage allo’vvs it to be called by the name of the letter 
an interesting return to the Greek name ondcron used by Bufeo 
in rS5p. The older names are aer<j> ciph^r^ and yiauf^kt. The 
Hindus called it ^nya, “voidj” and tliis term passed over into 
Arabic as as-.djr or When Fibouacci (1202) wrote his 
Liber Abaci, he spoke of the character as zephirutJi,^ IMa:ijinus 
Planudes (c. 1540) called it tziphra'" and this form was used by 
Fine (1530) in the i6th century. It passed over into Italian 
as zeuero,^° ceuero,^^ and zepiro,^’’^ and in the medieval periorl it 

1 and 2 From a Ti[i3nu5cript of the second Jialf of the i^th centujy, reproduced 
in "DeUa vita e djtUc operc di Leonardo Pisano,” Baidassarc BoncompiHjpilf Rome, 
IS53^ in Alti dtil’ Accademiet Poniijicia dei N^ovi LtJTfei, anno V. 

^ and * From a 14th century manuscript. 

'^From a Thibetan MS. in the library of the author. 

'^From a specimen of TliibeLan block printing in the library of the author. 

'Saradfi numerflla from Tks Koskfi^ifiiinAlkarif^^V^diit ripritdiiCfd by chrOtnO- 
pkotasraphy from ihe mijnvSf^ript in tkt E/jmJ-CfSJty Library Oi TiibitiStH, 
M. Bloomfieid and R. Gatbe, Eiltimore, 1901. 

“r . . quod arabiee aephirnm appeHatur.” 

^From the Greek form r^ippa. {isi'pftm), used also by another WTLterK Keophy- 
toB^ about tbe sacne time. 

it^Thua Jacopo da Firenae (1507), or Mapister JajcobuB do FiorenLm. 

As in the arithmetic of Giovanni de Danti o^f Arezzo Ctjto). 

Aa in a translation into Latin of the works of Avicenna. 
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had various other forma, mctuding sipos, tsiphron^ ^eron, cijra^ 
and It was also kno-wn by such names as rota., c^c^us^ 
galgal, omicroitj thecOt null, and jigum mhili} 

Kumerals outside of India^ The first definite traee that we 
have of the Hindu numerals outside of India is in the passage 
already quoted from Severus Sebokht (c. 650). From this It 
seems clear that they had reached the monastic schools of 
Mesopotamia as early as 650. 

The next fairly definite infornration as to their presence in 
this part of the world, and with a z:ero, is connected with the 
assertion that a set of astronomical tables was taken to Bagdad 
in 773 and translated from the Sanskrit into Arabic by the 
caliph^s command. There is ground for doubt as to the asser¬ 
tion, but the translation is said to have been made by ahFazarf 
f c. 7 73). It is probable that the numerals were made known in 
Bagdad at this time, and they were certainly known by the 
year S25. About that year abKhowarizmi recognized their 
value and wrote a small book explaining their use. This book 
was translated into Latin^ possibly by Adelard of Bath (c. 1120), 
under the title Libor Algori^mi de numero IndorumJ^ 

The Hindu forms described by al-Khow^rizmi were not used 
by the Arabs, however. The Bagdad scholars evidently derived 
their forms from some other source, possibly from Kabul® in 
*Afghanistan, where they may have been modified in transit from 
India. These numerals have been still further modified In some 
respects, and at present are often seen in the forms given on 
pages 70 and 71. 

The Kumerals move Westward* Owing to the fact that almost 
no records of a commercial nature have been preserved from 

^For a full diacusuion sc* Smitti-RsirpingJti, chap. iv. 

“Tlie Book of al-Khow|rizrnJ on Hindu number. On this work see Smith- 
Karpin^kin pp. ^ seq., ga. seq. 

^It is curicius that the old Biblical nime of Cabul (i Kings, ix, 13; Joabua, 
xsx, ty) should be found In Af^haniatan. Could it have been taken, tbert by tbe 
niling clan, the Duranis, who call thornselvcs Beni Israel and who claim descent 
from the Israelites who fled to Uie Fat East after the Aasyriina devastated 
Samaria? If so, could these people, vpho also daim di!S[;cnt ftom Kish (i Samuel, 
ix, i), have taken the numerala from Egypt to Arghauistan? 
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the so-called Dark Ages of Eorope^ and that the number of 
scientific works that havo come down to us is also very limitedj 
we cannot say when the Hindu^Arabic numerals first found their 
way to the West* There are good reasons for believing that 
they reached Alexandria, along the great pathway of trade from 
the East even before they reached Bagdad, possibly in the 
5th century, but witliout the zero.^ It would have been strange 
if the Alexandrian merchants of that time and later had not 
known the numeral marks on goods from India, China, and 
Persia* No system that did not contain a aero, however, would 
have attracted much attention, and so this one, if it was known 
at all, was probably looked upon only as a part of the necessary 
equipment of a trader with the East. 

The Gohar Numerals. At any rate, numerals are found in 
Spain as early as the roth century, and some of these numerals 
differ 30 much from the rest that they evidently came through 
a different channel, although from the same source. These were 
called the dust numemby possibly because they were written 
on the dust abacus instead of being represented by counters. 
It is worthy of note that Alberuni (c* looo) states that the 
Hindus often performed numerical computations in the sand* 

If these numerals reached Alexandria in the 5th century, they 
probably spread along the coasts of the Mediterranean Sea, be^ 
coming known in all the leading ports. In this case they would 
have been familiar to the merchants forputposes of trade and to 
the inquisitive for reasons of curiosity* The soothsayer and 
astrologer would have adopted them as part of the mysticism of 
their profession, and the scholar would have investigated them 
as possibilities for the advancem^ent of science. In that case a 
man like Boethius (c. 510) would have been apt to know of 
them aud perhaps to mention them in his writings. 

All this is speculative* The gohir numerals exist as a fact, 
and this is their possible origin. In certain manuscripts of 


^For bibliography and discussion see Smitli-Karpmski, 

aL-^ob&r. The narnc appears in TuTiiis as early tbt middlt ol the 
loth century. Ther* were also the iturHf ai-jtitnisl, ot alphabetic Duraerals, Tjstd 
by the Jews aud probabty alw by the Aiaha. 
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Boethius there appear similar forms, but tiiese manuscripts are 
not earlier than the loth century and were written at a time 
when it was not considered improper to modernize a text. They 
do not appear in the arithmetic of Boethius, where ^ve might 
expect to find them, if at all, but in his geometry, and their 
introduction breaks the continuity of the textn It therefore 
seems very doubtful that they were part of the original work of 
Boethius. Since any forms that reached Alexandria would prob¬ 
ably have lacked the 2ero, and since a aero appears in the late 
Boethian manuscripts, there is the added reason for feeling that 
at least part and very likely all of the symbols were inserted 
by copyists. 

These gobdr numerals varied considerably hut were substan¬ 
tially as shown in the following table : 

J S n ^ f ^ ^ \. 

3 i ^ 6 H Z 

0^7 V y I' 

‘^3 P 6 ^ ' 

;/iv Hflrr y}' 

J 2 ^ ^ 3 f ^ ^ 

Gerbert and the If umerals. The first European scholar who Is 
definitely known to have taught the new numerals is Gerbert 
(c. pSo), who later became Pope Sylvester 11(999). He went 
to Spain in 967 and may have learned about them in Earce- 
lona.'^ He probably did not know of the zero, and at any rate he 


i For saurccs of iTifornfiation wiLti ncijneqt to these nutneKils see SuiLth-Kirpmskt, 

p. &g- 

forms, H. Suter, Math., H Uh 'S. 

^The munusci-ipt from which these are taken is the oldest (970 a. d.) Arabic 
discumcnl known to con Cain all the numerals. 

* :ind ® Woepeke, “Introduction ju caleul Gobarl et Hawai,” Atti tUlV Ac- 
cadama Pontifiem dd Lhtcei, Vol. XtX. 

this question set Smith-Karpinshi, p. no. 
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did not know its jreail significanceH He placed upon counters the 
nine caracUres, as they were called by his pupils Bernelinus 
(c. ro2o) and Richer, and used these counters on the abacus. 
Such counters, probably in the form of flattened cones^ were 
called apkeSt a term also used in connection with the numerals 
themselves^ These numerals were severally called by the names 
iginf andms^ ormt^^ arbds, quhnuSf cdlctis^ temenidSi 

cdlentis^ and siposJ' The origin and meaning of these terms 
have never been satisfactorily explainedj hut the words seem to 
be Semitic 

The oldest definitely dated European manuscript that con.^ 
tains these numerals was written in Spain in 976. A Spanish 


[U7V11V 


EAJ&LY EUROPEAN NUMEBALS 

Oddest d^ampie oi our numerals Itnuwji in apy European manu^ript. This 
manuMiript was writLen in Spain in $76 


copy of the Origmes of Isidorus^ dated 992, contains the nu¬ 
merals with the exception of aero. Dated manuscripts of the 
Arabs have been found which give some of these numerals 
a century earlier, that is, in 874 and SSS. They also appear in 
a Shiraz manuscript of 970 and in an Arabic insetiption in Egypt 
dated p6r. The earliest occurrence of these numerals in a date 
on a coin is found on a piece struck in Sicily in T13S. 

There is good reason for believing that Gerbert obtained his 
knowledge of the numerals from studying in the convent of 
Santa Maria de Ripoll, a well-known center of learning near 
Barcelona;^ indeed, it is not improbable that he saw the very 

^Hicrc were vari^Tits of these ftutins- The sip^i doea not appear in the 
worka of Ihe pupils of Clerberl, btit is found in a MS- of Radulph of Laon 
(c, iTi5). =Smitli-KarpinBl?if p, na. 

“J, M. Bumira, ""A Group qI Spanish Minuscripta,” Bv^eiin Htspomfwi, 
XXIJ, (Bordeaux, WiUi respect to the iibiaty ia this convent see R. 

Beer. Dt^ Ilandsckrifitii des KhiUrs Santa Maria de RipoU, Vienna, 1907. 
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manuscript of 576 above mentioned* There is considerable 
evidence to support the belief that the monks in. this cloister 
obtained their knowledge of these numerals through mercantile 



sources which ■were in communication with the Eastj rather than 
through any Moorish channels in Mohammedan Spain. 

The changes in the forms of the numerals may be seen in the 
table above*^ The forms as they appeared just before the 

^This is from a table prepared by Mr, G, F. Hill of the British Muacutti, and 
is repraduced by his permiasion, Hia noteworthy article on the subjiict appefijetJ 
in ArcinEHleigut, LXII (zQio). Ihis was elaborated in book form under the 
tltlcj Thi DevEiopimjit of Arabic Numerais in Buro-pCi Oaford, tgiS- 
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invention of European printing may bo 
seen in the annexed facsimile from a 
Latin manuscript written by Rollandus 
at PariSj c, 14^4^ After Europe began 
to print booka^ the forms varied but 
little, most of the changes being due 
simply to the fashions set by designers 
of type. For example, the figures 4 and 
5 were changed to their present forms 
in the 15 th century and have since then 
remained fairly well standardized. 

Not only did the forms of the nu¬ 
merals change considerably during the 
Middle Ages^ but tlie method of writing 
the ordinary numbers also varied from 
century to century. Some scribes al¬ 
ways placed a dot before and after each 
figure, as in the case of a number 
like .2 ^ Others adopted' a somewhat 
similar plan in the case of numbers 
having several figures^ For example, 
one writer of c, 1400^ gives 5. 7. 8. 2. 
for 5782, and one of 13S4 gives 1000, 
300. 80. 4 for 1384, as shown in the 
following illustration from an anony¬ 
mous computus written in Italy: 
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VrtrtTfJirtT I. 

FEOII THE EOLrAlsmuS 
KAJJUSCRIPT OF C. I42i 


Uj-o 1-1 jAjIp ■ 't- 

NUMERALS TEOM A COMPUTUS OE 1Z34 

The method of writjng the date, i&m< 80. 4, illustrates the difficulties in 
using the nmneKila. From Mr. PlimptoA’i iibnui' 


^F. J. Studn^£ka,Jl^e^^rt^1«^^^ presayeui Chistoiii, p. 9 fPrig, 

Thra Maeifiter ChrisUnus was Chnstanua Fnuciiaticensts, or Chriitiaa oE Prse 
(bom ti6A\ died 



READING AND WRITING NUMBERS 


7S 

Early English Alg<uism, An interesting illustration of the 
early use of the word ''algorism” (^algorym, augrjm) in the 
English language may be seen in a mannsrcript now in the Brit" 
ish Museum^ dating from c. i^oo} The hrst page, which is 
here shown in facsimile, reads as follows: 

Hec algorisms ars p&ens dicit^ in qua 
Talibs indoi^ fruim" bis quiq figuria.- 

This boke is called J^e boke of algorym or Augryra after lewder 
use. And ^is boke tretys K Craft of Nombryng, l*e quych crafte is 
called also Algoiyia. Ther was a kyng of Inde Ve quick heytb Algor, 
& be made \>h craft. And aft his name he called hit algory. Or els 
anoth cause is quy it is called Algorym, for Ve latyn word of hit s. 
Algorismus coins of Algos grece q e ars, latine, craft on englis, and rides 
q e nnis, latine, A nombr on englys. inde dr algoristnus p addicdne 
hills sillabe ms & subtracconcm d & E, qsi ats numandi,^ 

^ fforthermor"' ye most undrstonde K in Jds craft ben usid teen 
figurys. as her ben writen lor ensampuL ^.g.3 .7.6.5.4H3.2 ni. 
H Eifpone |*e too vsus a for; l>is psent craft is called Algorisms, 
in l^ft quych we use teen figiiiys of Inde. Questio. ^ Why ten fyguris 

1 It wfl4 first privately priritcd by the Early English Tc^t Satiety ttranscrEption 
by Robert SteeEe), Londem, It baa already been relcrned to in Volutrie I, 

pagf ajE, and in this volmnt, pagt 32. 

“These are tbi; two opening tines of Uk CaruifK de Alsorismot ot Alcsinttrc 
de Viltedieu (c. l24jci}. They should read as follows; 

Haec alRori&mus ars praesEiis dicitur; in qui 
Talibus rndoniin fruimur bis qulnqne figuria. 

It is translated A few lines later: "This present craft is called Aleoriatnus, in 
the wbEch. -Vf-t use ten figures of India,” 

5 " Inde dicitur Algorismus per addteionem huius sillabe mm & subtracclonem 

k Cd quasi ars numerandl {Whtrice it is called Aliorismus by the addition of 
this syllable witij, and the tahirtg away of d and e, as if the art of numbering^ 
This idea had considerable acceptance in the 13th century. 

^"Furthermore," the f being doubled for a capital. "Furthermore you must 
understand that in this craft there are used ten figures.” The forms uf the nu¬ 
merals gi^-cn in the aiiginal were the common ones of tbe jeth and 13 th cen¬ 
turies, The jjcra was not usually our form, but frequently looked more like 
the Greek phi. The 7, s, and 4 changed materially in the lattor port of the 
15 th century, about the time of the first printed books. The sojuence here sliown 
is found in moat of the very cady maruiscripts, the ecco nr nine being at the left. 
' ‘^"Eiplain the two vtrscs afore.'■ 



FIRST PAGE OF THE CRAi^T OF NOMEEYNG 

Egerton MS. sSia iri the British Muneiiiti, one of tbe earliest manuscripts, in 
En^lLsh which treat of any phase esf inaOiemaLlca 
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of Inde. Solucio.^ for as I have sayd a fore Tver fonde fyrst jrt 
Inde of a kyng of pat Cuntre pt was called Algor. If Pma sigt iino 
duo VO scda ^ j] Tercia sigt tria sic pcede sinisfre. If Done ad extma 
venias que cifra vocar. ff Capm pmil de signiheaede hgurarm ^ In 
]!is verse is notifide K siguificacdEL oi pese figuris. And pus expose 
]Je verse the first signiftyth on. pe secude signi [fiyth tweyn] .* 

Reading and Writing Large TTunibers* One of the most strik- 
ing features of ancient arithmetic is the rarity of large numbers. 
There are exceptionsj as in some of the Hindu traditions of 
Buddha’s skill with numbers/ in the records on some of the 
Babylonian tablets/ and in the Sand Reckoner'^ of Archimedesj 
with its number system extending to but these are all 
cases in which the ehte of the mathematical world were con¬ 
cerned ; the people, and indeed the substantial mathematicians 
in most casesj had little need for or interest in numbers of any 
considerable size* 

The Million* The word ^^milUon/’ for example, is not found 
before the 13 th centuryj and seems to have come into use in 
England even later. William Langland ((;. 1334-c. 1400), in 
Fieri Flaitfmant says, 

Coueyte not his goodes 
For millions of moneye/ 

1 " Answer “ 

®"The first means One, the second the third meana ttir^e, and thus pro- 
e>ced to tht: lelt uotU yuu reach tbo last, which is called cUm.” The author is 
4U0tiD| from the CarfHEJi of Alexandto dc VifiedieiJ 1 

Prima aignificat unum; duo vero secunda; 

Tertia signiftcat tria; 'sk procede sinktre 

Donee ad eitrtmajp yen ins, qy* dim vocatttr. 

Capitulum primum de significacione fiBumrum (Chapter I, On the meaning 
of the figures).” 

^’Aud thus Kiplaiu the (Latin) verse: the first signEfieth one,” 

“The second (secunde) signifieth twain." 

*Slr Edwin Arnold epeaha of this in Ths Light 0 } See Smith-Karpinski, 
p. 16. *HiIprecht| Tablats. 

f translated into Latin For the tenet, 

5 M opera omnLl, ed. Haberg, with revisions, 11 , a+i (LB]p^ig^ IS&J- 

rorg) ; Heath, Archimedet, p. aar, Sec also M. Chaslea, in the CompUs TtKdm, 
April 31 , 1843 ; the preface to the Ens!i- 5 h translation of the work by Archimedes 
made by G, Aiaderaoiij London, 1^34; Heath, Ehtary, D, Si. 
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but Majiimus Planudes (c. 1340) seems to have beeu among the 
first of the mathematicians to use the word.^ By the rsth cen- 
tury it was known to the Italian arithmeticians, for GhaJigai 

C7Oni0 ^ rvzinitnD m ilian 


31 tftnTicni fi£{>fc feininr pcirRttcfccun: 

rtiQ^dlv iijfldP. (oooooo.pmbc Jjfcpiciina 
den Dcnjfard ticciiijrA^^cpcrcbe 

miilcmtatid fsno vnotii^lfit^n LCrcfTf^udoiiiquel 
rucfio h'ptcrtnEB vw ptjfA bene 

edi'tf^vbo trHlion.^a.ffiDcIlpmbdo^ t \^oocto 
bfnci'viio iftilfoo eerntp miliatperebe oitwd 
tnniEPfi:rii bcecDten^ra bctnuraifBUBi'Qn^ui^cbenpje 
penta wo ebe bcncidftft vno niitUon t ccutc? nitlu , 3 ^. it% 
1J iv^P.bMa vtiPiniTiccie^t^e drCKioutia 
petrl^olirBdniniBn ec^bTp mflfo :fit Itio^bete PceciisDCH 
miarfcjwo iafi^ru cbe ripjeKnta vno:(i cbcbtneedfw 
mi 7 ioiie<^ebroedifrcinilEa^^ 3 Eit(ie^piticd 0 .1 i f Koo.ot' 
rid vnmilion «ti to txn^etc JEtfll's per ebe jjltr a etoffiPii ant* 
e^iof rn^ffobe trinacKoanfji'fbjiolBrtsLira cberf^ 

vebEB voo:(t bentcdEtD vnmilicii cai t* ^ipndeiDC 

fn^ueilvitjod** Mil JDV.bEriB wmHiEmctntoevndcieflif^ 
Ii* c antoipeivbe oltra crmiKon cento tvui^cie tniUsi to 
otiiiimplUcicnnmrfono Idfijffitrocbc npeaentd vnoEfi^ 
bait fdi^vntnilion anto t vndcjee niilto t m luclto 

inDdOr JI n 1 lo^biriovbibiEfcTGi^ceiitBe vr) 4 t]Kmitto onto 
e^i^pe^ptrcbt dUra elnnEibn cci^to cvndcie mfrto c cento: I 
luo^obtlelinipli'ccbcpcneirpno fdlli^racbe rip^tcenra vn*. 
:2^sini;(ienomodo. 1111 u nb^rtot^ntmclonantoemic 
Xt miha ontoe tPimJeccHpCf onebe ttj ruogo ocTe fiinplici 
vnita fcbd |jdfi£Ufiad>etjpj;ejccnEa ^^no/icbt bene ed^toi^n' 
mdioRontoe vRdcremftta aRfEfeTnde;ajCceboAp!oeedciio 
perfina. 515 p 3. ponendo fentp^e attoo toegi fiuc^e rtpre 

repjeECnfdiite <iueMnuiti<rE oucrobcaiie oaiiccitaTa.ebcru 

nomina eccctera.cqiidlo bafts cenebd f* ntnainraMiettrobcI 
bntncrar.boicbfinittltnftumfip*ito picccder Jtia (boiinpna 
^enenjlfi^na mrToiceio biebLsrirq^ijautopotdrcaebiTdcr.ct 
farano ^treJlo fottopoflb 
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THE WRITING OF LARGE NUMBERS IN 14 S 4 
From Pie;rt> Eai:;g;hi’i Arts MitthsmaUcki^ Venice, 14S4. This illujtmtion is 
from 14SS cdilJcn 


(1521; 1552 ed.j foL 3) relates that "Maestro Paulo da Pisa”^ 
read the seventh order as millions. It first appeared in a printed 

^ H. WSadiEic translatiiin, p- 4n. fHalle, iS-?s> "t hereifter referred to sis WaKhke, 
PUinudts. The ivond simply means "great thtnisani” (from mUU + on), ^uat 
as jafoji mesuna "great haU'' (from sa^le -t- twt) and baUnott means '^great. baKt^” 
®'^La aettitna dice numero di milio-ne.” ThU Paul of PLia may have been 
the Paolo dell' Abbaco tDagomati,. c. 1340) menLioned In Volume 1 , page 33?. 
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work in the Treviso arithmetic of 1478. Thereafter it found 
place iu the ’works of most of the important popular Italian 
writers, such as Borgbi^ (14S4), Pellos' (1492), and PacioH^ 
11494)^ but outside of Italy and France it was for a long time 
used only sparingly. Thus, Gemma Frisius (1540) used "thou¬ 
sand thousand”* in his Latin editions, ’which were published in 
the North, while in the Italian translation (1567) the word 
milliom appears. Similarly, Clavius carried his German ideas 
along with him ’when he went to Rome, and w^hen (15^3) he 
wished to speak of a thousand thousand he almost apologized 
for using ^"million,” referring to it as an Italian form which 
needed some explanation/' 

In Spain the word cuento^' was early used for 10“, the word 
milhn being reserved for ro“. When the latter word was 
adopted by mathematicianSj it ’was slow in coming into gen¬ 
eral use.'^ 


miar de milliara b vuoE dir i[ million'^ (1S40 ed,, ioL s'). 

= Hh names beycmd units are dijenflf cenlenni, miliiert x' de c" de 
and (fol. a). 

u5C!j mUioni (fot 9) but no higher special names, altbouKti bt repeats 
this ‘word, as in de nulio de miliu” (fnl, 79, vj, adding: " Et sic i 

^C^uctib'®, jSeqre." 

The tpclllng varies in the early hooks., sonietimes appearing as titigiiom 
fPagani, miilia. 

the LatiQ edition ''lam vero at more Ita],orurcL miilena mSllia 

appcitarc veiimus Millicmea, paudoribus verbis & fortasse signibcantius'^ 
{Epitomt, cap. i). 

In the Italian edition (1566): '"Hora se seeddo il coatume d^ ItaJfa vorremo 
vn miFiliaio di migliaia ebiamare milliione] con manco parote, ^ forse piu 
sipnificantcmentjc” (p, 14). 

In Dr Libd IV by FrancHcci Barozzi {c. 1553-c. r| 87 ), a 

wcrk published in Vtntcc in r^ag, it sts-tid that "septima (nota) pro Mil- 
lenarLD Mitlenarli quern vutgus quidem MUlionem appeTIant, Latinl vera MilSeno 
Mi]] to." 

a From eoniar, to count or reckon. Citueio, whose work was pubiished in. 
Paris in 1493f says: "Millies miUena: quod vuigatiter dicitur euento: deeies 
euento/centies euento/mLHies cuento/dedes mitlies cnento/centies imlties euento 
E/tni]]ies mUties euento]/quod vulgariter dicicur miiion,” See 1^15 ed,, iol. 
god fp], He is not, however, uniform in the matter, using "millon" as 
synonymous with " euento in ptbpr placeSr 

■As late as the edition of Santa"Crji (1304) it was necessary to crpfaln 
the wond thus : "Milltm qua significa rai] millares” {fol. 13, r.), the latter being 
the copiinon form, 
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France early took the word from Italy, as when 

Chuquet (1484) used it, being followed by De la Rodie (1520), 
after whicL it became fairly common. 

The conservative Latin writers of the i6th century were 
very slow in adopting the word. Even Tonstall (1522), who 
followed such eminent Italian writers as Pacioli, did not com¬ 
monly use it. He seems to have been influenced by the fact 
that tlie Romans had no use for large numbers;^ or by the 
fact that^ for common pur poses it sufficed to say ‘Thousand 
thousand,” as had been done for many generations.'” He 
simply mentions the word as a piece of foreign slang to be 
avoided.^ Other Latin writers were content to say "thousand 
tliousand.*^'^ 

The German writers were equally slow in abandoning "thou¬ 
sand thousand” for "mUHon,” most of the writers of the i6th 
century preferring the older form.^ The Dutch were even nrvore 
conservative, continuing the old form later than the writers in 
the neighboring countrie&.‘' Indeed, for the ordinary needs of 
business in the i6th century, the word "million” was a luxury 
rather than a necessity. 

^*'Non me latet RomaTio& uetews prfecci moitej suoa numoa Sc£ttTtlos tem- 
putates, nuiueruTn trlscendentem centum milEia . . . Latiue n3 enunciaase . . . 

^Even as late a^ Hu&wirb, a German ^olar, written quadragitita qu^t- 

tuai mine imillia. quing&La millld: quInquaginLa nauc millia. qctlngeirLEa. octogiJita 
MK’" for 44,559,686. 

^“Septimus miJlcna millia; uuIrus mitlioni bartsje u&cat,” 

■i&o Stiff! uses. "miJlifl-j minies” (Arifhmeiica 1544 Hi., foL l); 

Ramus uses "mUlena rniEia’' {Litri //, 1569, p. i) f Gtareanus hasmiHe millia'^ 
{153S; 

Thus, ^’tausant mat ta-u^nt^’ s used by sucla writers as Kobe! {Zvey 
Hechefi-hiichimt iSi4{ iSs7 ed.> tut T4L Grammateus (1516;, 1555 ed.. p. %}- 
Ricse {152s; 1539 ed., p. 3), aud RudolEr {1526 ^ 15,^1 ed., fu!- 3L Rudolff. 
however, uses it together with the older furin in his R^ktnbuih (1516], and 
in his Sxempe^buchUft (iSz°; 1540 cd., c.\s. 6a and 15Jj he says: “Vnd wirt 
ein millinn mit iiffern [jtschribei! laooooo,” and ‘Mat zebenma! hundert lausent.” 

“Thus, "duysent mael duyaent’* is used by such writers as Petu (1567^ 
fol. i), Raets (1580, fol. Aj, with "duyscntich duysent'M, Mots (164°, fut Bj), 
Cardinael (1659 ed., fol. Aa), Willtmaa (1708 cd^ p. 5), and Bartjeni (1/93 ed., 
p. 8)r There were eaceptions, as when Wentst! (Wentalaus, 1599) used both 
"rnillijQcnep" and "rniilions^^ (p. s), Stockmans (1S&91 7679 ed., p. 8) ocoft- 
aionally used “ and Starcken (1714 ed., p. 2) used "nuilion'' ratlier 

apiilogetically. 
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England adopted the Italian word more readily than the 
other countries, probably owing to the influence of Recorded 
fc, 1542), It is interesting to see that Poland was also among 
the first to recognize its valuej the word appearing in the 
arithmetic of Kl'os in 1538, 

The Eillion, Until the World War of 1914-1913 taught the 
world to think in billions there was not much need for number 
names beyond millionsH Numbers could be expressed in figures, 
and an astronomer could write a number like 9,15-10', or 
2.5 ■ without caring anything about the name. Because of 
this fact there was no uniformity in the use of the word bil¬ 
lion.” It meant a thousand million fiO''^) in the United States 
and a million million in England^ while France commonly 
used milliard for 10“, with bUUon as an alternative term* 

Historically the billion first appears as as the English 
use the term. It is found in this sense in Chuquet’s number 
scheme^ (1484)^ and this scheme was used by De la Roche 
(1550), who simply copied parts of Chuquet^s unpublished 
manuscript, but it was not common in France at this time, and 
it was not until the latter part of the 17th century that it found 
plane in Germany.* Although Italy had been the first country 
to make use of the word "million^” it was slow in adopting the 
word billion.” Even in the 1592 edition of Tartaglia^s arith¬ 
metic the w*ord does not appear. Cataldi (1602) was the first 
Italian writer of any prominence to use the term, but he sug- 

I'^aojMoeoo, that Is, CCiii milliSs” oi Tnyilcmsi” and ''x.M- of mil" 
(1553 ed.j fo], Cfl). 

^Tbis plan Is hlstorkaUy so impi>rLuit as in deserve bein^ given, ia full, 
Cbuquct EivH the 6-fL^iire periods, thus: 74S334 'So430m- 700*13'654^1^1 fin 
which B043MO should be 804^00), and then says : '‘Ou qui veult le pmier 
point [)e«it slgniflqer iqililou Le second point hyllLon Le tiers polt trylllon Le 
quart quadriJlicui Le cinq* quyllinn Le sis* sbtlion Le septF septyllion Lc hiiyt'* 
atlyllion Le ntuf" nunylllon et ansi des ault’* se plus ouftre on irouIoiL j>ccdi:r 
H Item Inn dflit iauoir que ung miHion vault miile mlUiera de unitez. ct ung 
bylHoft vault miltc rriillierj de miUiotvs. et ttyUion vault tiallle miUleis de byl- 
licjns.” From A, Marrfs autograph copy of Chuquet. See ako Eancompagnl’s 
Vul. XIII, p, 

^F, Unger, Die Afelkodik der pruhtischm ArithTnetik in histomcker Eniitticks- 
lans, p.. 71 (Lctpiig, iSBS), with the date of use of the word as idSi; hereafter 
referred to as Unger, Die M^thodik, 
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gested it as a curiosity rather than a word of practical value 
About the same time the term appeared in Holland,^ but it was 
not often recognised by writers there or elsewhere until the 
18th century^ and even then it was not used outside the schools. 
Even as good an arithraetidan as Guido Grand! (1671-1742^ 
preferred to speak of a million million rather than use the 
shorter term.^ 

The French use of imlUard^ for with as an altema- 

tivcj is relatively late. The word appears at least as early as 
the beginning of the 16th century as the equivalent both of ro“ 
and of 10"*, the latter being the billion of England today.* By 
the 17th century, however, it was used in Holland'' to mean ro^ 
and no doubt it was about this time that the usage began to 
change in France. 

As to the x^merican usage, taking a billion to mean a thousand 
million and running the subsequent names by thousands, it should 

^He i?enerilly used millions, tlnjtreind wilUona, million milll-mia, and 50 on 

2); but tift sometimes uwdi biliom for althauj^h even rhen he prrfejied 
His achemt of namns U miUhni, biiiotd (nr tfUioniy qmdri- 

itpui (or QwHtriiioni) , guintiliom^ for 10'®, 10^^, and Pfaciicsi 
p. S (Bologna, 1602). 

^Van der Sebucre (iGoo) uses mUHoen (30^), hnniUiofn tTimmio^n 

and 0*®*)> tiut in a lattr editian (H634) of his: arith- 

nnetic he gives bimUUon and fyUliitn (lo®), iriHijlJtoTi and fj-EUi™ (lo^*), snd 50 
on tP jipnetniJ^icjn and nonilifm. Even as. late as 1710 Leonhard Christaph 
Sturm {Kvrzer BffE^riS cffj' jVfotftEJEj, Prankfort a. d. Oder, 1710) used 

the words iTtmiliiCKin and &fnaiflion.tin. 

^In his r^^^^lt2^Dn^ d( Atitmeiica Praciica, p. 3 (Floittnce, 3740>, he says: 
“millioni dc^ miUinnf (chc poggouo dirsi Bitliom) e ii milHoiu di jnjllUmi di 
milliOnL (che 51 dilsmana TriBioni), . . . E oosl se fosac piu lungn d 

numerOj vi sare-bhero ancori Quintfllsoni , . . NovilHoni,K. ttescendosidascuno 
da ogni sei note.” 

*Thu 5 , Trenchant uses Mi 2 f(ifs (J57S ed.i p, 14)1 ski'd Tckticr (1549! 

sfl-ys: "Lc 5 Framofs emt dcui mots nutntraux ssenJhcaLifsi. Bun au septieme 
lieu, qui e&t MillLaii, & I'autre au treizieme, qui est Mniiart; e'eat k dire, MiSlicm 
de Millions" (iGoy ed., p. ij). Petetier states that the word was used by 
Eudseus, and in the latter^s De dijs H partibui tlus Liiirf <1314; Taris 

edition of foL v.) the folTow-mg appears: ^'hoc est den^s myriadll 

myrUtdas, quod vno vetbo nostiates abaci atudiosi MSlUarttl appellat, quasi 
millfotiEi millions.” In Boissiere's arithmetic of i 5 S 4 there is a statement aimilar 
to the one in Peletier’fe work. In E. Develeyi ArUhMt^Hqve 2d ed^ 

Paris, iSo!, only '’biltion” 15 used for 1000 milUpns, 

mUliaTt/ofte duytent mllltoeaien." as Houck's arithjnctiqfifiid, p. 2 1 has it. 
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be said that this is due in part to Frencli influence after the Revo¬ 
lutionary War, althou^ our earliest native American arithmeticj 
the Greenwood book of i729j^ gave the billion as the trillion 
as and so on. Names for large numbers were the fashion 
in early days, Pikers well-known arithmetic (1788)^ for example^ 
proceeding to duodecillions before taking up addition. 

Writing Large Numbers. Although it is nearly a thousand 
years since our common numerals appeared in any European 
manuscripts now extantj we have not even yet decided on the 
method of ’writing large numbers. 

Influenced by the crosses placed on the thousands^ and mil¬ 
lions’ lines of the abacus (see page iSi) to aid the eye, the me- 
die’val writers often placed a dot above the thousands and above 
every third place beyond^ but sometimes they placed one or 
more dots below^ and these customs also appear in the early 
printed books. Thus^ we have such a form as 6854973,- with 
the occasional variant of a dot over the units’ figure alsoA 
Recorde (c. 1542) gives the rule as follows! 

Fyrst put a pricke oner the fourth fygure, and so ouer the vij. 
And if you had so many oust the xvj, and so forth, still 

leaning two fygurs betwene eche two pricks. And those roomes be- 
twene the prickes are called Ternaries.^ 

Recorde also uses a bar (vir'^la) for separating the figures, 
saying; 


*It Tva& published au&nyijioysly, tut, as fs sttied in tte N&'ws L^ter 

{EciitonJ of May a^, was writticn by Isiac Greenwood, somfitime professor 
of mathematica at Harvard. As stated in VnlLiinc I. the &rsl aritbmetbe printed 
in the New World appeared in Metkci in the first in what is now the United 
States was a reprint of Hodder'a English arithinetic, Boston. 1719. 

-Totistell (iS^2, fol. C,), Riese 15ao ed., p. 3), Rudolff (152^. 

fol, 3). Grammateus (iSiS; ed„ p. 5). and many others. Widraan (148511 
recommends but dpes not U5^ this plan r ”Vnd set? vE ytlkb tausent ain punct 
da by man mercken mag wie yil din Ictst Egor mot taLUsent bcdcut dann die 
vor ir” (1515 ed., fol. 5, ?).). 

BTfius Clavius (rtalian edition of the Epitome, p-. 14; lAtin ed., 1SS3, 
p. jd). He remmiDiCiidSi however, the following r 4233503556^800. 

^Grpimd nf Aries, edr, fol, B^. Similarly in Dig^Bs (1^72; 1575 ed., 
p. 2). Balter isSo ed-, tol, 4), Hodder (167a cd.). 
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And some doo parfe the nubrcs with lyiies after this forme 
2 50 j 3641 Q&g 10151340, w'hete you see as many lines as you made 
pricks.^ 

Some writers used this symbolism in grouping by sixesBe- 
sides placing one dot above a figure, the medieval wTiters often 

used such forms as 243 756S938421^ and 1437562 335421, and 
these occasionally appear in the printed works, Fibonacci 
(1202) used the arc, as in <57'Sg^57l4ir52 96/ but this was not 
a common form* A few of the other variations are given below: 

7 S: 38 ^^ 75 -I 3 ^ Pellos (1492, fol. 4) 

4*5 9 - 3 - 6 ‘ 2»9 0.2.2 or 

4533629022 

2 S 7S391662 7512346894352 Barozzi^ (r 5S5) 

23.456.007*840.000,365,321 Santa-Cruz (1594, foL 12,7.) 

1,234,367 or 1.234.567 Greenwood (1729) 

6Sj 763 [432] 189 1 7161789] 132 Blassiere (1769) 

The groups have been called by various names, such as 
periods/ regions/ and ternaries/ and occasionally, as with 
Trenchant (1566), there were four figures in the right-hand 
group 

Spanish Method of Writing Large ITumhers. One of the most 
interesting examples of the writing of large numbers found in 
the books of the i6th century is seen in the work of Texeda, 

^S 1 mi]ar!y in Gemma Frisius f 13401,1 Trenchant ind various otticrs. 

jr., the Dutch arithiujetlc of Wilkeng, p. fi. ^ 

^ A& in a s 4l}i cejitury als&rismus in tlie ColuHsbia University Liturary. This 
ptin is also foUowcrf by TartagTia (isS6j I, fnl. 7, r.K 

^J.iber ithflti, p. i- 

^ Thege cases contain error* in printing in the first (1503^ edition of the 
Mor^anla pfiyloicphica, but they arc corrected in the tatet editions. 

’^Francesco Baroizi, Dc Casmogfap^io Liitri IV, Venice, i^Ss. 

^“Haec priraa est ptriodus" etc., Eatnus (1569; ed, Schoner, rSStS, p. aj, 

“Santa-Cruz (1554!), fol. u. 

»Eecorde, as quoted above, in io,^Wx 34 ®kSi 530 on page 16, 


Eleisch® (1503, Lib. IIIl, 
Tract, llj Cap* 4) 
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a SpaniBh writer of 1546^ In seeking to explain algorism he 
writes numbers in the Spanish style (sra CasteUmo) an <3 also in 
algorism {en gu^^rismo). The following cases are typical: 


c. Ik. U 462 qs , . Ix U 621^ 
c. iij U. 75 qs c. ij V 300 
Dcccxcj Uccxxxiiij qs Dlx U, 
vij U . , * qs Dxlv Ucccclxijm 


i6d U 462 4 ^ 009 U 621 
103 V 075 qs 102 U 300 
S91 V 234 4 s 560/coo 
7 U 000 qs 54 S U 462 


It will be seen that in the Spanish forms, doubtless owing to 
the Arab influence^ there is a tendency (not uniformly carried 
out) to use the dot for zero* Texeda also mixes his algoristic 
numerals with the Roman,—a custoni not uncommon after the 
12th century. The U stands for thousands, appearing In earlier 
times as U with several variants, and being of uncertain 
origin. The qs stands for {cucntos, millions)* In the 

16th century the Greek 6 was also used instead of as in 
XXXV^CCCXXVI for 35,326, and 637^500 for 637,500, and 
in the iSth century it often degenerated into a kind of in¬ 
verted C/ In Portugal a symbol $ {cifrSo) was used as early as 
the t6th century for the same purpose. 


3* ADumoN 

Terminology of Addition* The name of the operation which 
we call addition has had its vicissitudes. One writer of the 
r3th century, for example, used "aggregation” instead*^ Writ¬ 
'll the original the 17 is misptinlcd s. 

The ntiinbcrs at the left are eit casist{aai>\ those at the right, en g-uariitno. 
The iltustj^tiona at* from fols. Uj, v.i to iiij, v. 

The numlier Is 

See F. Cajori," Spanish and Portuguese syrnbola for ^ Thousands,^ ” riwjfr. 

Month.y XXIX, 3 or, who had not Seen Tcutdft; he suggests that tht U tame Irom 
some variant of the Romati symbol for thousand, 

* See the FragmentoE del AtdiEvo Pasrtltnlar de Atitonio Perez, Secretario de 
Felijit IIj” ^evista de Archivos, BibHolec-m y XXV (loiob ^40 

iMadrsd, 1^(20), In the authoris Hbrary are several Spanish marsuscriptB of 
c. i^25-r^5'e with the degenerate form of ^ refetred to in the teat. 

AgTagara est quoahlKt duos numerog uel plurea in unum colligere^'' {P, Bon- 
cotnpa^ni, Traitatii II, 30). We still preserve the phrase "in the aggrtga-te." 
The word is merely the Latin for TrpwrMFai [fTOStiih^’ai }, used by Eudid 
and DiophantuE, or avprt&^Mt {synHthen’ai), as used by Heron and Pappus. 
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inE about the year 1200, Fibonacci used ^'composition and 
^'collection” as well as "addition.^*" Nearly a century after 
Fibonacci the earliest French algorism (c. r: 7 S) ^■ 

semble”'' for "'add^” and two centuries later the first printed 
arithmetic used "join In the early printed boolss the word 
"summation” was a rival of "addition and we still speah of 
summing up, and of summing certain numbers. Addition being 
the operation most frequently used^ the operation probably 
cave rise to the ejtpression "to do a sum,” meaning to 
pcobiem. Various other names for the process ha^^ been used; 
but they have no special significance* With the Engli^_ tend¬ 
ency to brevity, there is little prospect of change m this lan¬ 
guage in the wrords "add” and "addition ” ^ a a i r 

In such of the early printed arithmetics as were intended for 
nopular use there W'as ordinarily no word corresponding to our 
term "addend*”" On the other hand, the theoretical books, 
generally printed in Latin, spoke of the numeri addenda is 
toe "numbers to be added/- and from this came the worrl 
i^ddcndi alone, as used by Fine (1530) / Gemma Frisins (i 54 oL 

and later writers. From this we have our 

Those who seek for a change have occasionally used the less 

familiar "summands,” 

StlWs Djuuck, oikT Art.™ 

i.aL chapter cn -Addira/Suramira/Z.™ ke™.' 

Fre„r. 

i-scofiiief'fi, and aMssare, 

•L,.. ® sfm. 

Peleticr {rS 49 L a word, ai^d even th-? American 

ThG eariy Dytcb ariLhmpticians rardy had 5u1.l1 s Tffora, 

Greenwood (173^^ Lklit Gsooi ^<> 1 ' and 

I As in Sclieubel (rSlS* jonatai] (15^=)- There were also sac* tetrofi 

many otheis-i bnt cunoiisly famwoniir, and the lihe. 

(i^ss =4., ioL a). 
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The word addend*^ was frequently used to refer only to the 
lower of two numbers to be added, as in the following case from 
the MargarUa pkyhs&pkica (1503 edn) : 

numerus cui debet fieri additio 
3'2^3'2' numerus addendus 
7911 nunierus pductus 

It was also used by many writers to refer to all the numbers to 
be added except the top one/ * 

The result obtained in addition has had a variety of names, 
although "sum” has been the favorite/ Next in order of popu¬ 
larity is "product,” a term used for the result of any operation, 
but particularly in addition and multiplication. It was popular 
in Germany,^ especially in early times/ and was also used in the 
Latin countries/ 

Some of the Latin books of the rbth century also used numerus 
based upon the use of c(^Uectio for addition, and pos¬ 
sibly we might now be using "collect" for "sum" if the Church 
had not appropriated the term. 

The Operation of Addition* The operation of addition has 
not changed much since the Hindu-Arabic numerals began to 
be used. Even with the Roman numerals it was not a difficult 
process, and it is not probable that a Roman banker was com- 


tif Hutifsary (1499! calk only the lower of the two numbers the 
Tiirntrus adtiiji4iisi numenf$ addcndua, qui debct scribf jo inferiori orditie" 
(Budapest reprint oE 185141 p. 4). The same usage is found in an uripublishfid. 
algorfam of c. 1400 Jn the Eritkh Museum (SI. jsSr, fol. 4, w.). 

* Thu&, Chuquet (14841 uses jetpe, and similar foems appear in many early 
prmle 3 botiks, including those of Paduli (1494), Fme (1530), Toustall 
Kids Sfrutunati (1534b and Hie&e (igaa). 

2 Gunther, Maik. Vnterrkkt-h P- 516. 

^Joannes de Muds (c. i 3 S< 3 ) says in his (^tuidTipaTiHam: "Propositb 
namquc numeris addicionU, euprft figuras cufuElibet rtumeri calcuJia situalis adds 
sir^gulsa, artubus obseruatk, et prortudum signa pec calculos atque 
lege.” Abhiiiidlunsetij V, 144. Thk is also interesting because it describes the 
use of couptuTs on a Gerbert abacus. 

“An intKnstiuE case sometimes occura, as in Savunne’s work of where 
'’sum” IS nseH lor addend, and "product” for the jtault; "AdiouStCr C&t mettit 
plusieurs n ombres on sommes ensemble pour en a;&noir le produit.” 
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pelled to resort to the abacus in ordinary addition. This will 
easily be seen by considering a case like the folio wing; 

DCCLXXVII 
CC X VI 
DCCCCLXXXXIII 

We might write this result CMXCIII, font a Roman would 
rarely if ever have done so. Even in the i6th century we find 
forms analogous to this^ as in the work of Texeda (1546)^^ 
where we have the following parallel arrangement: 


xxjUcxxvij jiUr2 7 

xvUcatviij J5U21S 

i}Uccccliiij 3U454 

jU.x, lUoio 

xxxjUcljtxxij 3iDrS2 

bfxUDccccxcj 70U991 


By using their alphabetic numerals the Greeks were able to 
perform various operations without recourse to an abacus, al¬ 
though the work was somewhat more complicated than it is with 
our numerals/ 

Hindu Method* Bhaskara (c. mso) gives as the first prob¬ 
lem in the LUavati the following:® ''Dear intelligent Lilavati, 
if thou be skilled in addition * . *, tell me the sum oi two, five, 
thirty-two, a hundred and ninety-three, eighteen, ten, aud a 
hundred, added together.” In a conrsmentary on this work, of 
unknown date^ the following method is given: 

Sum of the units, a, 5, 2, 3, 8, 0, 0 zg 
Sum of the tens, 3, g, ij i, 0 14 

Sum of the hundreds, 1, 0, 0, i 2 

Sum of the sums, . . . * . h * 360 

'Fol. V, u. *For details aa to the Greet mcthoda see Heath* I, 5a. 

ajj, T, Cijlcbtthoke, Algebra yiilk Arith?neiic and Mensurtjiiifn. from the San- 
jmj, p. 5 {London, 1817)5 hertafter referred Uj as Colebrooke, tsCr or to 
special topics under the heads Aryabhaja, Brahfniigjipia, Bhaskartt, Vija GanitOt 
with these spellings. 
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The Hindus seem generally to have written the sum below the 
addends, beginning with unlts^ columns as we do. They had at 
one time another method, however, which they 
designated as inverse or retrograde, the operator 
beginning at the left and blotting out the numbers 
as they were corrected.^ 

Arab Method and its Iniluence. The Arabs, 
on the other hand, often wrote the sum at the 
top, putting the figures of the check of casting 
out at the side." This plan was 
adopted by Masimus Planudes (c, 1340), the 
form used by him being here shown.’ 

How the traces of the Oriental sand table, 
with its easily erased figures, and the traces of 
the old counter-reckoning, showed themselves 
in early English works is seen In the following 
passage in The Crafte of Nombryn^e*' (c. 1300)’ 

lo an Ensampull of all 
326 
216 

Cast 6 to 6, 5r |fere-of ^ wil arise twelue. do away hyer 6 & Avrite 
^ere 2 , t^at is l^e digit of pis composit. And pen write pe articulle 
pat is ten ouer |>e figurls hed of twene as ]?us 

I 

322 

^ 216 

^Th(& methfld is hcrt indicated by c&HDeliTi^:. The plan is one naturally 
adapted ta the sand abacus. On the dispute as to whether the Hindus used this 
ahacus, see Chapter m. See also C. I. Gerhardt, Etudes kistori^-ass fur I'arlih- 
m^lique de padtixm, Pro^., p. + (Bcrlia, iS^&) {hereafter referred to os Gcrhardt, 

^ J. Taylorf iilaiuflti, totrod^ p. 7 (B^jinhay, iSrS) (hereafter referred to 
aa Taylor, LUamiti ). 

Suter, “Das Rcchenbuch dea Abii ZaJtarfja al-Ha5i?ar,'^ Bibl. MatK 

n 15- 

'W^hke, PisMwdM, P. Gcrhardt, &tudcs, p. 20. On such general early 
rnethpds iv the various eperationa ^e F. Woepeke, 5ur FiKtrcducHon tfe l^Arith^ 
en {Rome, 

‘■See pages 32 and jS. 

''As stated on page 32, the old letter > is our tA. 


£030 

2 

56S7 

3 

2343 

3 


3279 

t04so 
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Now cast ]^e articulle ])at standiis vpon |.e figuris of twene hed to l^e 
same figurtj rcken [tat arlitiil bot for onCj and l^an ]>eTe will arise thre 
pan cast ]>at thre to pe nej^er figure, ]>at 15 one, Bi ])at wu] be foure. do 
away jie figure of 3, and write ]>ere a figure of foure. arid let pe nelfer 
figure stonde stU, & l>an worch forth. 

This is the; oldest known satisfactory explanation of an example 
in addition in our language^ 

Special BeYices. In the way of special devices, Gemma 
Frisms (1540) gives one that is still used in adding long 
columns. It consists in adding each column 
separately, writing the several results, and then 
adding the partial sums as here shown. It will 
be observed that Gemma writes the largest 
number at the top, the object being to more 
easily place the various orders in their proper 
columns.^ 

In manuscripts of this period dots are some¬ 
times used, as is the case today, to indicate the 
figure to be carried. 

Carrying Process. The expression "to carry/* 
as used in addition, is an old one and, although occasion¬ 
ally objected to by teachers, is likely to remain in use. It 
probably dates from the time when a counter was actually 
carried on the line abacus to the space or line above,' but 
it was not common in English works until the 17th century. 
Thus, we have Recorde (c. 1542) using "keepe in mynde,” 
Baker (1568) saying "keepe the other in your rnmde,’* and 
Digges (1572) employing the same phraseology and also say¬ 
ing "keeping in memorie,” and "keeping reposed in memories* 
The later popularity of the word "carry” in English is 
largely due to Hodder (3d ed., 1664). In the 17th cen- 

^On similar methods m [be medieval numLscrtpts, not merely id addition but 
fn the other operationa, see L. C. KaTpiuaki, "Two TwtlfUl Century Algorisnli “ 
Isis, III, jgfl. 

*" Obseniajidum igitur primo. vti cnaJor numrjus snperiori loiio scrihatnr, 
minorcs hyic sub&cribftntijr” tigjs lot A 7). *See Cbaoter Hi. 
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ttiry tBe expression 'Ho carry” was often used in ItalyEx¬ 
pressions like ^Hetain/^ "keep in mind,” and "hold” have, 
howevetj been quite as common 

4. SUJSIRACTTON 

Temimolofiy of SubtractioiL As with addition, so with sub- 
traction^ the name of the process and the names of the numbers 
used have varied greatly and are not settled even now. Out¬ 
side the school the technical terms of arithmetic are seldom 
beard* When we hear a statement like Deduct what I owe 
and pay me the rej^j” we hear two old and long-used terms in¬ 
stead of the less satisfactory words "subtract” and "difference*” 

TerniB Iffeaning Subtract. While the word "subtract/^ mean¬ 
ing to draw away from under^* has been the favorite term by 
which to indicate the operation, it has by no means enjoyed a 
monopoly. When Fibonacci (1202)^ for example^ wishes to say 
"I subtract,” he uses some of the various words meaning "I 
take.”* Instead of saying "to subtract” he says "to extract/** 
and hence he speaks of "extraction,"* These terms, as also 
"detract,”'^ which Cardan® (1539) used, are etymologically 
rather better than ours* "Subduction”^ has also been used for 
"subtraction,” both In Latin and in English. Bigges (1572), 

^ Ab in " Alumna senza portare,” "potLare tledtity and llie like, Setj for Ht- 
annple, the aThhmetic of G. M. Figafelti Centcse, fol. 71 (BolognEi, 1664), 

“die aoder bfthaU" (Rlese, iSaa; 1533 ed.), ‘'behalt die andtr m ainn, 
weTcte ist zu i^tbtn der qech&ttft'' (Gramniati:u5,1518)/^ et altera mente retonda'' 
CC[i,ditov*us, C. ed.j fol. Dz), gecunda neservanda” (Ramus, ed. 
Schonetr, 1586, p, 6), “ic . . , tetien Ic nombm de diSieincE" (Trcrschant, 
iStS ed,p. 24 b 

^Sub (under) + irahtr^ ('wheiiM tr&^tum) (to dranO, 

^To!h> tmjero, or acctjtjo. ^Extrahere (to draw out or take away from). 

SxirijfclEfff. *^Vactica, tS30i capp. 7-^4. 

^Oe^rffAfi-e (to draw or take fcoinl. (under) + ducers (to lead), 

Tonetall (rS^s) devotes fifteen, pfitsfls to S-ubducHo. He also saya: 
''Hanc auteiA eandem, uct dedurtioDjem ud appdlarc Latme licet" 

p. 2^1 1^22 ed., foL E 2, r,). aE^O Ramu^, Xibrj dnOi r^So 

■Jd., p. ScfiQl, Malh-i fid., p. iig, Schocicr, In his notes on Ramus {l^S 6 
cd., P. 8), uses toth ru^diMra and tolla for EubteacL" Gemma Frisius (1540) 
has a chaplet De Sabdactwm sitit Suttraci-ions, and Clavius (1385 ed., p. 26) 
says: '"Subtractia est * . . suhductio,” Id hk arSthTnetiu Boethius uses 3«&- 
trahert, but En the geometry attrituted to him he prefers iubducerer 
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for example, says: "To subduee or subtray any sume, is wttily 
to pull a lesse fto a bigger nuber.^^ Our common expressions 
diminish” and "to d&duct” have also had place in standard 
works, as in the translation of the Liber olgorismi^ and in the 
work of Hylles (1592).^ Rccorde (c. 1542 ) used "rebate” as 
a synonym for "subtract,” and the word is used today in com¬ 
mercial matters in a somewhat similar sense. 

In a manuscript written by Christian of Prag’ (c* 1400} 
the word "subtraction” ia at hrat limited to casea in which 
there ia no "borrowing ” Cases in which "borrowing” occurs 
he puts under the title cauteh (caution), and gives this caption 
the same prominence as subtractio.*' 

The word "subtract” has itself had an interesting history. 
The Latin ^ub appears in French as sub^ sQub, sou, and sous, 
suhtrdhero becoming so^straire and suhtracHo becoming sous- 
traction.^ Partly because of this French usage, and partly no 
doubt for euphony, as in the case of "abstract,” there crept into 
the Latin works of the Middle Ages, and particularly into the 
hooks printed in Paris early in the 16th century, the form subs- 
tractio From France the usage spread to Holland'^ and Eng¬ 
land, and from each of these countries it came to America. Until 
the beginning of the 19th century "substract” was a common 
form in England and America,® and among those brought up in 
somewhat illiterate surroundings it is stiU to be found. 

1 Wliicb bnth See Boncoinpaf^n], Traitai^^ Ih .1 2 . 

sile uses "abate,” "sutilratt,” deduct/' sind “^take away.” sSec page 

*The passage bepns; ^'Cautei^ , , , ai infcriods ordinis non poterit 

aubtrahl a albi eupnpusata,” 

^With such varianlEi aa tcjubstraciiont, toubstrain, and the like. 

f It appears in the Gesnnetris ot Gerbcrt, but the MSS. used art rjf c. rioo; 
ed. OUeriSf p. 430. M to the early prmted booke, ClEchtoveus (1503 for ex¬ 
ample. Renemliy nsei. sstbsirts^tip, stthough ivbi^oc^tio is occasionally found. See 
also his edition of Boethius, and sec the igic edition of Sacrobosco. The ivord 
also appears in the work of Georges of HunHary (i 40 h>j along ivilh sitblractio, 
so that tha ^vas unsettled. 

^Thus Wentstf (15^9), Van drr Sdhuere (1600)3 Mota (1640), arvd^ indeed, 
nearly all Dutch writers before eSoo. Fetri (4367; 1655 ed.), however, uses 
subtraciio in the Latin form and lubtrahe^rt in the Dutch, and Adriaen Metius 
(1633; 1635 ed.) also emits the j, 

BOur American Greenwood (1729), for e^amplej always used ''^ubsttact” and 
" substraction,'^ but dropped the r in "guttrahend.” 
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The incorrect fortii Vfas never common in Germany^^ prob¬ 
ably because of the Teutcjuic esLCIusion of international terms,- 

Minuend and Subtrahends The terms "minuend" and "sub¬ 
trahend/’ still in use in elementary schoolSj are abbreviations 
□f the Latin numerus minue.ndus (number to be diminished) 
and numerus subtrahendus (number to be subtracted) / 

The early manuscripts and printed books made no use of our 
abridged terms. The minuend and subtrahend were called the 
higher and the lower numbers respectively, as in T Crafts of 
Nombrynge{c. ijoo), the upper and under numbers/ the num¬ 
ber from which we subtract and the subduced/ the total and 
less/ the total and abatement, and the total and deduction.^ 
Among the most popular terms have been "debt” and "pay¬ 
ment/’^ but better still are the terms "greater’^ and "less/"^ 

witness Kobel iS4e ti-, fc]. t;iq)h Stiftl 

I $44, fot Albert (15^4; 1561 cd.), Thierielder (15S7, P- it)d ind many others. 

2 Their earfy writer^ used such forms as absifiuns and inatiead of 

“subtraction/just as the Dutch used such terms ^ A f-lrekhing^ (Van dec Sehueie, 
1600; 1624 ed.> fol. le). While the Italians used abait^re and savare, they also 
used sottrai'e and tretrre tas in Catatieo, iS 4 ' 6 f 351^7 ed,, fob 5). 

*Siie Boncompasni, Tratiaii, XI,, on Johannes Hlspalensis (c. n^o) and 
his use of mimtetidus. 

*’'Die vnder iai Ml nit iiberLreflen die obem" (Gramraateds, tgiSl. Tonstatl 
and other Latin writers have fiu-meraj sti^eriitr and Jtummrj inftrityfi the 
Italian edition of Clavius (1SS6) has itUTaero syperwre and nufutro inferiort^ 

“'^Numerus ei quo subducitur^ and "subducendus” (Gemma Friaiua, 1540; 
iS *3 ed., fol. glr 

TniaHs^ mitmff used by T^wivc! (15:0$), CHchtoveus (1503), and others. 

^Hyltes, iCCKi, fol. I'p, 

^Thua, the Dutch-French work of Wentael (1559, p, 4) hfis; 

Scbult/Debte. £. 1584^ 

Eetaelt/payc, _ i. 5414 

Reatit £, 10413 

The Dutgh narnea In the i6th and ijth centurira were generally de SchtAi and 
dt Beta^rlght. 

Similarly, we have the Italian debiOf, pa^oidy and ne.miuiff (as in the 151$ 
edition of OrtegaJ, the French delte and paye, as well as Jd jiiferieMrfi & infth 
ricure (Trcncbant, 1566^ ed.i p. 30) j and the Spanish rtclfio and gartff 
(Santa-Crvij 1594; 1643 ed,, fuL ao>, 

“SfOTlLin&ti (13^41; JS44 pd-i fol. 3), il n-nfa^o Tnoggtifre andf( numerst minore; 
G. B. di S, Francesco (169$), jrcdfiffflre and minore', Raets 

(15S0), Stt mtesti ghetaJ and Pitt tninttE gAefitf, with, winitar forms in otbei 
languages. See also Tartaglia, 2£93 ed.;, fol. 9. 
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Ifame for Difference. The words ‘"difference*^ and “retnain- 
der” have never been popniar, in spite of the fact that they are 
commonly found in the textbooks of today. The popular term 
has been "rest,*’ and m common parlance this is still the case^ 
as when we say "Give me the rest,'* “Take the rest.” It appears 
in the first printed arithmetic^ and is found generally in the 
works of the Latin countries. Indeed, the verb "to rest” was 
not infrequently used to mean subtract.^ In England j Tonstall 
(1522), writing in Latin, used sometimes and some¬ 

times an expression like "the number sought** Recorde 
(c. rS42) introduced "remayner** or "remainer/' a term which 
Hylles (1593) also used, together with "remaynder/* “re- 
maynes,” and “rest/' Latin writers commonly used ku- 
merus res^id^s* di^erGntidj cxces^us,^ and reliqua. Of these 
terms we have relics in our language in the forms of "dif¬ 
ference’’ and "excess/* and another term commonly used by 
us is "balance.” 

An interesting illustration of the use of expressions which 
later resulted in technical terms is seen in the following from 
the Margarita pkylosophica (1503 ed.): 

gooi 3S6 numerus a quo debet fieri subtractio 
7532436 numeniS subtrahendus 
1468950 numems relictus 

The Operation of Subtraction, The process of subtraction, 
unlike the processes of addition and multiplication, has never 
been standardised. There are four or five methods in common 
use today, the relative advantage of any one over the others not 
being decided enough to give it the precedence^ A brief history 
of a few of the more prominent methods will be given. 

i+yS, p. iS. 

the Spaniah writer Santa-Cmi usea rsjfaj'f and Ortega 

1515 ed.) be^iiia a chapicr jur laptre rtsiare 0 / sublmfitrs. 

''Various other writers did the saine- Thus, Glareanus (1538) rriiclum 
and reHqwim. Fibonacci fuoa) used n^iiduum and rfi?Ei?wu.Tr 

Fine (isio) and occasionally Ctavius An unpubiished algorisiin 

of c. liMf now in the BriUsh Museum (Sh iiBi, foh 4 - ® sfctraW, 

and Tfiidv^ for the three tcims. 

''ClayiuS speaks of di^erenti^ ctih; ^cessus. 1585 edn p. i 33 - 
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j. Tte complementary plan is based upon the identity 
e — & = a + (io — 10, 

In particuhtj to find 13 — 8 we may substitute the simpler proc¬ 
ess 13 + 2 and then subtract 10. This plan is today used in the 
case of cologarithms and on certain types of calculating ma¬ 
chines. It is not a modern device, however. Bhaskara (r. 1150) 
used it in the and no doubt it was even then an old one. 

It appears in The CmfU of Nombryjige (c. 1300}, and the dif¬ 
ficulty of the operation is apparent from the following extract: 

lo an Ensarnpul. 


21^2 

1134 


take 4. out of 2. it wyl not be^ jierfore borro one of next figure, fiat is 
2. ajid set fat ouer ^e bed of fyrst 2 . & reteue it for ten* and [•ere^ |^e 
sccunde stondes write t. for f*ou tokest on^’ out of hym. fan take l^e 
nej^er figure, t^at is 4, out of ten. And )jen leues 6. casf^ to G ]=e figure of 
J^at 2 f^t stode wider l^e hedde of i. fiat was borwed & rekened for lo^ 
and l^t wyJle be S, do away ]7at 6 fi; 2^ & setEe fJcre 8, & lette }fe ne^^er 
figure stonde stille, 

and so on with equal prolixity. The expression to ^'borro/^ used 
in this work, was already old. It was afterwards used by Maxi¬ 
mus Pianudes (c* 1340J, acquired good standing in the works 
of Recorde {c. 1542) and Baker (1368)^ and has never lost its 
popularity* 

The same method appears in the Treviso arithmetic'^ f i47S)j 

^Taylor, IMawati, Ititrad., p. "Fpr “where.’' '^One. 

a 4 d[ a relic of the atjacMs. Compare our ojepresaion "cast accounts." 

^'The author adds a to t, the result beiDR 4, 
aud then adds i to the nest figure of tht suttra- 
hcTid. saying: 

"al 4. fu die iongcre L e leveri .5. pot dira 
.5, d.% .5, che equale da equalt: rc^ta .0." (Tteviao 
aicthmttic, p. [19! y The i is used for i, as on pagt 97 
and as is the j in the following profalcm from Huswiit. 


4 S- 

34S 

Lo testn 1 04 
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and Huswirt (1501} solved his first problem in subtraction by 
this means, saying: 

5 from 4 I cannot, 1 take the distance^ of the lower number, that 
is, 5 from ro, or 5, and this I add to the upper number, 4^ and obtain 
9, which 1 ’ivrite directly under the bar and below 
the 5. I carry the j in mind or on the tabJetj’ 
first canceling the 4 and 5, and add it to the 
ncKt number, that is, to 9. . . . 

Among other authors of early printed 
books who favored the plan there were such 
writers as Petzensteiner (14S3), Pellos (1492), Ortega (1512), 
Fine (1530), Gemma Frisius (1540), Ramus (isss), xAlbert 
(1534), Baker (15^8), and Digges {iS 7 ^)- 
Savunne (1563) also used it and indicated the 
borrowing of ten by means of a dot, as shown 
in the annexed example from his arithmetic- 

The early American arithmeticians looked 
with some favor on the plan. Thus, Pike^ says: 

If the lower figure be greater than the upper, borrow ten and sub¬ 
tract the lower figure therefrom: To this difference add the upper figure. 

2. The borrowing and repaying plan, in which the i that is 
borrowed is added to the next figure of the lower number, is one 
of the most rapid of the methods in use today and has for a long 
time been one of the most popular. It appears in 
Borghi’s (14S4) welTknowu work, the first great 
commercial arithmetic to be printed. Borghi takes 
the annexed example and says, in substance: ^'S 
from r4, 6; B from ig, 7 \ from 13? 3 1 3 fi^o™ 
6, 3.” The plan was already old in Europe, how¬ 
ever, Fibonacci* (1202) used it, and so did Maximus Planudes 
(c. 1340) ► These writers seem bo have inherited it from the 
Eastern Arabs, as did the Western Arab writer al-Qalas^di 


15354 

3978 

337^5 


6 ■4-0‘6" o 
27874 

3 6 I S6 


59 jDioioj 4 

4Qoj999j95 
j 908 jojSj 9 


for the complement. 

iVtry likely the was tablet, still used ixt Gctmaniy at that time- Set 
Chapter III. 1S16 ed., p. is. *Libir Abaci> Boncompagnl ed., I, as. 
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[c. I47s). The arrangement of figures used by Maximus 
Planudes in the subtraction of 35^45 ftom 54612 is here shown, 
the remainder being placed above the larger num¬ 
ber, after the Arab and Hindu^ custom. The top 
line was used only in the checking process. This 
method of borrowing and repaying was justly 
looked upon as one of the best plans by most of 
the 15 th and i6th century writerSj and we have 
none that is distinctly superior to it ever) at the 
present time, 

3. The plan of simple borrowing is the one in which the 
computer says: ^'7 from 12, 5; 2 from 3 (instead of 3 
from 4}j I,” This method is also very old. It appears in the 
writings of Rabbi ben Ezra^ (c. 1140), the computer being 
advised to begin at the left and to look ahead to 
take care of borro^ving. This left-bo-right fea¬ 
ture is Oriental® and was in use in India a century 
ago,^ It ivas the better plan when the sand table 
allowed for the easy erasure of figures, but it had 
few advocates in Europe,^ 

When the computation began at the rights the borrowing 
plau was also advocated by such writers as Gernardus" (13th 
century?)j Sacrobosco^ (c^ 1250), and Maximus Plauudes^ 
fc. 1340), The writers of the early printed aritbinetics'’ were 

^Taylor, Liiaiiiati, Intro^.] P- 'i- 

ke^ATiipiff, ed, Silbetber^, p, ag (Frankfort a, 1S95}; htnytftcr 
rcietred to as Silbertergi Sifer ka-Afisp^jr, 

^It is^ foLitid in the ivtirks of al-Khonirkjnr (f, Seh| Eddtn (c-ic^oojt 
Atbanna (c. 1500), and others. See H. Suiter^ Bihl. J^atk., IJ 
^Sce TtyloTf Liiaiiioxif Introduction. 

“One of tlicsft was KamuS, ivho advocates '^aubductio fit i sincatra diOK- 
trotsnotL^’ {Aritk. Libri dvo, 1569; ijSo ed., p. 4^ ijSb ed.f p. B). 

^Aigoriihmui dcjnOMrtraiftrj I, cap. fx. Formerly attributed to Jordiuua 
Nemorarius (£. 1235). Sec G. Enestrbtn, Mibl. Maih., XIH (j), 289, sfl-a, 331, 
'See J. O. Halliwell, Kara (LoruJon, 1035—1^39), ad ed,> LB41, 

p. 7; hfireaFtcr referred to aa. Halliwcll, Kara Math. 

■sWith one Or two other methods. 

Such writjer& as Tzwivol (1505)^ Clichtoveus (1510 edition of his Boe¬ 
thius, fol. 39), KjBbel (1314; 1349 ed,, fol. 120)^ Stifel (1544), GhaJigiii (1321)» 
Raets (ijEoTf and Clavius (1533). Some of the- more prctentioiii writers^ Fkf 
Fadofi [1494) a.Ttd XartaglEa (1356), gave aiH three method^. 


42 

£7 

35 


54612 
1376^ 

54613 
35 ® 43 
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not unfavorable tn it, although they in general preferred the 
borrowing and repaying method. 

4. The addition method, familiar in ** making change,’^ is 
possibly the most rapid method if taught from the first. To 
subtract S7 frorn 243 the computer says: "7 and 6 
are 13; g and 5 are 14; i and 1 are 2 ; or else 
he says: "7 and 6 are 13; S and 5 are 13; o and 1 
are i,” the former being the better. The method 
was suggested by Buteo (1559) and probably by 
various other early writers, but it never found much 
favor among arithmeticians until the 19th century. It hag 
been called the Austrian Method, because it was brought 
to the attention of German writers by Kucknck (1874), who 
learned of it through the Austrian arithmetics of Mocnik (184S) 
and Josef Salomon (i S49). 

S* Multiplication 

General Idea of Multiplication, The development of the idea 
of multiplication and of the process itself is naturally more In- 
terestir^ than the evolution of the more primitive and less 
intellectual processes already described. Just as addition is a 
device for obtaining results that could be reached by the more 
laborious method of counting, so multiplication was developed 
as an abridgment of addition/ It was simply a folding together 
of many equal addends. This is expressed not merely in the 
Latin name^ but in the corresponding names in various other 

^Attention was called to this tact by various i6th century Thua 

Ramua CJ5&9) remarks; "Multtplieatio est qua multipbcandus totlea additur, 
quoties uuitas in mulEipincante continetur, ft habetyr factua.^ Schoneri in his 
commentary, adds: ^Tdeoqj muitiphcgrtio est additio, aed ejusdcnj aumeri 
secuirij nC diueisorum" edition of the Libfi duo, p. la). Even as eatJy 

as c. 1341 Rhabdas mcntiimcd the same fact. See Tajinety, Notices et cr- 
traiis dcs manuscrUi de !a BibL XXXlli 155. 

2 From (many) + pikare fto fold ); compare also our word "mani- 

told-” The term is simply the Latin form of the Greek (poly- 

pl/isia*sein), as used by Euclid, Pappus, and DIophantus. ot 

85 used by Hewn and Pappus, the latter both 

forms. Sucb words as "three-ply” and "fotir-ply” illustrate this use of 
plicarf. 


243 
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languages.^ The Latin writers of the Middle Ages and the 
Renaissance speak of leading a number into this multiplicity 
which explains our use of the expression "tj into b” still retained 
in algebra but discarded in arithmetic. 

Definition of Multiplication. The definition of multiplication 
has often disturbed teachers of arithmetic because of their 
failure to recognize the evolution of such terms. It gave no 
trouble in the ancient for the numbers there involved, 

in speakbg of such a process, were positive integers; whereas in 
the ancient hgistfca no attention^ so far as we know^ was paid 
to any definitions whatever. When, however, the notion of the 
necessit>" of exact definition entered the elementary school, 
teachers were naturally at a loss in adjusting the ancient limita¬ 
tions to the multiplication by a fraction or an irrational number, 
and by such later forms as a negative or a complex number. 

One of the best of the elementary definitions referring to 
integers, and at the same time one of the oldest in our language, 
is found in The CrafteofNombrynge (c. 1300): '^multiplicacion 
is a bryngynge to-geder of 2 thynges in on nombur, quyeh 
on nombur contynes so mony tymes on, howe mony tymes l^ere 
ben vnytees in fe nowmbre of pat 2.”^ The same definition is 
found in the arithnietic of Maximus Planudes 1340),* in the 
first pKnled arithmetic (1478),® in the first noteworthy com- 

1 Compare the German works of the 15 th and rfitJi centuries, 'with their 
mannisfaJU^en and •aervieljachtn. Crainmateua speaks oE “Multiplicatio 

Oder Merunp.” 

*''![ Si 5 lLqwi& tiumcTus . + . duc^LUr," 35 Jordfl.nu 5 NemcnRriug (c, 

Says {i4g^ edition of the arithmetic, iol. C^, et Simdlarty Clichtoveus 

4. in -i. et fit .jz/'j Gemma Prisius (1540), "Mvlliplicarc, eat 
ex ductu vnius numeri in Altemru numerum producere, qui tofies haheat in se 
multiplicatuin, quoties multipHt^ vnitatcm“; and many' others. In the Latin 
edition od hia aritiiinetic (ISB3^ iSSS td,, p. 36) Clsvius has " Multiplica tin tst 
doctus vnius numeri in aiitim , , , Vt numtrus fi, in numerum 5. , . . duel 
dicltur . . .but in tbe Italhin ediUon 11^36, p, he usfs per for in, thus: 
“Mokiplicaice vn numero per vn- altro.^^ 

^R. Steele’s proof-sheet edition, p, 21 (Loudon, 1B94)- 

^Wflschke, Flanud^Sf p. 13. 

^"Che moltEplicate vno nUero pec si ouero per vno attro; non t altno : the de 
do rinmeri ^osiU t Lroncte vno terzp numero: el quale tante volte contien vno 
de quelli numeri: quante vnitade sono nel altro. Exempio .2. ha 4. fa .S. ecco cho 
,3, coti6 in se tsmte .4. quante vnitadc sono ncl .j.” Treviso arithmetic, p. [sy]. 
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mercial arithmetic (1484),^ and in numerous other works.’ 
Records (t. 1542) set the English standard by saying, ^'Multi^ 
plication is such an operacio that by ij sumes producyth the 
thyrde* whiche thyrde sume so manye times shall cotaine the 
fyrstj as there are vnites in the second."^ 

A somewhat more rehtied definition, including the notion of 
ratio, was necessary for fractional multipliers, and this appeared 
occasionally in the early printed books, as in Huswirt (1501)/ 
Its use in English is largely due to the influence of Cocker^s 
popular arithmetic (1677), where it appears in these words► 
“Multiplication is performed by two numbers of like kind, for 
the production of a third, which shall have such reason [ratio] 
to the one, as the other hath to unite The idea is Oriental 
appearing in various Arab and Russian works^"^ 

The elementary teacher generally objects to such a form as 
2 ft, X 3 ft. = 6 sq. ft., and on the ground of pedagogical theory 
there is some reason for so doing, but not on logical or historical 
grounds. With respect to logic, it all depends on how nnultipli- 
cation is defined; while with respect to history there is abundant 
sanction for the form in the works of early and contemporary 
w riters. For example, Savasorda'' (c. 1120) and Plato of Tivoli 
(1116)^ broaden the definition in such a way as to allow a line 
to serve as a multiplier, and Baker (15&B) remarks, “If you wil 
multiply any number by shillinges and pence,” an expression 
commonly paralleled by children today. Few of our contem¬ 
porary physicists would see anything to criticiae in such an ex¬ 
pression as 6 ft. X 10 Ib, = 60 foot-pounds, and in due time such 
forms will receive more recognition in elementary arithmetic. 


^Borghi, 1540 ed, fol. 6. 

-E.g., Tonstall, 1523, foi. G i; Stiiel, ArithmEtim liLUgra, 154*, iol Sfor- 
tunati, 1534, 1S44/B cd., foT. 11Tarta^Ha, 1356; Trencliant, 

3 1553 ed„ fol. Gi. Digges (15^25 ed., p. 4) the same form. 
^“MuJtipllciLlo C5t nvmeri procreatio, piropartionabllibff w habcntts ad mul- 
Uplicandil slcut multipHcaxis ad vnitatem se habct" (fol. 3J. 

= Se* Taylor, Introd., p. 

B«bi| Eddin (c.ifioo). Itis slilE used in Busian tesliMJoks on arithmeUc. 
^Abrabam bar Chila. 

3 In bis translation of Savasorda : " Et primum tjuidem esponEmus^ quid sig- 
nificare ve:limu5, cutp dScimus: raultiplicatio lincac in 5* ipsam/^ 
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Tenumolii-gy of Multiplication. Of the terms employedj "mul¬ 
tiplicand” is merely a contraction of numerus midtiplicandus. 
In The Crafte of Nombrynge (c. 1300) it is explained as "Nu- 
merus mnltiplicanduSj, Anglice j>e nombur fe quych to be mul¬ 
tiplied*’^ In most of the early printed Latin books it appears 
in the full form/ but occasionally the namerus was dropped, 
leaving only multipli/^ufidu^ * and this led the non-Latin writers 
to use the single term/ A few of the Latin writers suggested 
multipikatuSf^ so that we had at one time a fair chance of adopt¬ 
ing "multiplicate." In their vernacular, however^ many writers 
tended to use no technical term at all, simply speaking of the 
number multiplied^ as the Latin writers had done/' and to this 
custom we might profitably return. It is hardly probable that 
such terms aa subtrahend, minuend^ and multiplicand, signify¬ 
ing little Co the youthful intelligence, can endure much longer* 
The word ”multiplier" has had a more varied career. The 
Crafte of Nombrynge (c. 1300) speaks of “numerus multipli- 
cans. Anglice^ nombur multiplijmge,” the former being the 
Latin name for "multiplying numberSince the word hm- 
merus was frequently droppedby Latin writers, in the trans¬ 
lations the technical term appeared as a single word, with such 

Cltchtovfiua (1510 edition of Boethius, fol. 35), TonsL[L[l 
Grsmmaleua fTgTS), Scheubel <1545, I, cap. 4). 

Pstcioli (14^4, fol. a6), Lkht (iJm, foL 6), Huewirt (1501), Ciiuclo 
ft45.s>, GliircflJiu& [la^aL Fine (iSio). 

^ Thua Trenchant usetl TtinltiplUand^ cd., p. 33). On the Itatian 

writers aee B. Eoncompagni, Aili d. Acnademia. Foniifida di Nucm Lincei, XVI, 
520; hereafter Tfifemed to as AUi Pontif. 

Tzwivel <1303) used "nticriis multiphnidus siuc multiplkatus,” and 
Gemma Friaiua (1340) used mullipliamdus and interchangeably. 

So the Treviso arithmetic (i47fi> says: 'Tntendi bene, the ne la moltiplicatione 
sons pridpaJmente do numeri necestirii. aoe el nOero mottipJicatore: et el nuero 
dc iir jnolljpHHzata " {p. [s?!), which U not quite the sajRC usase, 

"Thufi Chiniuet (1484) fititiply apeaJiS of "le nombrt moItlpTie,” and simi¬ 
larly with Earfhi (14S4)] Ricse (1512 ^ 1525 ed., p. S), Sfortunati (1534; ^544/5 
ed., foL ii), and otheta. Digges (13733 speaks of it as "the other summe, or 
number to be inultiplied.^ 

*Thu5 Johannes HkpatenaiE, (f. 1140); see Boncompapni, Trattaii, II, 41. 
Clichtoveus cdEtjan of Boethius) uses wwftipiiciittj both as an adjective 

and as a noun. So also HuawLrt (1301, fol. 3), Ciruelo (1403; T513 ed., feh 
A 63 , Grammatetis 1513 ed., fol. A 4), Gemma Frisius (1340), and 

many others. 
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variants as "multiplicans,”' ''moltiplicante,”= " multiplicator/” 
"multipliant and “multiplier 

The word “product” might with almost equal propriety be 
applied to ^the result of any other aritiimetic operation as well as 
to multiplication. It means simply a resiiltj® but it has some 
slightly stronger connection with multiplication on account of 
the use of the verb duc^r^ in the late Latin texts.’ It has, how¬ 
ever, been used in the other operations by many writers, and its 
special application to the result of multiplication is compara¬ 
tively recent. The tendency to simplify the language of the ele¬ 
mentary school will naturally lead to employing some such term 
as "result" for the various operations. 

The authors of the early printed books often took the sensible 
plan of having no special name for the result in multiplication. 
Certain of them used “sum"“ or “sum produced,while jactus^ 
a natural term where jactor is employed, had its advocates.^® 
Finally, however, the 'mt^nerus was dropped from mtmerus 
productusy and "product” remained/® 

iPacioli, fol. 36 . sCatiltlEn i 6 oj, p. 31. 

^Multipit'cador (Pellos, 1461, fo!. 3 ), m-^dtipUcalort [Ortega, igia; 1515 ctj., 
M, iOh ffntiifpikdipwF (Baker, isEo ed., fa]. t 6L The word waa com¬ 

mon in Engtisb. Greenmood used it, with '^muhiplier/’ in the: 3^29 AmeriMn 
arithmetic. 

^Pdetier, 1549; 1607 ed., p. ^4. 

^“Thjt Icsse is nanued the Multiplicartor or MulUplyta:." Digges, 25733 2J79 

ed.j p. S'. 

Latin pradstcers (to lead iorUi); whence predvetam (that which ia led forth). 

^See pages loi, loj. 

PacSoli Ct4iJ4i fol. aS), Ortega (1513; iSig ed, fol. isj, and RjtcnnJe 
(t:, 1:543 : 1:553 ed„ fol. GsJ. Fine (1530) nsesit as well as Huin^ruj productm. 

^Tliua Hodder (icth ed., 3672, p. 25) F.pcaks of "The Product, nr sum 
produced."" Similarty, Clichtoveua uses both nurntrus fro duct m and 

tola samma, and Glareanus (1553) uses summa prtrduUa. 

i^^Thua, Fibonacci (isos) uses “[actus ei rati]tEpEicatfone." He also speaks of 
the "contemptum Sub diiobiis numetis.'* Ramus (1569) apeaks of the facitis m 
multiplication, and in hia treatment of proportion he says; "Factua a inedfn 
aequat factum ab extreinia.” 

^Aa in Licht (1500) > Kuswlrt (1501}, Gemma Frisiua (1540), and ScheubcE 
{1545)' 

^Proditiiy Trenchant ; prodatio^ Sfortunati (1534) andCataldi (1603), 

or prodotio by later ItaEiao wiitcia. Unlike moit of the Latin terms It found 
place in the early Teutonic vocabulary, aa aeen in Werner (iSGr) and such 
Dutch urriten as Petri (13^7)1 Rieta (15S0), and Coutcreels (1599). 
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The Process of Multiplication- We know but little about the 
methods of multiplication used by the ancients. The Egyptians 
probably made some use of the duplation plan, 17 
being multiplied by 15 as shown in the annexed 
scheme.^ It is also probable that this plan ^vas 
followed by other ancient peoples and by their 
successors for many generations, which accounts 
for the presence of the chapter on duplation in 
so many books of the Renaissance period - Im 
deedj even as good a mathematiciaii as Stifel 
multiplied 42 by 31 by successive duplatioiij sub¬ 
stantially as here shown.^ 

There is also a contemporary example 
of the use of duplation and mediation^ 
found among the Russian peasants today- 
To multiply 4g by 28 they proceed to 
double 38 and to halve 49, thus; 

49 24 13 6 3 X 

28 56 112 224 448 896 

The fractions are neglected each time, and finally the figures in 
the lower row which stand under odd numbers are added^ thus: 

28 d- 443 + 896 = 13 72, 
and this is the product of 28 x 49/ 

Greek and Roman Methods. The abacus* was probably used 
so generally in ancient times that we need hardly speculate on 
the methods of multiplication used by the Greeks and Romans. 
It is quite possible, however, that the Greeks multiplied upon 

^P. Tannery, NoIkh ei arinailJ dei majiiucfilJ fci Bitl. net., XXXIT, 1333 
Fenr I'fiisteire dp lo jdence htlikn£f p. Ss (Paris, iSS;); Heath, HiilUTy, I, 

-Sm his RccfiEJibuch p, 12, He uses » aimilai process for division. 

*In the above caae we Lave 

-V -V- n 

4^ 24 X a 6 3 I 

1 ■ 2 ■ aS 4 ■ zS S H sE r6 ► 3S ^3 . sS 

Here 4^ I jS = (33 4- (6 - 3 - t) H ^ S96 4 4(|S + aS = 1331. 

^ See Chapter llL 
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thdr wax tablets about as we multiply, but beginning with their 
highest order and there is no good reason why the Romans 
should not have done very nearly the same* Indeed, in Texeda’s 
arithmetic {1546) the "Spanish method with Roman numerals 
is given side by side with the new method of "Guarism,” thus; 


ccclxxv-—-vijUD.vj - ■ 7X1506 


ijqsccljUDccc.. 

3251U300 

DxxvUccccxx. 

52SU420 

xxxvijUDxxx. 

37 ^ 53 ° 

i jqs Dcccxiiij UDcd. 

: 3 qsSr 4 U 75 o 


It should be observed^ however, that the small tradesman has 
never had much need for this kind of work.“ 

Padolfs Eight Plans. Our first real interest in the methods 
of multiplication starts with Bh^kara’s L^avaii {c. 1150)1 
fchough we have a few earlier sources. Bhaskara gives five plans 
and his commentators add two more. These plans had increased 
to eight when Pacioli published his Suma ( 1454), and these will 
now be considered. 

Our Common Method of Multiplying, Our common form was 
called by Pacioli “ Multiplicatio bericocoh vcl scachierij/* and 
appears in his treatise (fob 26, r.) in the following form: 


Multiplicandus. 0876 

Producentes. ^ 

MuLtiplkans, 6789 


summa 


r^sj8|a|4 

|7|9ib|oi'8~ 

31^1 

5 [ 9 [ 3 ( 5 i d 


6 7 D 4 S I 6 4 


schachieri 

Bericuocolo 


iP. TfiLCincry, JV'iJittfj £l extraits dfs tfi la 3ibi. nar,, XXXII, ia 6 ^ 

Heath, History, I, ^ 4 . 

rntercatins witne^ to this fstft h the tnt Bulsartan arithmetic 
described in Mai^^tnatiqtte p. 
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He says that the Venetians called this the method "per 
scachieri” because of its resemblance to a chessboard,^ while 
the Florentines called it "per bericuocolo be¬ 
cause it looked like the cakes called by this name 
and sold in the fairs of Tuscany.^ In Verona it 
was called "per organetto,"^ because of the re^ 
semblance of the lines to those of a pipe organ^ 
and "a scaletta” was sometimes used 
because of the "little stairs" in the 
figure, as seen on page 107.^ 

This method is not found directly 
in the JJldvaiij but two somewhat similar ones 
are given. In the first of these'’ the multiplier 
is treated as a one-figure number and the work 
begins at the left^ as shown above ; in the second/ 
which is shown in the above computation at the rightj the mul¬ 
tiplier is separated as with us, but the work begins at the left 
as in the preceding case. 


135 

12 

1G20 


13.'; 

I 2 

I ■’ 

60 

iGio 


the modern Oiir word "eiclieqLier" ccimK from the 

sime mot. See page iSB. ITie apeUing varies often in the same book. 

r . , el primo e detto multipUcare Scacbieii in vinegta ouer per altro nonie 
per bericnocolq in firen^a , . , el ptimo modo d1 muklplkare chiamariq. Beri- 
coocolo; perith^ pare ligura dc ^sti tKricnocoli; □ cofortini ehe se vendano ale 
leatfi’’ (fols. 26, r.i as, tf.), A MS. in Dresden, dated 1546, has ^lo modo di mnl- 
tiplicnre per ischachiere." B, Bonenmpagni, Alti Pantii.^ XVI, 4^6, 43^. An un¬ 
dated MS. in the Eiblioteca Magllabedhiana (Florence, C. 7. Is^o. 2645) gives 
the natne aa iicacherio, icacherio, and hchacfierhr Cataneo [15464 1567 ed., 
fq]. 10), aUbough prEntins- his work in Venice, calls the method bfrkvttcoh. 
Those who do not have access to Paoeli may find the methods in faqsEmilt in 
Boncompagni, insditi d^l P, D, Pi^tra p, 116 (Rome, iSg?), 

a work more likely to he found in university libraries. 

^So Feticiaao da Lazeaio (igid) saysj ’'Del roulttplkarperacachiervocabuEo 
VenitSano, ouer baricocnlo uocaboto FEorentino, ouer multipticar per organetto 
uocabolo Veronese" (1545 ed., fol. is). Similarlyj Tartaglia (1556) says: 
“DcT aecondo modo di multipticare detto per Scachero, ouer per Baricocolo, 
ouer per Organetto'’ {Gtnerd Trai-taio, I, sg (Venice, r^.qfil). 

^"Multipbcatkine a Scaletta aRgrepatione a bericocoJo," in a MS- at Park, 
described by Bonecunpagni, Atti Pontif,, X\T, 331, 

* The Svicirupa g cf7ici«oni, ” the multiplier as ■a factor." Tt is Ehaskam’s hrat 
method. For the method oi MahSvIra (£. Sgo) aw bis GaKitfi^Sdra-Sangrahdf 
Madras, igia, p. 9 of the translation [hereaiter referred to as AfoAavira). 

'"The SPhana ^uKCHaBi, ’’multiplication by places.” It is his fourth method. 





CHESSBOARD METHOD log 

Since TniAltiplicatioa. on the abacus required no symbol for 
zero^ the earlier attempts with the Hindu-Arabic nUTtierals occa¬ 
sionally show the influence of 
the calculi. This is seen in a 
Paris MS. in which the mul’ 
tiplication of 4600 by a 3 is 
described in a manner leading 
to the form here shown It is 
possibly in forms like this that 
the chessboard method had its 
origin. 

The name scacMero was used 
for a century after the chess¬ 
board form had entirely dis^ 
appeared. The Treviso arithmetic (147S) does not attempt 
to mark off the squares^ but the audior 
uses the namej^ as did various other Italian 
writers/ It was also used occasionally in 
Germany^* England/ and Spain/ but less in 
other countries. 

Even after this method was generally 
adopted, the relative position of the figures 
was for a long time unsettled. In the oldest 
known Gernoan algorism^ the multiplier 
appears above the multiplicand. In the 
RoUandus MS. (Paris, c. 1454)" the ar¬ 
rangement is a 3 here shown. In the Treviso arithmetic the 
multiplier is sometimes placed at the right, as seen in the 
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iM. Cliasles, Csnaptes rcndus> XVI, 2^4. {1543}. 

. . luedi al modo. ioc al moltiplicare ppr Bcachitra" (lol. 19). 
^Boighi ^1434) onijr this method, draigrtating it '^pcT seachier;'^ 
PetEcnateiner U453) "Aha icb wil mLirtiplicireci in Scacbtr.’’ 

^iRficorde (c. 1543) gp^aks af ’’one way that is wrought by a checker table'' 
(i5^S ed., fot GS). 

'^'rhuB Teredo (i546)tiescnbeB nmltipltcation "esH^r 0 berricoJo-'’ 

"^A. Kafjln "Ueber eine Alsoiismua-Schnft dcs XII. JahTb.;' JiJr 

Mathenjitik Phyiik, HI. Abt., XXXIV, Thh jcuraal is heresfEcr 

referred to as Zeiisi:ftn}t (HI, Abt.). 
sifaro drithmetiiHy p. 44#- 
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annexed facsimile; Widman (14S9) gives the same arrange¬ 
ment in his second method; and this lateral position of tiie 

multiplier is preserved in our syn¬ 
thetic multipUcation in algebra. 
The placing of the multiplier above 
the multiplicand^ is possibly due 
to the fact that the writers of 
that period did not greatly concern 
themselves as to which of the 
two numbers was the operator, al¬ 
though the smaller one was more 
often chosen. The difficulty of 
settling down to a definite arrange¬ 
ment of figures is seen by a study of the various editions of the 
Taglientes^ popular Lihro dabacs,^ eight of which ^ give the 
following examples: 


(1515) 

(1520) 


(1547) 

4 S 6 

451^ 

4515 

45 ^ 

23 


^3 

23 

1368 

1368 

136 3 

136S 

gii 

912 

912 

912 

1043 s 

104S8 

1048 S 

104SS 

(^ 5 So) 

(i 5 < 5 i) 

(1364) 

(1567) 

4 S^ 

456 

451 ^ 

456 

23 

23 

23 

23 

1368 

1368 

136S 

136S 

912 

912 

912 

912 

10488 

10488 

104SS 

ro4S8 


The various other editions give arrangements similar to the 
above. Some of these forma are doubtless due to printers' 
errorSj but as a whole they go to show^ that a definite plan had 

lE.g., Sfottuoajti, IS34.; 1345 ed., foL ii. 

^ tilt work of two iutbors. “Tie date£ ippe^r in parentheses. 


9^4 
3 •* 1 4/4. 

9 3 4 /* 

» go %/ j 

»9 } z VS 

SCACCHEEO MUIrTlPLlCATIOJST 

Prom tkc Tncvisd anllimtttc,i478. 
In this lie multiplier is placed 
at the 



THE CASTLE METHOD 




not been agreed upon in the i6th century^ although the general 
chessboard method was given the preference by most writersj^ 
other methods being looked upon as mere curiosities. Thus 
Hylles (r6oo) says: 

Also you shall vnderstand, that there are besides these sundrie 
other waifis oi MulliplicatioDj aswell with sqiiara as without which li 
you list to leame 1 referre you to M. Records ground of artes, where 
you may finde plentie of varietie. 

The Castle Method. The second plan of multiplying laid down 
by Pacioli was, on account of the form of the work, known as 
"the castle” or, in Florence, "the little castle."^ The signifi¬ 
cance of the name is best understood from the first e^iample 
given by Pacioli. 


9S76 

6 

Per .7 


6 


678^ 

I 

Prou^ 


6 i lorooo 

Castelucio 543 s 2 00 

476230 [jfc] 

40734 _ 

Suma 6 704 Si 64 ,r. 

It will be observed that the figures are arranged somewhat 
like the wall and turret of a castleThe scheme was merely 
a copy-book invention of Italian schoolmasters and, al¬ 
though enduring until the dbafe of the 17th century or later.^ 
was always looked upon as a puerile method.® 

IThus culls it "vn mudo fiimcralssfliinD da hostii antichi 

pratici ritrauata, £ piu di aidin' alLrg Fa^ani altb<dLij;h 

a ItsL of methcMJs like FacioEi, prefers this one, calling St ''molta vapu^' {very 
pretty) atid “moltu sicqra” (very certain). 

-"Del niultipiicare per custfrllo ouero caatclluccio vocabulo Plcrentino'' 
(PelicianoT iS 45 is). 'PadoU (149(1,) says of it: "'El Eccondo 

mod 9 di multiplicarc ^ detto caatallucia(fat r.), and a MS. af Benedetto da 
Firtnze of c, 1460 calls it ^elchaateluodo.^' Jn Spain {Teicda^ 1^46) it appears 
a5 ^El .2. Kiodo le dise castellucio,” 

3 The figures at the rij'lit are tht proof by casting out 7^. 

*lt appears in Ciacchrs Rtgolt Gett^-roU d’ Abbscet fnt B3 (Flon^cc, ifiys). 
“Thus Fa^^ni (1591) says; "ma piii, toslp capriciosc ch’ vsitato, fr vtile," 
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The Column Method, The third method given by Pacioli is 
known as the column or tablet plan/ By this method Ute com¬ 
puter refers to the elaborate tables, always in columns, like 
those used by the Babylonians, which are found in many of the 
15th century manuscripts. It is essentially nothing but a step 
in ihQ development of such elaborate and convenient multipli¬ 
cation tables as those of Crelle and others, which appeared in 
the r9th century. 

Cross Multiplication* Pacioli’s fourth method was that of 
cross multiplication, still preserved in our algebras and used, in 
simple cases, by many computers. To this he gave the name 
"crocetta'^ or "casella,”“ adding that it is more fantastic and 
ingenious than the others.^ His most elaborate illustration is 
that of 7S X 9876: 



i“E] ter^o e detta inqltiplicare jp colOjia fqer atauoEetla" fi4g4 ed.^ fot. afi)* 
CatanM (1546; 15 6 ^ cd., ftjl, S) it oUicr n^mc, mvEtlplicar a k 

mem9ri[i dctto uutgajmente^ Ca^cilc 0 Libn-ttlnje,'’ and the Taglientes (1515) 
speak pf it aa “ choloneLli." Tejceda ti546)j who folln’sys Padoli very du&dy, 
speaks of H "cfllojia 0 taboleta." M “per colona” it k the first method 
given in the Trtviw (1478) arithnieLiCj and thk name k ako qsed by Eorghi 
(14$4 )h Tkrtaglia (1556) calls it the oral or mental plan ('^per diaenrao, ouer 
di testa”) aa well aa "per colona*^ and "per colonelb.''- 

®''De 4^. mfl molLipIicamdi dicto crooetta sine casella.” The Trevko aTith- 
metic calla it the method of the aimpEe little cross: “ Attendi diTigEtamentc a lo 
aegondo mode: aoe moUiplkarc per cr^etta aimpiite.” The name crtrceiia wag 
the more common one, for EellckJHi (1526) speaks oi it as "per crocetta 0 voE 
dire per cascla^j Cardan (1535) eives it only the name "modus myltipllcSdi 
fi crucetft”; and Tartaglia (iss^) and Cstaneo (1346) call it meiely "per 
croaetta.” Crocttla means a littlE crosj, and Cas^h (a little house) ia often used 
for “ pigeonhole.” 

^ . pin fantasia e oeruello the aIcQo d’ gEialtri-” He admims itj however, 

as “ belli e sotil e fo bel trouato” (fol. 38, rj, 
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The filling of the vacant places by zeros, in 0078, was not 
unusual among the Arabs* Thus in a manuscript of one of the 
works of Qosti ibn Liiqa* (c* 90c?) the multiplication of 21,600 
by 4 appears in this form: 

rn-- 

t « * • s 


The plan is ancient^ appearing in the Ltldvutt (c. 1150) as 
the tal:£t*ha method, or method of the stationary multiplier, in 


distinction from the advancing 
multiplier, where the multiplying 
figures were advanced one place 
to the right after each partial 
product was found* This method 
is shown on page iiS. The 
method given in the Lildvati is 
fully explained by Gane^ (c* 
^535) his commentary on 
Bh^kara.“ It also appej^rs in the 
arithmetic of Planudes(i. 1340)^ 
but in the forms here shown:® 

S40 11404S 

^4 432 ^ 4=3 

35 264 0054 

While the first of these cases is 
simple, it is doubtful if the other 
two were practically used. 

Some of the work of the Ta- 
glientes (1515) is related to cross 
multiplication, as may be seen 
from the illustration here given* 



AN ITALIAN METNOD OP 
laULTIPLTCATION 

From the 1541 editJon ol Lhe 
TVigllecities' of rjig 


3 The MS. dAted iioe A.n. ( ifigj a.d.) . 
^Colebrooke, LUdvati, p. 6n. 


“W’lsjchke, p. 14 .. 
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On account of the difhculty of setting the crossed lines, printers 
often used the letter X between the multiplicand and the multi¬ 
plier^ and this may have suggested to Wright (i6iS) the multi¬ 
plication sign ( X ) used by him and his contemporaries. In 
Pagani's arithmetic of isgij for example^ the work in cross muL 
tiplication appears as follows: 


3 ^ 4 3 ^ 

X IXIXI 

2_ S 364 


Soo 


1S724S 


He recognized that the method is not very practical with num^ 
bers of more than two figures/ 

The Method of the Quadrilateral. The fifth method given by 
Pacioll is that of the quadrilateral/ It was really nothing but 
the chessboard plan with the partial 
products slightly shifted, as is seen in 
the illustration from the Treviso arith¬ 
metic (147S) here shown. 

Gelosia Method. There seems to be 
no good reason why Pacioli should have 
postponed to the sixth in order the so- 
called gelosia, grating, method, also 
known by the name of the quadrilateral, 
the square,^ or the method of the cells,' 


9 ? 4 , 

f?hl ?r ^4 

I igM ! 4 !* 

JUSTdijs 

f i 2 , 16 


MUUTIPLICATION PER 
QUAnRILATERD 

From the Tsreiriso arith. 
mctic, 147S 


I'Tl moltiplicare a crocetta di tre ifiguire, e asiat pm difidte de priimo. . , ^ 
1[ motLipKcare per crocetta di 4. ^igyre e piii diftcik del 3 i sopr* nominatij & 
quanto piu sonp figure, tarsto pEu £Ono difLcik^' Ip- 17). 

ii“El quixito ino e detto jp ^drilatero" (Fgl, r,X It appears in Pa^ani^F 
work (r5gi) as "per quadrato.” IL is often merged with the geioiia method 
next mentioned, ai when Tartagtia. (1536) calls it ^'Pec Quadrilatero, oycro 
per gelosja." 

3 "El sexto modo e detto §felosda oger firallcola.’’ Tartaglia (1556) says: 
" 11 quinto mode di multEplicare t detto Quadrilaterio qua[ ft aasai belio, perche 
in quello n 5 vi occorre a fener a naente le decene.” Varioua otbcT names are 
used, such as ^^modo de quadratn” (FeUcUno, ijafi), "j(i quadro’^ (ifitli century 
MS. of Gio. Dom. Marchcai), "per sqgadrado” (undated Bologna ME.>. 

. r per le figure de le camercte,” "dala fugura dela camerella,” the tells 
also heing called "camert triangulate." This ia in an '‘ndated Turin MS, See 
B. Epnccmipagrti, Aiii XVI, 44S, 
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and to the Arabs after the 12 th century by such names as 
the method of the sieve^ or method of the net,- 

The method is well illustrated by two e^tamples from the 
Treviso (X47S) book hero shown. It will be observed that the 
diagonals separate the tens and units and render unnecessary 


4 y 4. 
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I’lKST PEtNrnD CASE OF GELOSIA MULTiF UCATIOM 

¥iam the Treviso arithmetic (1473) j ahowieiK the form from which the Napier 

rods were developed 


the carrying process except in adding the partial products. 
These diagonals sometimes slant one way and sometimes an- 
otherj hut in general the direction from the upper right-hand 
corner to the lower left-hand corner was the favorite.^ 

The method is very old and might have remained the popular 
one if it had not been difficult to print or even to write the net. 
It was very likely developed hrst in India, for it appears in 
Ganesa's commentary on the Lildvati and in other Hindu 
worksFrom India it seems to have moved northward to 


^Tn the writings of Albania (f. 1300^ possilily due to hta cnmmcntatiJrj 
al-QaJasadi {c. X4y5). Stc F. Woepeke, Joumai AsioUquei I (&)► Sis. 

Suterj. ‘Taa Rechcubuch des Abij Zakariji. Bidi. Math., 

II (s)r IT. 

5 See the Marxe trAnslatidn cf Eebi Eddin'fe (c, i 6 ao) KkolS^at df HiisAb, 
Pa-ris, 1^146 i RomiCH 1364, p. 13; herBafter referred to as Behl Eddin, C^oi^at. 
Also see hooka as late ss Giuseppe Cortcsc’i Arilvt^tka fNapltSH 

The contrary direction is seen in MSS. of Ibn al-Fri'im (c. 140a}, dated 
1132 A, fi. {ifsQ AJhanna (^.1300}^ an'l vartoua other Arabic writers. 

* CofchrDChkcj LiYJtiflii, p. 7. See aLso the introduction to Taylor^ Liiavmti, 
pp. io, 33. It was called by the Hindus. SAabakhr 
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China, appearing there in an arithmetic of 1593.^ It also found 
its wajr into the Arab and Persian workSj, where it was the 

favorite method for many 
generations. 

From the Arabs it passed 
over to Italy and is found 
in many manuscripts of the 
14th and 15th centuries. In 
the printed books it ap¬ 
peared as late as the begin¬ 
ning of the iSth century 
but more as a curiosity than 
as a practical method. 

As to the name gel-osia, 
Pacioli^s statement is more 
GSLosiA METHOD OF MULTEPLYiNO Complete than that of any of 

From an anonympus manuscJipt written in Contemporaries * 

FJonence f. The author deserlbea it 

as 3£isitipii£ha jp pnedo dt Quadrfxto The sixth method of multi¬ 

plying is called gdosia or grs- 
ticda . . . because the arrangement of the work resembles a lattice 
OT By gektsia we understand the grating which it is the cus- 




G£LOSrA MrmTIPLrCATIOM AS GIVEN BrY PACIOLI, IW 
ShtiiA.'itis the same double amngerDent of diagtmala as In the TkvIm boot, of 14^8 


^■Libri, Hisloire, 1 , 386^ sSg. 

in the id^o edition of Cootcreeia’a Cyffsr^Boscfi; in Padre Alessandro^ 
ArifnnuitM CRouac, 1714); and inGimseptJe Cortcse^ (Naples, ijiS). 
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tom to place at the windows 
they cannot easily be seen. 
Venice.^ 


of houses where ladies or nans reside, so 
Many such abound in the noble city of 


The Eepiego Method. Another method that was popular 
enough to survive and to have a place in some of our modern 
t^tbookg was called by the early Italians the "inodo per re- 
piego, that iSj the method by composition, or, more exactly by 
decomposition, of factors. For example, to multiply by 
multiply by 9 and then by S, thus saving the addition of c^rtial 
products. It IS one of several methods inherited bv the Italians 
through the Arabs, from Hindu sources." 


The Scapezzo Method. Pacioli’s eighth method was commonly 
known among the Italians as a scapezzo^ or multiplying by the 
parts, not the factors, of the multiplier.* TartagHa (155b) gives 
as an illustration ^ j / e 


26 X 67 = C3’h4-H5 + ^ + S) xb7 

= ioi + 2dS + 335 + 402 + 535= , 

but he could not have considered it as other than a curiosity 
although It was recognized by such writers as Ramus and 
Schoner." It goes back to BhSskara at least.'’ 


^^^Geloela intendiatno quelie fraticelle ch ai castumono metttm ale finestre 
(1C 1& caae dou* Tiabitano d&ne aci* nS al pos^ino faciimfe c viedere 0 altri rc]iriosL 
Didic niolto abonda la ejcteka. du de uincgk” {ia\. j8, r.). The word fouad 
its way into French as meaning a Wind, and thence psmsed intn Ger¬ 

man and was carried even to the Far East, where it is met with today. 

^Pacioli e^la^ the term thus: “Repiego de vn inimeta sh intende el pro- 
ducto dt doi altri nutneri che multipJicati vno nel laltro fanno quel tal nuinero 
apcmto: del quaTe eal sonno ditti rtpic^hi” (fol. aS, v.l. It a Tartaglia^ 
third method. See also Terquem^ Bulletin, Vol. YT, and B. Eoneompagni, Atti 
Pntitif.j XVI, 404, 

"It appears In Taylor^a notes on the Lilavaii under the name vibkasa gmtimam 
fatibmuitiple multiplicaLhjny See tranaiationj p. Sn. 

*'"'De octano modo multiplicand] dictn aschape^co.” Paciolij 1404, fol.ao, r. 
Tartaglia gives the name as "spesato, ouer speEzataTqente.” Gtntrai Trattato, 
155 6f I, In Teaeda^s Spanish work of 1546 it appears aa esaipe^-o^ 
ed„ p, jS. 

^Soe Taylor's translation, p. S. The name in his notes is kfianda gufumatti 
tparts roultiplttatiion). 
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Minot Metliods of Multiplying. Besides the leading methods 
given bj"' Pacioli there ate many variations to be found in other 
early works. One of the most valuable is the left-to-right 
method, tlie ^*allo adietro’^ plan of Tartaglia,' still used to ad¬ 
vantage in some cases but hardly worth teaching. The Arabs 
occasionally used it^^ and the Hindus varied it by beginning 
with the lowest order of the multiplier and the highest order of 
the multiplicand.^ 

Another variant is seen in a cancellation method 
which went by various names. The Arabs called 
it the Hindu plan,^ and Taylor‘S found the Hindus 
using it early in the igih century. Al^Nasavi 
{c. 1025)“ and other Arab writers thought highly 
enough of the method to give it a place in their 
works. It may be illustrated by the case of 
76 X 43. The figures were first written as shown 
in the upper rectangle. The multiplication began 
with 7 X 4 = 28. As soon as a figure had served 
its purpose it was erased on the abacus and its 
place was taken by another. This procedure was 
modified in India, probably long after 200 "B.c., when ink came 
into use,’ the figures being canceled as here shown.*^ 

In the r5th and idth centuries there were numerous vagaries 
of the copy-book makers, the extensive discussion of which 13 


43 

76 


36 

3 H 

im 

43 

7 


^Gmerol Traitato, 1356,1, 35, t, Cataridri (140-1) ^ives a page (M- S) to the 
method. 

aJ-Karklu, c. 1020, Ste H. Haiiket, deJcArc&ie der MathejitaUky Leip¬ 
zig, iS?4, pp. s6, iS5; hereafter referred to as Hankel, GcsckicHte. 

An elaborate example of the kte use of the method ia In Marten JeJlen^a 
Bysandcrttddtjz (177^), p, 13. 

■*Thi^ translation of the teran Hmdaai, LiSL-d by many Arab writers, is, how- 
tver, dispnlerf. It also means numericat a translation that would have little 
significance in a. case, like this- See page 64. ’^Lilawati, In trod., p. 

^F. W'Mpdtei JajirKOi Aslaiiqiif, I (6), 457, 

^Sec G. Huhler, ittdiseke pp. 5, gi (Strasburp, 1896). 

*Thta esample is from an ±^rab arltbrnetipan, Mohammed ibn Abdall&h ibn 
‘Aiyash, Abfi ZakarSyA, commonly known ai al-Hassar (c. 1175 ?>. See 
H. Siiter, Math., 11 (3), 16, Substantially the same plan is qsed by al- 
Qalasddi (C-1475), ibifi., p. ly. For various arrangements followed by the 
Hindus see Colebrooke, LMvaii, p. 7 n. 
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not worth while. Suffice it to say that certain teachers had their 
pupils arrange the partial products in the form of a rhombiiB, 
and even as good mathematicians as Tar- 
taglia (1556) and Cataldi (ifio^) mul¬ 
tiplied "per Rumbo^^ and "a Rombo," 
Others arranged the figures so that the 
outline of the work looked like a cup^ 
chalice, or beakerd The better writers, 
however, recognized that such work was 
time-consuming 

Labor-Saving Short Method$^ Besides 
the general methods already described 
there were many special devices for the 
saving of labor. Even when the multipli¬ 
cation table was learned, the medieval 
computers did not require it beyond 
5 X 10, and various plans were developed 
for operating under this limitation when 
an abacus was not conveniently at hand. 
Of these methods, one of the best 
known is a complementary plan that is 
found in many of the i6th 
century books. To multiply 
7 by Sj write the numbers 
with their complements to 10, as here shown. 

Then either S — 3 or 7 — 2 is 5, and 5x3= 6, 
so that 56 is the product, the operation not re¬ 
quiring the multiplication table beyond 5 x 10 in any case. It 
is given by such writers as Huswirt (1501), Fine (1530), 
Riese(i522), Rudolff (1526), Stifel (1544), Recorde(c. 1542}, 

^Thus Tattaelja. caJLs the plan 'Ter Coppa, oyer per Calife," and Cataldi 
says; ^'dalla forma Joro si possouo chiamarc a Calice. Cuppa, Tajia, o Eic- 
chiere.''‘ In Spanish tTcaeda. 75415) it appear?, a? "per copa'^ ajid h incorrectly 
given as "a la fraceia." U Frtndi method)- It ig essentially the method used 
by Juan Diez, Mexico, 1356, as shoii'n in the illustration. 

^So Turtafi-lva r "troyatc pin per moatrarvn plu5apere,chepera]cLiTia viilita” 
(1S92 cd., fol. 40). Other curious forms anc given by Coutereele {uSoa ed.> p. -S) 
under the title “Vernalsetijke Multiplicalie’' (interesting multipHcatlon). 


7 \/$ 


5 ^ 


g7S\^7 8 
72 460 

56 9 i 
S 4 
4 $ 

- 

t> jS 7SQ 

THE TIESt EXAMPLE 
IN MULTJPLtCATION 
PPINTED IN THE 
NETV WOELD 

From the Svrymrift cape~ 
iiioso ol J uati Diea, 
published in Mexico in 
13^6. The problem is 
to multiply o ?3 by S^S 
and the method 15 es¬ 
sentially per that 

is, the method of the 
cup, so called because 
the figure resembles a 
dtinkiriE cup 
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Peletier (i549)j and Baker (1568)^ while Peurbaoh (c. 1450 j 
1st ed.j 1492) spealLs of it as an ancient mle.^ It was commonly 
used in connection with finger reckoningFor example, to find 
6X9, raise one finger on one hand and four fingers on the other 
hand, these representing the respective complements of 9 and 6, 
Then multiply the standing fingers for the units and add the 
closed fingers for the tens. The plan is still in use among the 
peasants in certain parts of Russia and Poland. As a variant 
of this method the following plan was until recently in use in 
certain towns in Russia: Number the fingers on each hand from 
6 to 10; and give to each the value 10. Then the products of 
S X g and 7 X 9 are found as indicated below: 


S X 5 


10 

9 

5 

7 

6 


10 

ro 

10 

ro 

10 

10 


10 

9 

5 

7 

6 


7x9 


10 

9 

5 

7 

6 


10 


lO 

10 

10 

10 

10 


lO 

9 

8 

7 

6 


3 ?< 8=6 XIO-H3 X 2=64 


7x9— 4 xro-|- 2 X 10-1-1x3=63 


A few of the most common of the complementary methods 
will now be briefly indicated» 

Various Arab and Persian writers® multiplied S by 7 by the 
relation ab = 10b — {:io — as here shown.^ 

In this case we have 

7 X 8 = 10 X 8 — (10 — 7) X 8 
= 10 X 3 — 3 X S 
= 80 — 24 

= S 6 . 

The method was considered valuable by writers like Widman 
(14S9), Riese (1522); Rudolff (1526); and Scheubel (1545)- 

. . resulam jllim EebI Eddin (c. 

piftets. and 201. *G. Enestrdm, jlifafft.; Vn (3), 93. 


Its X 8 = So 
3 X 8 = 24 
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Widman, Rudolff^ and Grammateus (isiS) used the relation 
= 10 ^ —10 (10 - f?) + (lo - a) (ro 
= io[^^(to- ij)]^fio-rt)(io-^), 

Crartatus 

.. HOcmuItipticatwii: £iplHnno!irtikin 

nameri pmrrcgtio.ptepom'ottibl 

■ I u^hBhpEKtvTiE^EipLRihduintf rrmhiphinngidirnj^^ 

■ ■ VFJtirti If^Bhcfrf^pb dnfu ^od 4 ttiuhfiliQiii: dt «jm« 

■ ^fiim fi fii^frpirif, quc fiE cnulnftF^an Tidrtdt 4 puj 
p:qfionnw«r gnenjdmfldartt miilETpli^n*.fttinr j iminfL MndpfBj 
w tflpnpaHra triiilq.jKrn rnuicipDffltiis bTJHiimrfl 

hiif ttiuCripluwnm blg[»ufTti edit isdciir rtfiij: 

£0 ibjii[iiiTtigiciiitqi™nitCTonKnjb)rfliffn»rwq Bmi*w *rfu» 6C 
^jiti p^a^nfHH Inni fc nwbji'ilici.ErpHvfi^iiiiirilAHiif ibik-binT 
be bLicfthtfUPn nkri a rubtitl^crirBculfiiHltuEQ pt 4 < 

ponr.ifplgHrtiEtfettia-TrFJtirinffgun j£fHlifh*1iliIiff* 

IDJEfiV S ^ bifbnttifa. -quBEfuN Hubne^ 

q&rfnciua 

dfll^ua ^ 4 l>inimtEi 3 4 

4B iti-tj! eiutit f nut 

mibw 1 bjjiraarKifira TuiKrttjt'B-rrf^W 
nlKJ'ppB^nfr iHltpaiiLiftpinf m rftiuNi mianplj 

IdFfBnt bivnim HintlEtidqBltitMi^ -QPBIWl Cu 4 iia rifflind 

l^pfafl (n4’»p«rict9 (msbuebaa nairwitt 

nidlf ipliutf piurfibimi-tiurt^fma iHvdeuab 
hndud-ii vnp.Snbmpjfi PujM.pittnBm Jwt" 
b0 w Dicntf-&dtiidf lufutn Ejldciii bElft 

tdBftSilHIlfl&irtsintB ufoijqffltttflJtllngMrpfMPBaf DlBPrnu) 

boaftflarti* Td 

tpMuninitftiicrtitii tn rm ¥pi[m ampiwtirHjiiam pflapatitpasn™ « 

(nr ft]niBifl-Si*irEtticiBt 5 .p:ltrim tamn 

0 -»“» j ’ SMsiSb^ 

vn rusf iUmtt\vtft B 

fun* pumi 

COMPnElCENTAfiT MULnrLICATION 

Fk^CkTU Huswlrt's En^ioTidiptt nduu; Al^prisfai sammi^pir's Df tutegrilf 

Cologti?, XS^I, Muci rsducad 


illustrated in the following mnltiplication of 8 by 7. 
Here we have 

7X S = 10 X 8 — 10 x{io —7) 

+ (To~7) (10-8) 

=So — 30 + 6 

= 56. 


10 X S = Sq 
“ 10 X 3 —— 30 
+3x2= 6 

5^ 
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Further Algebraic Relations, The following relations also had 
their advocates: 

10(^7+ iJ — rO) + (lO-ff)(lo - i); ^ 

^d=^io{a — d-t 2 ■ I— S) + (JO —£r)(ro- ^); 

^7^ ^(lo —rt)(ro —^)+:o(<7 + ^)-joo;^ 

(iO(3r + ^)(l0rt + f) = (io^ +i:)^ X ro + j5t 

nd = {^.-\-S-io)y.io-{ti-io){io-^)^a>iQ, d<iO;^ 

(10 + £?) (to ^ + ^) = (frj5 + 10 ^ + X lo + iTf ; 

rortf—(lo—rt) X a; 

n -=(J iif X r 0 — (I a)\ where a ^ 3 wj; 

“ ^)^+[s + (^ — I)J, where a = ^ m -^ j ; 

"f" [^^ 1 ^ "L (® ’f’ i)]j where £* = 3 ?w + 3 

{a + b){a-b)^a^-d^f 

(S ^f= lOa^y. 2L; 

^E.g.f Eeha Eddin and Rie^;. 

= Thc PetTcnstieincr arithmtLic, Bsmaberg, 1453, 

“Al-Karkhf (c. H52 d)5 b.s in 

53 >C 44 = (22 X 4 -f, &) 10 4_ 2 ^ 

'‘AI-jEOirkhl, Ech^ Eddin, Tartaglii. 

33 X 2? ±= (23 4- ?) X 3 X la + 3 X 7 = 600 - 1 - 2T = Sej, 

"Ai-Karkbl and TitrtaffJia. 'tAn Arab writer, al-Kashtj c. 343a, 

^E[[t Miaraclii (c. i jqej) and Rabbi ben Ezra tc- ^140). 

^ Rabbi ben Ezra, -who rECPEnified that the limitations on a wert unnecCasaty. 
^Wetl known to the Greeks and given by EucUd. 
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(3 + + + S 

(lO + a){lO + &)= \oo -I- To(ii + ^) -£- ab 

The method of aliquot parts was also well known in the 
Middle AgeSj both in Europe and among the Arabs, and the 
i6tb century writers frequently gave our common rules of mul¬ 
tiplying by numbers like ii and 1:5. Beginning at least as early 
as the 14th century^ multiplication by numbers ending in one 
or more zeros was commoniy effected as at present.'' 

Contracted multiplication, the work being correct to a given 
number of significant figures, is a development intended to meet 
the needs of modern science. It began to assume some impor¬ 
tance in the iSth centuryj'" although a beginning had already 
been made by Biirgi (c, 1552) and Prsetorius (c. 

The Multiplication Table. The oldest known arrangement of 
the multiplication table is by columns. This is the one always 
found on the Babylonian cylinders and the one commonly used 
by the Italian waiters on mercantile arithmetic in the formative 
period of the subject. In genera^ no product appeared more 
than once; that is, after 3x3 = 6 was given, 3x2 was thought 

^EJia MJsrachl gives various rules ol llils kind, 

^Huswl (1501). 

^This is the rule nJ quarter squ^nes. whieJj Still has it$ advocaffs. It is prob¬ 
ably due to the HLindus. See A. Hochheimf K&}i Jil p. 7 tHalle a, Sr> 

1S7S) (hereafter referred to as Hochheim, Kafi fU ; H, Wdseenbom, 

Gerbertf p. ^dt (BE^rlin, It H found in the al Albaitna (f. i^eoL 

the wutk o-f ftl-Karkhf ic, 1020I nietitloned above, and the wortfs of Beh^ Eddin 
(c. ifiool and other Oriental writers. The preferred transliteration of (he name 
of al'Karkhi^s work fs ai-Kaji but tlie more familiar title as piven in 

the European editions hai been adopted in this work. See Volurac I, page aSs- 

-‘•E.g.-, Maestro Paolo dell^ Abbaco {c. 1340); see G, Frittso^s edition, p. 42 
(Verona, rSS.rt- Bianchini’s Ksrrtspondenoe ivith llegiomontanus (1462) con¬ 
tains it; sec M. Cortae, AbAnfidl^fts^n, XU, 1^7+ 270. It is also in the Trcins* 
arillimetic Cr47S), Polios (1492), and other early worlta, There are, however, 
various cases in which it was not reco^rti^cd in the ifith century. 

^ Greenwood.^ American arithmetic (j^aq) gives the reversed multiplitr. 

Curtie, Zeiischrijt (ID, Abt,), XL. 7. 
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to be unnecessary^ a view still taken by Japanese arithmeticians^ 
and having nitich to commend it. The early Italian mercantile 
arithmetics gavej for purpose of easy reference^ tables with 
the products of all primes to 47 x 47, or often to 97 X 97* 
Computers turned to these columns for the simpler products 
needed in multiplication pet colonna. The Italians O'btained 
the idea from the East^ Rhabdas (1341) giving the column 
fables '"which the very wise Palamedes taught me/*® 


* 

•^7 * 

^ r 

n ■ 

^ a ft . 

1 ' 

■ 



r 
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1 >v 
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>-1 r 

^ > 

> • 
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1 ^ ^ 


-hi ' 


^ j ■ 

^ 0 


7 pi " 
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MEDIEVAL MULlrSLlCATIOX TABLE 

Part of a taJi-Ie from an li&Uain M'S. of £.1456^ but a^pparenUy a . 

copy of an earlier work of c. J430 


The second arrangement was the square form generally used 
by nonmercantile writers and known as the Pv^'diagorean Table,^ 
whereof, as Hylles (1600) remarks, "Some afhtme Pythagoras 
to be the first author.” This mistaken idea was held by various 
early writers,'^ although the better ones seem to have recognized 

a^id Mikami, History of MatkiitUiticSy p. 3? (CkiMEOi 

5914) ] hfiieafter referred to a& Smith-aiikamf. 

^F. Taimeiy^B tranalation in Polices tt extraiti da di la Bibl. 

nal., XXXn, T&7. For their use by Benedetto da Firtust, Luca deir Abacho, 
and others, see Jtaro Arithm^tica, p. 4G4 and elsewhere. They arc also found in 
Pacioli (1494), Pellos [1492), Borjjbi (1484) n the Treviso book (i4!.7e), and! 
in many other worts. Sk also D, £. Smith, "A Greek Multiplication Table,” 
Biifi. Math.f IX (3)j ^93. 

STuhle de Pytbagore, Tabula Pythagorica, Mcnsi Pythairorae, Menaula 
Pythagorajtj Tavola Pitagorican Mensa Pythagarica, and other aimilar naincs 
are common. 

*Thus Khbel Speaks, of "Der Pythap>]iisoh Tiseh oder Tafd” aa 

"von dem FiirstE l^thagora geordnet" (liiS ed^ fob ii>. 





<5.«.i/jrfi/y^ rirrrTj)/-irt(tt(c jj 


pfl w 1* rrf "C-*/r :9rt ^ r T^pTnO A,;^ VtTl/li <.H J" X ^7"rt» 

” ^- r-l J ^ ^ ? “ ’^-7'*^^'nwniN 5 ip/’,„ 


tlril" fl1<<l«/pf liiJIliTAftlft/.'^lir^q (]- ct^iii^ arijfc ^ 

^trvtfi p^ /^lt<.^ cvJt^ 

fzzli/r^z^n^ i’J’/Miifh/JjjifTf7c^rt/^j-/" ■ 

Jig.rc ^ ^ ^ ^ I 

fntiP' ^rJ njrrmuio, ^it/ l^n-^e AT/»t,AriiH Afv ^-Tn V. r- t /- 

'poTififln </r JT,f qj(CifEt L-wiffx ^T; J ^ i-t ^ 

r il \ . ^ -i-^ —^. .X < , ^ I ^ ‘‘‘T ™ 

rttrfiJ qjJ- J!(j*p^r''%pf1fci'i? tnq/^fr pJir^^^W”' 'Cl ^r^tT^ii;;77 ^ J 

y^LiC- y^tT-iirviJ^ c|.prt/iCrtrTTFVifT^irtAA- (t ni ^Lri. 

_ ,l^„l,^ . . r^?,V| 


"■*P■ ^h‘ ||^rj ILTI VIPL^I ^IBpa^mUCI 

aijfr A" irvU^^risiif' 
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fjl^lj /inp,. 
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/y:iTff^‘^ 
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<i Ai^nmuj -tmj fwftt^, f j 


Ti^d ■^►hd i»jidlnif 


■fui' *<■ Ap-AJm T 

■^fWinq j- 

TRiu/ jfTpf /rifT*^‘ 
qp“ZriM?r dfAw 
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MULTIPLICATION^ TABLE (i:. 1500 ) 

TJie table as it apjJeaied in an ajionymou^ Latin MS. of c:, rsoo, beine the same 
lorm as the one found in various MSS. of Bewthiua 
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that the later Pythagoreans were the inventors^^ It is found in 
the arithmetic of Boethius" and in a work attributed to Bede 


(c* 710)/ but the fact that Rhabdas {c. 1341) does not give it'^ 
suggests that the Greeks did not use it. It was common in the 
medieval works’"' and in the early printed books." Some writers 
carelessly attributed it to Boethius/ while others arranged tables 
of addition, subtraction^ and division on the same plan and gave 
to them the name of Pythagoras,® 

The third standard form was the tidangular array. It appears 
in a Prag manuscript “ in the form here shown^ but there 
are several variants^ It is given in The Crafte of Nomhrynge 



{c. 1300) as "a tabul of figures^ where-by 
Km schalt se a-nonn) ryght what is J^e 
nounbre j^at comes of ]’e multiplicacion) 
of 3 digittes.” Widman (1489) speaks 
of it as a Hebrew device/'^ and at any 
rate it is quite likely to be Arabic It 


was not so popular in the early textbooks as the columnar and 


square arrangements, although it was used by such writers as 
Widman (X4S9), Gemma Prisius (1340), Recorde (c. 1542), 
Baker .(155s), and Trenchant (iSh6)> 


^Ttnis BDettiiw& EJtysr " Pytha^oricl , . ^ quam ob bpncrtni &ui prajt«ptori& 
mcniatn PyLhagoncam nonamabaut" tFriadJem ed., p. ^$6), See ali;u A. FavaHj 
in Boncoinpagnt's BMJJetisfip, XU, 14^. Clavius says: "quod PythaflorM 

earn vcl primus ei-c&gitAiicrit, vtl ccrte dtsdpulrhs suos in ea mirifice exercuerit" 
^Ffiedlem cd,, p. 53, On the te^t stt EEjncompSSnJ’s XV, 13-9, 

arhhmeiiai nuiinris, of doubtful authorsldpj where- the Pythagorica 
Mtnsa siif? &b&cu5 itumcraudl” is given in full to 20 K ao, ’ivith the more 
imppriLiint products as far as 1000*. 

*P. Tannery, Wpiictj cf estiraiis d^s mantiscnlt de la Bibl. nat., XXXll, ur, 
Jordanus Ncmorarius (f. 5225:>, Rollandua (14=4) > and aJ-Kasbl 

(c. 14:50). 

Tawiv-d (1503) and such commentators as Faher Stapulensis and 
Gichtoveua. 

'Thus Stifel (154^) says: "Disc lafel bat Boetiua gcaetEt" 

'^Possibly Ramus (^569) began thia, for he gives these tables and says : ‘■^Hic 
Pytbaijuracys addititmig abacus egt,” and 5 t> for subtraction and divtsicun, 

*Sw S. Giirither^ Boncompaftni's XIT, p. 149; very liltely the MS, 

of Christian of Piag, alrcidy referred to on pa^es 93. 

erst ist uynii tafal geformiret auff den trEangcl getzogen aus^ 
hcbiaischer jun^eo Oder ludtseber,” 

^^BehSL Eddin (c. ifiool gives it in his Khctd^at al^iiisSb. 
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The extent to which the tables were carried varied consider¬ 
ably from time to time. Tables used for reference, as we mi^ht 
use Crelle’s tables 

.(ZL 


today, go back to 
ancient times, one 
of the 5th century 
giving the impor¬ 
tant products to 
50 xooo} The 
medieval writers 
were usually con¬ 
tent to stop with 
20 X 20,“ however. 
For tables to 
be committed to 
memory it was suf¬ 
ficient, in the days 
of the medieval 
abacus, to go only 
to 5 X 10; even 
4 9 was far 

enough for prac¬ 
tical purposes.® 
Many of the i6th 
century writers 
outside of Italy 
found it necessary 
to urge their pupils 


Uk & 



' 3 ^ 1 ? 
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bd* ettrntAUin 
©IT alte re<^nun0 gentdn 

3 |6 i9 li^i 
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I^443r34«^f7ig(l 

1‘aiAMGULAR AND SQUAEE FORMS OF THE 


MUntlFLlCATION TABLE 

FrcnQ liVIdni&n’s aritfamctlc {LeJpag, 1485), ihe 
edition of 1500 


^^'Victorif CaJculus ei codice Vaticsiio editua a Godofredo FtledEcin,'' In 
BonccuTipftfiisi^s Bitlluliiaot IV443. 

in a MS- lyrltten btfort 1284 and copied in i^Sg, described bv Steln- 
sebneider in the Bibl Malh., XIII fay 40. S« also Beldinwidi's work'{i4io>, 
printed in 1483, where tht products Ktte-nd to 2a x sa. 

^See the devices for Jindinfi guch products as ^ x 8, pafe 11^. Thus Rudotff 
r334 ed., fuJ, D g) says: "Das ein mal eins . . . musten zum trsten 
wpl ]Tj kopfl fasscn / dcch nit weiter dan his &uff 4 mal CfaviusK while 
recommflnding the katniii^ nf tba table to m x lo^ saj-j; "Qvod si huiusmodi 
tabuJa ill promptu nd ait, vlendum erit hac regula,” namely, the one gb'en oti 
pagB 119. 
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v&ry strongly to learn the table, showing that the custom 
was relatively recent in countries where the abacus had only 
just been abandoned or where its use was diminishing.^ One 
Spanish writer says that it should be known as thoroughly as 
the Ave Maria/ and Digges (1572) encourages his pupils by 
saying: " This Table therefore first prints liueJy in thy remem¬ 
brance, and then boldly proceeds farther^ all diflhcultie I assure 
thee is past" 

It may interest those teachers who feel that they must insist 
upon "two threes are sis^^ instead of "two times three are six” 
to know that the former has at least some kind of remote sanc¬ 
tion in a terse Latin form/ although in most languages the use 
of "times" has been general. 


' t). Division 

Definition of Division. Division has generally been considered 
as the fourth of the fundamental operations/ the fifth when 
numeration is included, or the seventh when duplation and 
mediation are considered separately^ In general the operation 


^Sp Chuquet (1+84) siys: "dtltcro plus tSE neccsz^de sauoirtouE de pieur 
[a mult[plicatiijn dune cha^cune des .10., fi^utes par soy mesmea et aussi par 
une chaacunc dcs auUres 1* quelle chose est appelle le petiE liaret de alEoriamc.” 
{From A. Marnfi-’s MS, copy in the author'^ library.) This "livret de also* 
riame'^ was a common nam* for Ehe STuall -niultjplicaticm table, '“gll libretti 
minor! “ of the. iLaJians, lihretLi maggiori'^ nrferrEng to Ehe table beyond 
10 X in. (Spcllm^ as in the Da;gomari MS. described in Jtara ATithmKtiia! 
p. 435.> The couplet often found in lith century boofcs, 

TLem wo! miE fteisr das elti mil ein 
So Wirt dir atle rechnunff gmein, 

appeared flrjt in prinE, 50 far as I have found, in Widman's work of 14^94 
130S ed., fol. II. 

. laquale tabula bisogna sapert ad merrmrii como la Aue Maria 
(Ortega, 151s; 1315 ed., ioL 16). Thietieldet Ea>'s: '"Aber wer daa ein 

mil eine nicht fertig lernet . . . wird niiberrnehr ketnen ferEigen Reehncr 
geben'^' (p. i&). Metius is equally urgent; Tabula PiLagotica, dieman wd vast 
in si;n raemorie moet hebben” (1633 ed., p. 5). 

^ ThtK Sebeube! (1345, I, cap. 4) saya: “Swies septem sunt 4?. septies qujm^ 
sunt 33," and-M on, an which, however, the word " tiinea'^ is concealed, 

*The "quarto atto” of the Treviso ArithEoetic (i4^&)- 
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has been know^ either as division' or as partition/ but manv 
writers use both terms.' Thus Baker (rjSS) speaks of "Deui- 

sion or partition, and Digges (1572) says "Todeuide orparte."* 
case of multipUcation, no satisfactory definition, 
adapted to the understanding of beginners, is possible, since 
the concept IS constantly extended as the pupil proceeds. To 
^y that diui^on sheiveth onleiy howe often the lesse surame 
IS conteyned m the bigger/’" or that 

Diuisioii doth search how off the diuisor 
In Diuidend may be quoted or found 
Whereof the quotient is the decider/ 

is to exclude cases Uke 6 ft. + 2 or j ^ 4, although the latter was 
mtentiomUy barred out by many writers' (or the reason that 
a result like f could not be "times” in the primitive use of the 
word. The early idea was manifestly that of an Integral divisor 
and an integral quotient/ 

A second definition which has had some sanction is that of 
finding a number which is contained as many times in the divi¬ 
dend as unity Is contained in the divisor. It has long been used 
being found in Masimus Planudes (c. r34o)’ and the Trevia^ 
arithmetic/^ An improvement upon this definition, and quite 

1 with iBed[ml writer^ as Fih^J^^cci (1=03), Uber Ab^^i, p. 17. 
^ h nifbasurtti^, and so EudM us^d the term 

intan botn to ijieaaune and to divide. 

Huswirt <i5or), GhiUgai (1521), Stifel 
<r5^)jSch^bel (11545/CiLaldi (i6oi), Orteei Savonoe (1563), and 

Santa-CriLz (15^4). This form was preferred by Heron, Fippus, and Diophan^ 
tuSf aJJ or wham used irnsri'settle to part). 

= Tartaglii (i$- 56 >p Trencbant (r^W), Clavius (leSi) 

So wrth soiM of the Dutch writer. Thus in the Dutth-French work oi 
Wentsel (is'm): Deuisio: dac Is dcelici^e/ "Diuisio : e’ eata dbe, partir'’ 
“DiR^eSH iSfa; 15^5 cd., p, fi, 

'Hylleg ti6oo>, tbe word “quoted" beine interesting as reTated tn “quotient." 
Thus Tzwiv'ol (1505) saya: "Offlolu^ diuisioTiia est cogTioEcere quotient 
Miner nOerus in maiore re;^iat," and Peleder (1549) says: "c^ot s^auolr com- 
bien dc fois vn moindre nombre est contenu en vn plus jjrand/' 

=Tbiij Clavius: "Divjaio eat distribuEio propositi numerl in partes ab altero 
nuraero dato denominatas " 15S5 ed., p. 4^). 

^W^hko, Planudes-, p. 

i"''Trouare vno term n^lero: el quale so troua taate volte nd mazoMS- quite 
vnitadfi sono nd menore ” 
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sufficient for pure numberj is one that is based upon ratio,—the 
finding of a number which has to unity the same ratio as the 
dividend has to the divisor. It is often found in the ;(6th' 
century boohs 

It was natural in the Middle Ages^ when division as per¬ 
formed on the abacus was often based upon subtraction^ to base 
the definition also upon the latter operationThis plan was 
followed by such writers as Ramus,* Schoner,'* and Peletier" and 
has not wholly died out even yet. 

Of all tire elementary definitions the one most generally ap^ 
proved describes the operation as seeking a number which, mub 
tiplied by the divisorj is equal to the dividend^ and it serves the 
purpose fairly well. It is perhaps the oldest definition estant^'' 
and it has the sanction of many scholarly writers.' 

Two-fold nature of Division. The above definitions do not, in 
general, distinguish between the two notions of division illus¬ 
trated by the cases 6 ft. 3 ft. — 2 and 6 ft. 2 = 3 ft.^ al¬ 
though the last definition includes both cases, Rudolff (K526) 
seems to have been the first to make this distinction perfectly 
clear,“ and Stifel ^1545) to have been the second,’’ Tartaglia^'^ 
also gave it^ and thereafter it was mentioned by various wTiters 
of the 16th and 17th centuries. 

^“Diuisio est nuracri ^creatio ^pporUonibUItet st afl vnitattm tialiEtis vl 
diuidEdua ad diujgcvr£^' CHuawirt, 15CI, fol. 

“"Numcrijn] per numcrum diuEdere ost maiorem secundum quantitatem 
minoris part in, uidaHcct ijiin^jiccn de maiort todexta subtrahl, quociena In eo 
potent inueniri.” Johatinea Hj&paltn£i!i| Ub^r Aigorismi (c, ii4ni)h in Boft- 

Htwi duo, 156?. ^trowtijicaf, f&l- A 3d. 

^154(3.; 1.607 ed.i p. 4®, as a aecondafy dcEnitiion. 

P. A. Erman, Lije in Ancisnt E^ypti p. 364, EngEiali translation by 
Tirard, New York, i8s)4 (hereafter referred to as Erman, Egypt), attributes it 
to the Egyptians. 

E.g., Cafatdi.' "11 partire e modo di tronare vna quantity, quaU moftipli- 
cata per vna quantita prepoe-ta (oufirp con la quak jnoltiplicando vna quantity 
proposta) prpduCft vtia q«autiti data” (160J, p. ja)- 

J^'^DEuidirn hdsst abldlcti. Lemot tin lal in die ander teiien/ayff das man 
sehc/wie offt cine in d’andem bescblossen werdfi/oder wieuiL aufi einen tcU 
korne” (1S34 ed., fol. S3. 

Arilhntelica, 1545, fob t, whtre it is irorft dearly stated. 

^^GanCfiil Traiinfo, 1556, 1 , fol. 27, r. 
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Termitifllogy of Division. Early writers comnionly gave 
names to only two of the numbers used in division^ the numcrus 
dtvidcndus (number to be divided) and the numerus di'ulsor.'^ 
These are, of course, not technical terms, and they appear as 
mere colloquial expressions in various medieval works. Gradu¬ 
ally, however^ the numems was dropped and dividendus and 
divhor came to be used as technical nouns, as at present,“ Such 
names as "answer” or "result” were commonly used for quo¬ 
tient'' and were quite as satisfactory. 

The names of the terms have undergone various changes.. 
The divisor has frequently been called the "parCer”'^ or the 
"dividens,"'^ but our present term has been die one most com- 
rnonly used. The dividend has generally been called by this 
name, although there have been terms equivalent to "partend " 
with the usual linguistic variants.*^ The quotient has frequently 
been called the product/ the part,® the exiens," and the outcome,^'* 
but the term used by English writers has been the favorite in 
most of the leading European languages.^' 

^Thus Cllchtoveu&i in his commentary on Boethius fisajj lo erf., fo!, 3&J, 
says: '^In djivUianc tTC3 Tcquiruntur numcri. Prm«5 est numerna dinided^ 

m9.ior^[:K hypoiJiesi dandus. Seeundus/nymexus diubor ^itic dliuEdE;n^r etjiam 
aseignandut en hypothiKl. Tertms est numerw5 ei djutaone proueniena 1 k 
liic ost ciuerendus,” no iiamc beinjj plvtn tor ihis quotient and no mentEon being 
made of a remainder. 

^E.S; in the itollandus MS. (r4J4K where ig also used, Joannes de 

Muris (c. 13 jo) used divid^duf and MttjflMH'iiJ but not divisor. See 

V, 145, JFrom faow much. 

^"L'autre qui le diuise, s’apeto partcur, partiaaenr, ou dluiscur^' (Trencliatit, 
rS 7 & edn p, jx). Chuquet (14S4) calls it the parttUuTt and Catalrfi 
fi6o2l U5C& il piirtii^re, followiinff the TrevLo book and other Italian works ef 
the time. Pellos {1402). writing in a dialect luixturc of French, Italian, itid 
Spanish, called it the partiiU)!-. In the Ten tonic languapes it appeared in the 
I6th century ai Theiler, Dej'lcr, Tcyler, Ilseler, and deylder. 

. nQer^ diuisor aiuc diuidfe" Tzwivel, iol. 6, and varioug oLhet 

Latin works, 

*Ortesa (ijia f 1515 edJ calls it "la parti done/’ as he calls thn Tnultiplicand 
"la muUipJicationc.” Santa-Crui (1504) calls it "suma parttdera." Digges 
(15:723 writes It "diuident.” 

’ JS.£ri Gtmma Fjfiaius (1^40) and numerous other Latin writers, 
the Trevi.*i[j book (i4'SJ ph'cs "lii parte.” 

Schtubel (1345)' iDutch, the yilftpjMjt. 

txQf course with sucb variants as qvatkns in the Latin books, cociente in 
the Spanish (Santa-Crus, 159+L and bd on. 
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For obvious reasons the name for the remainder has varied 
more than the others* The medieval Latin writers used nUTnerus 
rcsiduuSf residuusj and residua^ and various other related terms, 
and certain later authors employed the same word for the re- 
maiuder as for the fraction in the quotient,^ 

The Process of Bivisioa. The operation of division was 
one of the most difficult in the ancient iagisHcd^ and even 
in the 15th century it was commonly looked upon in the com¬ 
mercial training of the Italian boy as a hard matter.^ Pacioli 
11494) remarked that "if a man can divide well, everything 
else is easy, for all the rest is involved therein.” He consoles 
the learnerj however^ by a homily on the benefits of hard work/ 
So impressed was Gerbert (c. 9S0) by the difficulties to be over¬ 
come that he gave no less than ten cases in division, beginning 
with units by units, treated by continued subtraction** Even 
as late as 1424 Rollandus gave only the simplest cases with 
small numbers, and nearly two centuries later Hylles (1600) 
recognized the difficulties when he said, "Diuision is esteemed 
one of the busiest operations of Arithmetick, and such as re- 
quiretha mynde not wandering, or setled vppon other matters,"^ 

Early Form of Division* Probably the oldest 
form of division is the one used by the Egyptians. 
This was based upon the processes of duplation 
and mediation. Thus, to divide 19 by Svremay 
range the work as here shown. We take i x 8 
“16, ^ of 8 = 4, and so on, and select the num¬ 
bers in tire right-hand column which have 19 for 
their sum; for example, 16 Ta -b t =i rp. The 
quotient is therefore + the multipliers being marked 
hereby asterisks."^ 

G, Br di Sr Frantesco In the case oS 7-1- 3=5, aTid i re- 

marindcrf or Jie uses onaTisa ior the i and also for the I-. In a MS. of 
in tht Woolwich Academy, England, "remaincr” h UStd eicJosivdly for 
“remainder.’'' ““Dura craa e Ja partita” is a phrase often met. 

5"Ptrodie nulla, virtua est sine Ifthore. E questh aferma el phyiasopho 
virtus cjflEistit circa difficile” ifol. 33, ^j.I. 

*M. Chaales, Camptes renduSi XVI, 1S4., 

'^Fol. 37. " Ecman, £gypt, p. 365. 
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We are quite ignorant as to the way in which the Greeks 
and R-omans performed the operation of division before the 
Christian Era, We have, however, a case described in the 4th 
century by Theon of Alexandria {c. 390) > in which the literal 
numeral system of the Greeks is used and the work is not un¬ 
like our own, except that sexagesimal fractions are employed,' 
Since we know so little of the development of the operation 
among the ancients, ’we shall proceed at once to the history 
of the subject, showing particularly how long division was per¬ 
formed after the introduction of our modern numerals, say from 
about the year 1000. 

Short Division, The simplest method, however, was the one 
which we call in English short division, which is based upon 
the recognition of the products in the columns of the multipli¬ 
cation table, and which has therefore been known as division 
by the columnby rule, or by the table, as oral division, or as 
division in the head,* The method is illustrated in the Treviso 
book as follows: 


Lo partitore 
La parte 


.2. 


7^24 

3812 


0 lauaiizOj 


which means that 7624-^3=3812, with 0 remainder. The 
arrangement used by Sfortunati (1534) for a similar case- is seen 
in the following example taken from hfs arithmetic: 


P14 

74098^1 


^ Tiie detfiila given fn HdCh, History, I, 

-Per ioicna CTrEvisv, n^a); cftpj&fia CUori^hl, 14S4), 

®“Partire a oner 3 tsuofetta” (Pacioii, 1494T 15=3 foK 32). 

Padoii advises; comeiiKL a partirc sempnc da lultima {more arabQ),^ that is, 
to begin at the left as the do. If anyone claims that the method diffi¬ 

cult, saya Pacioh, "Bonum est difficile; malum autem ladle , . , StuUorum infi- 
nitus eat numerus” {fol. 3a, v.}. "Del primd modo de: partlnc (JclEo per colons, 
ouer cii testa, ouer per dUcorao, ouer per toletta , . . aregoio, over alia ddtta, 
ouer tauoletta.” Tartaglia, General TrattatOi I3 ffl. ap; edil'fin of 

Ariihmeiica, id, 45+ 
u 
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meaning that 1,037,3^214 - 74,098^^" Aa with ua, the 
method ’waa gener^ly used only with a divisor of one figure“ 
and until recently has not been very popular with teachers/ 
requiring as it did some attention to a division table.* 

Gerbert’s Method. Of the methods which make use of our 
common numerals in long diviaion^ one of the oldest is often 
attributed to Gerbert fc. 980), although it is uncertain whether 
he originated it and although he did not use the zero.'^ It may 
be illustrated by the simple case of 900 ^ S* The process con¬ 
sists of dividing 900 by r o — 2, 2 being the complement of the 
divisor, and was essentially as follows: 

10 ^ 2)900 (90 18 + 3 -H I 4- ^ 3= 11 21 - 

900 — 180 
I So 

r 80 — 3 <5 
3 d 

30- — 6 
6 -h6 = 12 

io~ 2 
34 “ 2 == 4 . 

The form actually used by certain of the successors of Gerbert 
may be seen from an example in an anonymous manuscript of 
the 1 3 th century now in Paris/ no zero appearing in the compu¬ 
tation, The combination of Roman and Hindu numerals is 

^1544/S fol. 35, under "Piirtire per 

-"Sii chiama Parlire b. Cutonna, qiando il Partitonj sari dVji Nymeroi solo.” 
Gio. BaLt. di S. FrancescOd reSq, p. *9^ 

"Pikela very widely used arithmetic employs IciHg division in the cases oi 
and 193-:-S, See the Sth edition. New York, iSifi, pp. iS, 60. 

*Some i6ih and 17th -century writers in Italy gave a division table, and 
Onofrio (1670) speaks of bis as ^dl grandisairaa vtiita.“ The Japanese [earn 
a pecutiar division table f-or their soroban and the Chinese for their 5 WCP(-^£iw. 
See Smith-Mikami, p- 40. 

“H. Weissenbom, Z-ur Gisckiiihie der jetsi^tn p. 14 

[Berlin, iSoe); G^beri, p. ifiq (Berlm, t 8,5S), 

’’■M. Chaales, CoiK^iej retidus, 3iVi, 2^3, 243. 
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frequently seen in this period. The long explanation in the 
manuscript may be summarized in the following solution: 


[10 - S] 

c: X 

r 

2 

s 

[2 X fio] 

i 

1 8 


[5 X id] 



[So "H 20] 

i 


Is X 10 1 

i 


[? X 2] 




I 

I 

9 

2 

[QuotientJ ^ 

I I 

2 


I 

J 


Differed Lla 
Divisor 

J Jiv'’*'* 


DencuninacLOnes 


This same method is one of three given by Adelard of Bath 
{Regulae abaci^ c. it2o)j who attributes it to Gerbert These 
three methods are the divisw jerrca^ as above; the divisio aurea^ 
somewhat like our long division; and the divhio pcrmixta^^ 

Dmsion by Factors. A third method of division that was 
common in the late Middle Ages consisted in using the factors 
of the divisor^ and was known as "per repiego/^^ By this 
method 516 ^ 24 reduces to 216 -h S -r-3j the object being to 

^The fraction ^ was neglected. The braeketed matter is, not in the orisiTinit. 

SQf tbc “iron dmsion’* he aays: ^^tlLDe ferre]s quidem diuisorib? [for “divk 
as bi two MSS.l bcc paudii dicta ^officiant. Tameii quia ziiper his 
tractauit pibertus philoaoph'^ vir aubttlis Ingens] dilipenter ec compcndioae qtii- 
dam eciain qucni di&dpulum eiu& predicant qu^ ^icbardum nominanly'diligenter 
et prullxe.'- See Boocompapni’s BuUfttins^ XIV, &7. 

^RepURO means "'TeloCding-,'' It appears with varioLi& spellings, often 
ripifigo. In Tfxeda^s Spanleh aritbmetlc [1346) it appears aa repriego. It was 
occasionally called "divfaion by tuIct’' a nainc also ta $lioit dl^ftsioB. 

Thus in a i+th century MS, in Mr, Plimpton''! library: ” Questo e parcire per 
regola =Gioe. Parll gSsq p 48 cioe p.6. &. Jp .S- sua re5fhola- , , , faltlama fine 
alpartCfteo p Regholo” Sm also the repiego method of muffJplicatlon, paa& n?- 
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secure une-figure divisors that could be handled "per tavoletta.^' 
Ihe illustration given by Padoli (1494) is that of 9876-^45. 
He first divides 9876 by 6, the result being 1646. He then di¬ 
vides 1646 by "the other number of the repiego”^ and obtains 
505! or used, although not commonly taught in 

school, 

Divisicm "by Parts. If the divisor was a multiple of ten, the 
16th century writers frequently resorted to ^^Partire per il 
scapezo " that is, "division by cutting the dividend. Thus, 
to divide 84,789 by 20, the dividend was cut by a bar, 847819, 
the first part being divided by 2 and the 9 being divided by 20, 
—a plan that is found essentially in our modern books." 

The Galley Method. By far the most common plan in use 
before 1600 is known as the galley, batello, or scratch, method 
and seems to be of Hindu origin. It may be illustrated by the 
case of 65,284 594, as given in the Treviso arithmetic (1478). 

To make the work clear, the first she steps are given separately 
as follows: 


0) 


(3) 

65284 

1 1 I 

/6 . 


594 

I ^5284 

I ^^284 

I 


f 94 

ff 4 ' 


(4) 

(s) 

(fi) 

5 

5 

5 

/(is 

m 

/^s 



I Si /^84 

10 

10 






59 

m 


5 

^ “ . . . dico the pirta ^ laltio numerti del repiego: cSoe. ,3, neuen ,205. 
sani: e auEtza .6.” fi4$4 ed., foL 33, r.). 

2 It 15 given in Le di Paolo dell* Abtaco Ci4th teniury), 

ed, Frizzo, p. 43 (Venoni, 1SS3). The relatinn of thh to the dccitnaJ traction 
is discussed on pas^e 238. The p 3 an is given by many writers, including Eorffhi 
{1484), SfottunaEi (1334), Cataneo (1346), Baker Digigea (1573)» and 

Pagani (1591). 
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The completed work, the eKplanation for ‘ftbich occupies two 
and one-half pages^ is as follows: 

/S 

Uj 

\ 

fUH i 



That iSj 6532S4 594 = lo^j with a remainder 538. 

The method is by no means as difficult as it seems at first 
sightj and in general it uses fewer figures than our common plan. 
Maximus Planudes (c. 1340) throws some light upon its early 
history, saying that it is “very difficult to perform on paper, 
with ink, but it naturally lends itself to the sand 
abacus. The necessity for erasing certain num¬ 
bers and writing others in their places gives rise 
to much confusion where ink is used, hut on the 
sand table it is easy to erase numbers with the 
fingers and to write others in their placeSn”^ It 
thus appears that this method, which at first 
seems cumbersomcj is a natural development of 
a satisfactory method used on the sand abacus. 

It was adopted by Fibonacci (1202), as here shown for the 
case of 13,436 -J- 17.“^ 

The names galea and batdlo referred to a boat which the 
outline of the work was thought to resemble.^ An interesting 

iFrdm tht Fitfinch translation iti the J out Aid AiT&tiqtit, I (6), 340. On th* 
Hittdu methcMi, stc Gcrhaidt, p. 7. 

^Thfi Boncocopajfni editEon (L ^a) gives no canoeUatJon marksn and very 
likely Fib^nncd rnade do use of thena. 

*A 5 Pflidoli says; ^'E (Jato vocabqlo li arfiiaie a tale o^re p certa simili- 
tudinc maberiaTe che U respflde del offitic e acto de Ja gaJea xnateriale Elle e 
legno macittimo acCo aE uauiijarc^ (i494 sd,, fol. 34)* TartagEia _ remarks: “1^ 
detto in ViotLEa per hateito, ouer per Eal« P« «rte similitudini di figure” 
(1593 cd.j fol. 4 G). The speliing varied, as usual, givini; auch fotmi as 
VGtelOt gidtra, and gaiUir Tbet* was occasionally a distinction between ibe 
gdJM and batdlo fortns, as in Foreatani, ^Tolka d' Arith»t£iicay Vem«, t&oj. 





DIVISION 


13S 

illustration of this resemblance is seen in a manuscript of 
c, iS 75 j as here shown. Tartaglia' tells us that it was the cus^ 
tom of Venetian teachers to require such illustrations from theiv 
pupils when they had finished the work. 



CALLEV DIVlBIONj IfiTH CENTURY 

From im unptiblisJictl maimscript af a Venetaan monk. The titJe of the work 
B ''Opus Arithmetidt T>. Honorati vtneti monadij njenobij S. Laurttij." From 
Me. Plinaplon^ library 

This method of dividing was used by the Arab writers 
from the time of al-KhowariamL (c* 825)^ of course with va¬ 
riations. For example, al-Nasavi {c. 1025), in finding that 
J! 852-M 2 = ^37 A j used the form on page 139. The advancing 


ed., fcjl. S3. 



THE GALLEY METHOD 




□f the divisor one place to the ri^t each time is here seen moc^ 
clearly tlian in the usual Italian forms. The medieval Latin 
’writers sometimes called this feature cnteri- 
oratio^ This advancing of the divisor was 
not universal, however, Rudolf! [132 6) tell¬ 
ing us that the French and other computers 
often set the divisor down but once.® 

As already stated, the galley method 
was the favorite 
one with arith¬ 
meticians before 
16oOj and it had many strong advo¬ 
cates up to the close of the iSth 
century.^ It is found occasionally 
without cancel marks^ probably 
owing in most cases to the lack of 
the necessary canceled types.^ With 
or without this canceling^ the method 
■was preferred not merely by com¬ 
mercial computers but also by such 
scientists as Regiomontanus.® Even 
as good a mathematician as Heil- 
bronncr, in the middle of the i8th 
century, preferred it in all long ex¬ 
amples** One reason for this preference was, no donbt, that 
fewer figures were used; but even more important was the fact 
that the work was more compact,—an important item before 


DO, 

tl 

0300 

t 1 4406I440O 
26666 
222 

5FIttST EXAl^tPLE IN LONG 
niVTSION miNTED IN THE 
NEW WflRrJ> 

From the SvtKuno Contpen- 
dissa of Ju^n Di&z, 

1556. It iliustrates tht- goJIey 
Tnethod, without canceled fig- 
nres, 35 applied to the cbm of 
114,400 afi “ 4400 


J x 


493 


337 

337 

2852 

S 

12 

12 


13 

12 


^So SBcrot05co (c, tiscs ttiU word and ulso the verb «jiicri*r'aj'c. From 
this, no doLjbt, Chucsuet ^1434) was led tn U'se anittutrtr. See G. £ncstr6m, 
Bibl. Math.y XllI (3), 34; KalUweH, Hara p. r^. 

-'' Frantzosen vnd etlicfi ander Nacioii^welche den tcyTer nit mehr danu eiu 
mat setzen/, . (1^34 ed., foL ii). 

SAmonR those who preferred it to any other are Chuquet (t 4 ^L Widman 
fi4So>, Riese (I 533 L Tonstal] (1522), Kfibel ti 5 T 4 )r Gemma Frislus (154a), 
Recorde (c. 1542), Baker (1568), Oughtred (1631)+ ^nd cerlaui Dutch writers 
even as late 35 Ba.rtj=n 5 

*£.g.-, PcHos (1492L Giamnoateua Albert (1534), and the Mexican 

Work of 1356 as shown in the facsimiJe. 

“^Soe his ctmrespondcnoc with Bianchini in the AbhaatUnttgett, XII, 

“Jfijlorifl, pp. ■y 7 ^ passim. 
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the dajrs of cheap paper. Hodder, late in the r7th century, 
says that he "will leave it to the censure of the most experienced 

--- of dividing be not plain, lineal, 

j 7 2 9 (Dividdsnd) and to be wrought with fewer 

Figures than any which is com- 
* monly taught/and in this he 

- - --— follows the testimony of many 

^ of the best Italian writers for 

— two centuries preceding,* The 

S method is still taught in the 

^ ^1 Moorish schools of North Africa, 

4 ' and doubtless in other parts of 

0 the Mohammedan world. 


---— ■ j ^ Our Long IhTisioii. It is iin- 

j I ( to fix an es:act date 

I t L(Divisor) for the origin of our present 
12 ' ; arrangement of figures in long 

- division, partly because it de¬ 
veloped gradually. We find in various Arab --—-- 

and Persian works arrangements substan- 55)635(25 
dally like the one shown above for the case 4. 

of 1739-i-12 = 144, and r remainder.* This J 3 ~ 

resembles our method, although it ha^ several 
points in common with the galley plan. 1^5 

In the 14th century Maximus Planudes 
gave what is called an Arab device. This is 
a step in advance of the one given above and — 

yet is quite distinct from our method.'* It - 

appears in a form somewhat like the one here shown for the 
case of 625-1-25. 


cd-, p, 

^Thu& PsgUii t "n p(ftr(Jr£ a GaTera e nuilta dcuto ^ 

fttid PadOiti U even maiQ protioimced In his apmlon. 

^TLis 4 eompKite <>1 sdltiLion& in vaiinus MSS. examined, induditig several 
i)i the idth cnntuiy. See dlsa the work Df al-K^Ehi ((T, 143a) S3 referred to id 
Taylor, LHawati, Introd., p. 22^ Gerhardt, Etudes, p. 14. 

^Gerhftidt, £tvdest p, 32 , 
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The iSth centurj" saw the method brought into its present 
form Tinder the name a danda (^^by giving^O- This name came 



EARLY E:fAMPt^ OF 
LONG DIVISION 

Ore of the carictst ea- 
axripTK of tlie present 
ineLtiod. FroiiQ an Italian 
MSr of c, i4&ci 


from the fact that when a partial product 
is subtracted we bring down the next 
figure and ''give” it to the remainder/ 
An excellent illustration from a manu-^ 
script of c* X460 is here ^own, but it will 
be noticed that the remainder 13 repeated 
each time before the "giving/* The name 
danda, or dande in parts of Tuscany, h 
still used to designate this method of 
dividing/ It has, however, been applied 
to forms quite different from the one 
shown above. For example, the case of 
49,^89 -t- 23 ^ 214J appears in the form 
shown below in a 14th century Italian 
manuscriptand the author speaks of 
an analogous solution as a danda.* The 
earliest printed book to give the method 
is Calandri*s work of 1491, and the first 
example of the kind 
is shown on page 142* 

It next appeared as 
the third method of 
Pacjoli,^ and was 
given with increasing 



frequency in the following century, but rather as an interesting 


than as a particularly valuable devicOn^ With the opening of 


the 17th centu ry it began more effectively to replace the galley 


Cfttaneo {iS4ii) says: chiamato a danda j] dcttu modOj pcxcbe k tignt 

aottratkm fatta nel aperare se li d& vna c piu figure daJ late destra" (1567 ed., 
(ol. is). ■^-BontoiriEiagni'S BaUEUino, XIII, 152 n. 

^Rara jlrflApsettcOh p 4^'?. +'^Qt]CstP ilpartirt adauda.." 

®^'De tertio mDiia diuidendi dicto danda" (14^4 ed.j tol. 33). 

■^Pagani {3^551) speaks of it thus: "Partire A ilanda k assai bcHOn ft vagp.” 
Cognet mentiems the advantage not CEtncelinsT "Lea Mambands 

ItilienSj pour tie tTencIicr aucune figure, diviaent en U sorte qui s'ensuit"; and 
Trenchant reinarks: “I! y a vna autrt belle forme de lartift sans trqndstf 

aucune figure,” or ’^aans rim tfluper.^' 
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method. Cataldi (1602} gives it as his first method, but with 
the quotient below the dividend, the first part of his work 

__________ ^ 5 

■psjm ^^ 4 ^>pcr a? , 

f? 47 >- 

Uicntft 0 0^4 

f ?4 

45 & f E^ 

)zy — 


'Pm 1 E ^0 

J - Ca 

® lyif-i 

nknnc -ri^ 

'parti to e I 
Co~l 

430 I 

luctiitfi I ^0 Uicnne 0 


i>9iti f?>i e i>. j 
•) > c — 

n> 4 /A j 

Uitane 11 4 i 


■parti > B ? 

>-1 

? 3 f/> \> 


riPST PRINTED EXAHPIJE Of MODERN LONG DIVISION 
From CalanJti'a arithtrteOCj Florence, 1491. The problem U tilt division of 

by S5 

being as shown on page 143. In another example he places 
the quotient at the right, saying that this is the custom in 
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Milan. In the galley method the most convenient place for the 
quotient was at the right; Cataldi’s attempt at placing it below 

was awkward; the modem custom of 
placing it above the dividend in long 
division is the best of all^ since it auto¬ 
matically locates the decimal point. 

At the close of the 17th century the 
modern form of division was fairly well 
established, the galley method being 
looked upon more as a curiosity.^ 
There have been many variants of 
the a danda methotl, but the only one 
of any importance is that which omits the partial products as 
showm below. Cataldi (1602) calls it the abbreviated a darid^J’ 
It has had more or less vogue for three centuries, hut it requires 
too much mental effort to become common. It was brought to 
the attention of American teachers by Green¬ 
wood (1729), who, speaking of the various 
methods, remarked that, as "most of the rest 
are at best an unnecessary Curiosity; I shall 
confine myself wholly to the Two ITALIAN 
Methods; which are the most usual,” these 
two being a danda and the contracted form. 

Of the various methods suggested in the 
16th century one of the most interesting is that of Apianus 
(1527), particularly as it suggested the scheme of decimal 
fractions. To divide 11,664 by 48, Apianua first writes the 
aliquot parts of 48, with a corresponding series of numbers 
based on 48 as a unit, substantially as follows : 


63 

^=5 


37)46301 

1248-25 

46 

37 

92 

74 





4S 

corresponds to 

X 

1 

of 

43 = 

24, 


05 

1 

¥ 

of 

4S = 

12, 


025 

1 

T 

of 

4 S = 



0125 

1 

TEf 

of 

48 ^ 

3 . 


00625 


^"Partire a Panda vsato in MiEano.'' 

^Thus Onofrio’^ Antm^ika fives it “di poco nultu profitto.™ 

^ h Dfljidt abtirCLiiaHj” SS). 
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He then observes that ii^48>ij ir-^24>i, 
but 11 -i- 6 > I. But 6 I of 48 j and hence the first part of the 
quotient is 0125. The rest of the work is 
substantially as follows: 

II -6 = 5 
5 - 4S > I 
5 24 > I 

5-^3 > E 

hence we write -j^gj or 0062 5^ and so on. 
It is evident that Apianus had some idea 
of decimal fractions in his mindj although 
it was not developed in his treatise* 

Clicktoveus ^ based upon the identity 


^32 

11664 


0125 


0062 

1 ^ 





0 

5 


Fadt 343 


10 




-1-^ 


+ S = 


lOrt -f- ^ 


ThuSj to find 2g 4, take it = 2 - - = o; then subtract 4 

(or c) as often as possible from 9 (or 6), thus finding that 
9 -H 4 = 2-^. The final quotient' is then 24 -b 5i or 7^ * 

Whatever method of dividing was used^ a table of multiples 
of the divisor was early recognized as desirable* Such tables 
are found In many works, including tJiose of Recoide (c* 1542), 
Fine (1530)^ Ramus (1569)^ Hylles (1592}^ and Greenwood 
(1729)* 

7* Roots 

Finding Square and Cube Roots of Kumbeis* The Greeks 
found the square root of a number by a method similar to the 
one commonly set forth in the elementary algebras and arith¬ 
metics of the present time. It was shown geometrically by 
Euclid® that (u + by — -f- 2ab + (a fact that was prob- 

1 Edition e, 150^1 Fol, D 4^ He also gives a rule fur the case of fl< ^ o. 
For a Jew furtlier notes on tht history of divisiiOn see E. MathieUf ’'Mithodes 
do dlvi^on en usa^ ]a an du $i|Cile dcmlor,’* in Janraai de maih. iiement.f 
V t4)i P?' ^EieitiefiiSj H, 4 . 
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ably known long before bis time), and by means of this relation 
Theon of Alexandria (c. 390), using sexagesimalsj. found the 
square root of a number by the following rule: 

When we seek a Equate root, we take first the root of the nearest 
square mimber. We then double this and divide with it the reiminder 
reduced, to minutes, and subtract the square oi the quotient; then we 
reduce the remainder to seconds and divide by twice the degrees and 
minuter [of the whole quotient]. We thus obtain nearly the root of 
the quadratic.^ 

By this rule he finds that V4500 = 67 4' 55" approximately. 

From Greece the method passed over to the Arabs and Hin¬ 
dus, with no particular improvement. Thus Ehaskara (c* x 150) 
writes his number as follows: 

I - I ^ I 
S 3 2 o 9 

and then proceeds much as Theon had done. He says: 

Having deducted from the last of the odd digits “ the square number, 
double its root; and by that dividing the subsequent even digit* and 
aubtracling the square of the quotient from 
the uneven place,* note in a line the double 
of the quotient.”' 

One of the most interesting medi¬ 
eval examples of the finding of a 
square root is given by Maximus Planudea (c, X340)* To 
find he arranges the work as here shown. This is quite 

^For furtbcT details uf tbe prucKs see J. GflW, of if at he¬ 

matics, pp S 4 -j^ (Cirabridge, 1664) {bertiftitr teferred tv as Gow, Greei 
; K. Hunrath, Ueber das Aussiehen dtr Quadralv-^itnel bei GrUcfien uad 
IndcTK, Frog., Haderslftbcn, 1SS3. 

2 That 13, from S, the third and lost of the add places derjoted hy a vertical 
line, counting from tlie rt|;ht. 

^IteaTIy, (SSa — 400 ) + 40 “ g + . 

* Apparently meaning that Is suhtractid from SSa, 

’For the rest of the rule ece Cokbrvokt^s LUdi-ati, p. <). For the work of the 
Arabs and Persiana, see the Taylor tcaaslation, p, 
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unintelligible ’without the accompanying explartatiouj which 
may be condensed as follows: ^ 



23 S(IS 

I 

23 

2 

)0 

X 

II 

lo 


30 

= t^^ice the root. 

Hence 15 

= tlic root. 

Put 15- 

= 2 ZS. 

Hence — 

22K I 

-- -j which must be added. 


30 3 

Hence tlic root is 15^^-. 


The early printed arithmetics generally used an arrangement 
of figures similar to the one found in the galley method of di-^ 
vision. Thus Pacioli (1494) gives the following 

Extractio radicfi 
00 
ofj 

ff /0 

11999 
1 

that iSj "x/9 9>9® ^ ^ 

Gradually^ in the i6th century, the galley method gave ’way 
to our modern arrangement, although it was occasionally used 
until the iSth century/ Among the early writers to take an 

^ror ciamp(c3 oi a more elaborate nature see Wiarfifcn, P^Ajiudea-. 

-Fol. r. For those who do not have atcese to original works a good iJlustra- 
tion of thUnicthod may be seen in the Abhandlungm, XII, sai, 1^9, A problem 
of Chuquet's (1464) may also be seen in Eoneompagui's XIII, 695. 

^ ^ Among the better arithtcetidBiis that used it in the i?th tentury wus 
WilkenSj a D utch writer (rS^o). 
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important step toward onr present method was Cataneo (eS 4&)) 
who arranged the work substantially as follows:^ 

^ 475^(334 

4 primo duphta 4 

1 4 secondo 46 

27 

9 

1S4 

16 

16 

o 

Among the first of the welRknown writers to use our method 
in its entirety was Cataldij in his Trattato of 1613.' Most 
early writers gave directions for "pointing off" in periods of 
two figures eachj some placing dots above, as in 824464*; 
some placing dots below, as in 11^923* or as in 21 X7 84 04*'; 
some using lines, as in 26006000000*'; some using colons, 
as in 13 :01; 76: 64 and some using vertical bars, as in 
94]2i|So|73|53.* Many writers, however, did not separate the 
figures into groups.*^ 

Pralhh^, Venice, ed., fol. 7!. 

variidua iormt used by otbcr writer^ see F, Treutiein, Abhimdlungeat 

b 64, 73^ 

'^E.g., Grammitfius <1518!, Scheubel {3545K Hartwell 1 164.6 edition o[ Rec- 
t>rdc^ Grotf.t^d of , Wilkens (1630) ^ and tbe American CirBenWuucl {1720}. 

*E,Srt Gemma. Frisius (1340^, L. Schonct (1386), Feleder (1545), Santi-Ctm 
(159.4), Metiua (1615). Cardan sametimes placed them abav® and Bamc- 
timea below. 

^This from the Epkonn^ ot Oavius (1383 J ■ijSS' cd., p. 309), although gen- 
erally (as on pase 310) he places the dota immediately below the fifiinK, 

"Thig tj] Cube root, from tbe Rollandua MS. (^434)'- 

TFrom Ortega (i^ia ; 1315 ed^ fol. 99I- H* Jifso writes 3 : 6 ; 0 ; 8 : 
for the square root. 

“This 'vas very common and haa much to commend it. It waa given by 
Chuquet (1484), PeUos (1492), Fire (i 53 ii>n Trenchant (1566), and many 
Others. 

^E.g., the Arab al-Hastir (c. ii^Sh CatftQto {see the esample above), and 
Feliciano da La^esio (1526). 
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Ii5 binding the square root and the cube root most of the 
early writers^ gave the rules without any explanation, or at the 
most with merely a reference to the fact that (a + ^i)“ = 
a- Thus Buteo Ci^ 59 ) proceeded no fartiier with 

cube root than to find the first figure, saying that it is better to 
use a table of cubes and more than a. century later de Lagny" 
asserted that it would take most computers more than a month 
to find the cube root of 696^536,483,3x8,640,035,073,641,037. 
Although the ponderous work of TonstalL C1522) naturally 
included roots^ Recorde (r. 1542) did not think the subject 
worthjr of a place in his Groufid of 

A conviction of the value of the reasoning involved in the 
subject led various writers in the 16th century to give clear 
explanations based on the geometric diagram.® The use of the 
blocks for explaining cube root was found somewhat later, and 
became fairly common in the 17th century.'^ In the 17th and 
18th centuries the blocks are even used in finding the fourth 
root, X cubes being taken, each composed of cubes/ 

Brahmagupta (c. and Bhaskara (c. iiscj], fid. Colchrookfij pp. iq, 
375 j al-KarkhI (c. i02c>, ed. Hochhcire, 11, Fibonacci described cub& 

root, and it alM appeals in SacirobKico’fe tc. and m tba Coj'meia 

dt of Aleiicaiidxfi dc Viliedieu {c. 1140), 

gives such a tible up to 40^, and a ruic wliich wc may c^tpress by tbo 
approiimition formula . _ 

+ r = a -\— --. 

3 ri' + 3 rl 

Elimtns d‘AriihmeHqiie cl d'AigibrCj Paris, 1657; A. De Mor¬ 
gan, Arithmelicoi: Books, p. 55 <London, 1S47) (hercaftur rofcnicd to as De 
MorKan, Arith. Books}. 

Hartwell’s edition, however, there iii ‘^'.Vn Appendix conccra'nif t e 
Resolution of the Square and Cube In Numbtrs, to ibc. finding of their ?idp,'‘ 
in which he speaks of the ’’Quadrat root, or the side of any Qaadr^aL niimbeL,'' 
and gives the geometric diapam [1646 ed., p. 5733. 

^E.g., TonstalL (lyss, foL TV^)^ Trenchant (1566), L. Schouer (t^Sb, p. 333). 
and Gtmma Fiisivs (1^40). 

good iUnstxaticm 15 found lU Hartwell^ edition of Recnirdt'a Groiuid 
Ariel (1646 ed.j p. s£73. 

"^E.g.y Cardiuael (1644; 1630 ed., foL Dsi. When JJartjeirs (1633? J ed„ 
pp. 142, 243) wishes to know '"iloe veel is de van 576" or “dc Rjidix xx 
uit 3136 13 ,” such being his two symbols for square root, he uses the diagram- 
He then, uses the blocks in "'kubiwi-wortef' when tie ''trekt deV*^ “it 5^3” 
(p. 351 h and in fourth root when he “trekt dc’/x^ van 61430613.” See also the 
e 67^ edition, p, i42. 



higher roots 

Higher Roots. The conviction of the value of the subject as a 
mental exercise led various ivriters to include some work in 
higher rootSj the work being based upon a knowledge of the 
binomial coefficients. These coePhcients wore occasionally ar¬ 
ranged in the triangular form subsequently known as PascaPs 
Triangle.^ This arrangement was known to the Chinese^ as 
^rly as i 3 C' 3 ^ ^nd also to the Arabs,^ and in Europe it appeared 
in print on the title-page of a work by Apianus published in 
1527 and in a work" by Scheubel that appeared in 1545. 

This arrangement of the binomial coefficients was first seri¬ 
ously considered in a printed book, in connection with higher 
roots, simultaneously by Stlfel (1544)" and Scheubel (1545)-" 
The latter finds the tenth root of 1,152,921,504,606,846,976, for 
example, to be 64, and he carries the work as far as to the find¬ 
ing of a 24th root. A little later it w^as used in France by such 
writers as Trenchant (1566)^ and Peletier (1549)," and it ap¬ 
peared also in the works of various Butch writers.® 


du tfiansh published poathuttiDLisTy in ri 5 ^ 5 . Tho form 

used by Pascal is given later ip. 510). 

2 It appears in the ^su-ynen YH-kiett of Chu Sbi-^kifi but as wme- 

thing already known, St* Mitami, Chinai p. po. 

3 Cantor, GejcAfcftie, I (a), ^^45. *iisra ArUhtftcika, pp. 156, 336, 

Bln the ArithtHelica Inlesfa, fol. 44. As to their use in bis Coss (1554), see 
Abhaiidlans^n, I, 77 ; H, 43. 

^De NiimAriSf in the Sec JJaro. Arilhntelicaf p, 33(1, 

Doctrine generale pour citr^re toutes radnes." He also says: "Pour 
fondement de Is quelle, i^ay forme ce trig&ne semi de nonabrKj fi’iipbolisaris Si 
a^engeiuJrans le? vns les autrea par vn ordre de graudiS' 
sixne consideration" (ig?S ed^^ p. 349). It will be ob¬ 
served that, by placing i at each end of each row, the 
succ^ivc rows give the coefficients in the Mpaindon of 
(fl -|- il'' for ft equal tq 5 , 3, 4, .... This serves 35 a 
basis ior the gnjneral rule for finding the nth root af 
any number. For example^, to find the fifth root wt 
observe that the arithmetic triangle gives the trial 
divisor as 511* and the complete divisor as 5 a* + 

-1--j- -1- b*, a principle well known to 

Writers of the ihth century, 

^He speaks of it as a "Naijuelle maoEcre d'e^tmire Radnes, generate 
pour toutes extracttoTis, jusques a infinite" (1607 ed., pp. 107, 17S, ^53). 

®Thu5 Van der SchuerO (ifioo) speaks of the “ Dric-hoccks wijie" (trtanglo- 
like> arrangement. It is also used by Bartjens [1633), Cardinal (1644), and 
others. 
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AbbreTiated Methods. Attempts at abbreviating the process 
are relatively late. One of the most popular rules for the abridg¬ 
ment of square root is attributed to Newtonj and Greenwood 
(1729) gives it as follows: 

SIR Isaac Newton takes notice of a very useful Cotifi^iicihn^ in 
these Cases, vi^. That ^he:n a Root is ca}’r}Ed on half ^>ay or 
tha A'wBifier 0/ Figure.^ you^ initnd it shall consist of; the remaimng 
Figures msy be obtained by Dividing ihe t'cmainder by the double 
of the Rndical Figures? 

The Meaning of the Term, It should be stated in this connec¬ 
tion that the use of ^^root” to mean the square root, common 
in Europe today, has historic sanction. Indeed, all the world 
still recognises it by taking the symbol Vd instead of ^ to 
indicate the positive square root of a* The usage, however, was 
not entirely general, many early writers specifying the square 
root as carefully as the cube root.^ 

The Arab writers conceived a square number to grow out of 
a root, while the Latin writers thought of the side of a geo¬ 
metric square. Hence the works translated from the Arabic 
have radix for a common term, while those inherited from 
the Roman civilization have latus? Hence the Latin writers 
foundthe lulus and the Arab writers ^'extracted,” or pulled 
out, the root. Our arithmetics, based largely upon Arab sources, 
still use "extract,” although the older usage of "hnd^* is bet¬ 
ter. The fact that from radix we have both ^Tadical" and 

See Newton’s .ATiikinf.tiCa UtiitiersaliXf p, 53 (Csnubri^igt;, 
vearo rodEs: sd mtdietstem ^ut u]lr:L t-xtnicta cst, per di- 

'.'isienem solam obtineri posamat.'’ 

^ThusSuevus (1593) h under bis ctvadraCa,” gives '‘Estractio Hadi- 

c[fi Quadratae," and Digues, (1572) spiaE^s cif "iha square ilodijc,” “njuadrat 
rooLey and '^quadrate root." 

Among the early writers who used ^rooE” for ''square rmjt” were al-Nasavi 
(c. T&3i)i L. Schoner Rollandtts (1424), and prohably Bhlskara (e. 1130; 

Taylor, introduction, p. 6>. 

^Schemer speaks of this in De numerk fts^rntk liOtr, appended to his rSSd 
i;drtion. of Rimot: “Sit q cst acquitatcrus, & latua ejus eat 3. Hot Jatus acquiia- 
tcri ab Ar[ihibiifi ttiaro cjititut RadLt” (p, 3), Fibonacci (Lihsr p. 333! 

uses ^find'' inatead of ''extract^' with the word ’^rDOt,” having used "cstract^^ 
for '^'aubfract." 



CHECKS ON OPERATIONS ^51 

-radish” makes the of ''extract- more easily understood.^ 
ThJS use 13 found m various modern languages/ but is by no 
means universal Thus Digges (157^) says, "To find the 
square Radix, or Roote of any number- (p. 13) although he 

also sa^ys, to search or pull out the Radix, or roote cubi^l” 
(p. 16). 

Sh Checks on Operations 


Need for Checks, The fact that the intermediate steps in a 
long operation were erased on the various forms of the abacus 
rendered it impossible to review the work as may be done with 
our present methods. It was therefore necessary that some 
simple check should be used to determine the probable accu¬ 
racy of a result The inverse operation was generally too long 
to serve the purposes, and hence other methods were developed 
ra±cr early. 

Check of Kiaes. Of all these methods the check of nines is 
probably the best known. It is simple of application and serves 
to detect most of the errors that are likely to occur. The origin 
of the method is obscure. It is found in the works of various 
Arab writers, including al-Khowarizmi (<;. S25), al-Karkhi 
(t. iD2o), BeM Eddin (c, 1600), and others. Avicenna (t, 
1020}, however, in discussing the subject of roots, speaks of it 
as a Hindu method/ On the contrary, no Hindu writer is 


^On the use of "jwot" WerUidin's editmn of Eiia Misraclii (c. 3300b 
Sef^-Hamispar, p, so (FranHort a. M., anti Tartaglia^s General Trat- 

laio, II, fol, 33, 

^M.S; " Uyttreckirige dtr wturtelen” (Cardmael, i 6 ^q ed., p. a>, and "cavere 
la radice qvadra" (Ciacchi, ie?5 ed., p. 335). 

^Of other forms a£ upression the following arc tjT^es: cuias teLra- 

gonicil iatu5 Inquirens . . . Euteo (153^3 1360 ed., p. ^r ) ^ . sacar nyz 

quadrada . . .luan Petei df Moya (1363; ed., fol. ^acar mean^ 
ins to extract ; "Dtl trare la radfct da numcrl quadrati" (fot. 13 1 , but "Del 
trouart la radice Ctihica" (foi. tS, w.J, in fbe Italian tranRUtion of Fine 
fVenice, 1537), shovi'ing both "extract'’ and "find"3 "Del mode di trarla radice 
quadra . . (fol. 1S2, v.), but "Li cstrattionfi delle radid culw” (fol. iSr, 
Foitatani, Fraltcfl if Atitfitnetica . . ., Venice* 1^3. 

l-tharl|j abhindacl,^ an expression that hai been variously mlerpietcd. 
See F. W^oeptke, J^umai Aiimi^aE, I (fi), 500? Carta de Vaui, ''Sur rbistoixe 
de I'aritbm^que atabe,"* Bibi jtfusA., XIII (2), 33. 



132 


CHECKS ON OPERATIONS 


known to have used it before the rsth century,^ while the Arabs 
certainly used it early in the gth century. Nevertheless^ as 
careful a writer as Paul Tannery is convinced that the evidence 
at present points to its invention in India but to its first con¬ 
siderable use in the School of Bagdad." 

There is some interesting evidence of the recognition of the 
excess of nines in the number mysticism of one of the late Greco- 
Roman writers, HippolytuSj who seems to have lived in the 
3d century and who wrote several theological treatises as well as 
a canon paschalh. He made no use of the principle, however, 
in the verification of computations, and so far as we know he 
was ignorant of this application of the theory.^ What he did 
was to make use of gematria^ as in estimating the relative ability 
of individuals by means of the numerical values of the letters 
of their names. Instead, however, of simply stating this value 
in the usual way^ he stated it with respect to the modulus nine. 
For example^ the numerical value of Hector [’'’EKrap) is 1325, 
but Hlppolytus gave it as i, which is the excess of nines in 
this number. He spoke of this plan as due to the Pythago¬ 
reans^ meaning, no doubt, the Neo-Pythagoreans of a period 
much later than that of Pythagoras himself. 

The check of nines seems to have come into general use in 
the nth century, largely due to the influence of Avicenna 
ft:. ro3o) and his contemporary, al-Karkhl, and thereafter it is 
found in moat of the other arithmetics of any importance for a 
period of about eight hundred years. Albanna (c. 1300) speaks 
of the Arab arithmeticians as giving proofs of their computa¬ 
tions by the checks of 7, 8, 9, and ii, and as knowing of the 
checks by other numbers as weH. 

From the Arabs this method of checking passed over to the 
West, appearing in the works of the Hebrew-Arable writer 
Kushyar ibn Lebban (c. looc), the Hebrew Rabbi ben Ezra 

1 G. R- Kaye, iKdian p. 54 (Calcutta, 1915), hETeaftBr Mferred 

to as. Ka^ye, Indiaft Taykr’s p. 

^P. Tannery, Mimoins 3, i&j (Parafi, On the Arab 

^vriters see Boncompa^tlai, Tratiairi, I, 13; Eibl. Math., H (j), XIII (a), 3si 
Hnchheim, Kdji JU Hisdb, TI, 10 H. 

®P. Titineiy, Mimotres I, 1S5; TropEke, I (a), 5S. 
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294S49 


543 

543 

3 

3 


(c. the HebTew-Christian Johannes Hispalensis (c. 

1140), and the Christian writers Fibonacci (1202), Maximus 
rknudea (c. 1340)^ and their successors* 

Fibonacci called the excess of nines the pema ot po?tic*oi 
the number^ and used it as a check in multiplication and divi^ 
Sion* Maximus Planudes arranged his work in multiplication 
as here showm, using g instead of 0 in the case of a zero excess^ 
and apparently believing that the check was 
a complete one. Johannes Hispalends and 
Fibonacci^ howevetj recognised its limitations. 

In the early printed arithmetics the check 
is found quite generally. Padoli (1494) speaks 
of it as ^^corrcnte mercatoria e presta/^* and \Vidman {\A-W 
always concludes his operations by the query, "WiUu ptobirn?” 
Scheubel (1545) considered the matter so important that he gave 
a table of multiples of nine for the convenience of computers. 

The failure of the check was considered at some length by 
Padoli but Clavius^ was especially clear in his treatment of 
the cai So important was the W'hole matter considered that 
Santa-Cruz (1594) devoted twenty-two pages to the theory 
In the 17th century, owdng to the general acceptance of the 
modern forms of computing, the revision of the operations hi- 
came more simple, and hence some of the leading 
arithmetics' discarded the check of nines. In England, ho 
ever the influence of Cocker* served to make it very popu¬ 
lar and such influence as Greenwood (i 7 * 9 ) had m America 
u-as in the same direction. In the igth centuiy it dropped out 
of American arithmetics for the most part, but after 1900 it 

"TimporCtdlfTartaglla (1556) consider the check of 
nines, even in addition, that he gave a table of the excess of 

I Silbrrbsre, 5efff P. ?4. i Litsi Aind, I, 8. 

«Fol. JO (numbEioa ro], ths for 7, n. 73. “"-I 

tDc I. 411SP. 7. p. ai (.5*3) ■ 

SfortuF^ati (.334 1 .343 fol, 3) ; 

: ;?;’( 7 . 38 )i Mo. c^ro,. 

^Arilkmithk, London, ediUofls. 
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Tiines for each number from o to 90^^ a waste of spac^? that argues 
for the lack of appreciation of the ease with which one casts out 
the nines in any number, however large. 

Ch&cks with Other HuTnbei^^ Any otlier number besides nine 
may be used for checking, although nine is the most convenient. 
The use of other numbers is found in the works of various Arab 
writers, and Fibonacci" gives the checks for 7, 11. Other 

medieval and Renaissance writers* also give such numbers as 
3, 5^ 6, 13, and X9* Several of the early printed books shoiv a 
preference for 7 on account of the diminished chance of error.'^ 
In general, however, they naturally give the proof by nines 
the preference.® 

Inverse Operation* Although the check by the inverse opera- 
tion took more time, it was more certain,, and hence it found 
many advocates. It is bo simple that its origin is probably 
remote^ although it is not until the Middle Ages that we find 
it first stated definitelyIt appears frequently in the early 
printed books,—for example^ iu the works of Clichtoveus 
(1503), Albert (1534)^ and Thicrfelder (1587). Tartaglia 
(153b) asserted that the method was illogical, since subtrac¬ 
tion could not be used in checking addition, for the reason that 
it was taught after that subject,^—an objection that is of no 
practical significance. 


^ Gttmfill I, fok.. S, 

* Liber Abaci, pp. S, 45. 

’'B. BoncompaRTvi, AUi L'oniif., XVI, gig. Rudotfl (1516), Ap[&iiu5 
Fkchcr (1545), Albert (7534), and Scheubel (1545) are particutarly worth cem- 
sultlnj;. 

^Tbus PeEtos (14^)3), ctiiriparjnE 7 with e, says: sapias cht Je 

.7. (S la plu ECEiita jpba cht pusta csi^r cite la jaha de (lot. 18>. Sec also 
HoriEbi (14S4). 

^Thus ClavEua (15S3I prefers the proof ‘'per ahiiectionem ricjucnars]or, in 
the Italian edition, ^^col gettar via tuui 11 to that "per ntiicctionem sep- 
Ltjfiarij” nr "col setter via Ei 7^*; and so with Clinquct, PacioEi, Buten, Tar- 
taplia, Cardan, and rnany others. The proof by other numhcra than g and it is 
not often found aficr about T'^qp. 

^^For erampte, in the Xfg'ofisiwiw pros&ycns wagsjEfi CftriJlani (0. r4Ci[5); "EL 
nota, quod subtraccio probat addidontni et addicio subtraccionfim.” StudniSka 
ed., p. (Praff, 1893). 

■See the Geftcral Traiiaitt, I, a, r. 
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TOPICS FOR DISCUSSION 

r. The number and the nature of the fundamentai operational 
and the reasons for the various dasalfications. 

2. Significance of duplation and mediation in the development of 
logistic^ particularly in early times. 

3. Difficulties in adequately defining the fundamental operations 
as their nature expanded from time to time. 

4. The leading prindplea determaDing systems of notation, with 
illustrations of each principle. 

5. The leading systems of notationj with a study of their respeo- 
live merits. 

6. The significance and growth uf the concept of place value in 
the writing of numbers. 

7. The history of the Roman nurnerals» with a study of the vari¬ 
ants from century to century, 

S. The nature, history,, and significance of the subtractive prin¬ 
ciple in the writing of numbers. 

The history of our common numerals^ with a study of the 
varfants from century to century. 

10. The reading and writing of large numbers at various periods 
and in various systems. 

ir. The terminology used from time to time in connecdou with 
the common operations. 

13 . Significant features of the work, in addition and subtraction at 
different stages of the development of these operations and a study of 
the rdative merita of the various methods. 

13. A study of the different methods of multiplying, with a con¬ 
sideration of the relative merits of each and of the probable reason 
for the survival of the present common method. 

14. A study of the different methods of division, with particular 
reference to the contest between our present plan (a modification of 
the a danda arrangement) and the galley method. 

15. Traces of early methods of computations in our present oper¬ 
ations with algebraic polynomials. 

id. The histoiical development of the process of finding roots of 
numbers. 

17. The historical development of the various methods of checking 
operations with integers. 



CHAPTER III 


MECHANICAL AIDS TO CALCULATION 

I. The Abacus 

Necessity for the Abacus^ Since tiie numerals of the ancients 
were rather nnauited tc the purposes of calculatiorij it is prob¬ 
able that some form of mechanical computation was every¬ 
where necessary before the perfecting of the modern system. 
This probability becomes the stronger when we consider that 
all convenient writing materials were late developments in the 
history of civilization. Papyrus was unknown in Greece before 
the 7th century e.c., parchment was an invention of the 5th 
century b.c.,^ and paper is a comparatively recent product/ 
while tablets of clay or wax were not suitable for calculation. 

Meaning of the Tern. In earliest times the word “abacus”* 
seems to have referred to a table covered with sand or with fine 

^Pfiny SiySj oi Uie sd century. 

may Lavt bteti brought irito Europe in the ssth century by tht M&oi^ of 
Spain, but specimens dating from about the beginning of our era have been 
found cm the eastern borders of China. 

^The word comes from the Greek cLjffnf ({i’bax}t probably Irorti the Semitic 
i 5 DS! fabcjl, dust. Numeroua other etymolufftcs have been suggested. Amang 
the most mtersting is one given by Th. Martin (its Sigjier p. 54^ on 

the atjtliority of Orion of Thebes, a lexicographer of the 5th ccatuty, and on 
that oi several other sthnlars,—namely, that the word comes from a *)■ 

(4 + bo>£j, without base), referring to the fact that the computing tablet had 
no feeL A recent article by U.. Soreau gives the improbable suggestion that 
simply meant a numerical tahJe, and came from (i/, + a^mia, b, 

relating to value), meaning i, a, + a| (indicating numerical values). See R. 
Soreau, ‘'Sur I’origine et le sens du mot 'ihaCtUe/” CtimfUs rendus, CLXV 3 , 
67. The ouestion was debated even in TacioU^s time, for he says (.Sflrtta, fol. 
10, r. (14^4)): ‘^e Jiaodo arahico e diiamase Abaco: oust seebdo attri e dicta 
Abaco dal greco vocabulo.'^ Of the various guests, that of Joannes de Murts 
[c. 1350) is the most curious, that abacus” is the name of the inventor’. "Non 
est sub silencio transeunduta de tabufa numeronim, quarn abacus admuenit" 
{Qaadnparliiittn, chap, siv; in the Abhandljtnicn^ V, (44), 
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dust, the figures being drawn with a stylus and the marks being 
era^d with the finger when necessary. This at any rate is the 
testimony of etymologj., and the dust tablet seems to have 
been the earliest form of the fnstrutneat.'' 

While all definite knowledge of the origin of the abacus is 
lost, there Is some reason for attributing it to Semitic rather 
than to Aryan sources.® 

The dust abacus finally gave place to a ruled table upon 
which small disks or counters were arranged on lines to in¬ 
dicate numbers. This form was in common use in Europe 
until the opening of the 17th century, and persisted in various 
localities until a much later date. 

Meanwhile, and in rather remote times, a third form of 
abacus appeared in certain parts of the world. Instead of lines 
on which loose counters were placed there were grooves or rods 
for movable balls or disks, a form still found in Russia, China, 
Japan, and parts of Arabia. 

We have, then, three standard types,—the ancient dust board, 
which probably gave the name to the abacus, the table with 
loose counters, and the table with counters fastened to the 
lines. These three, with their characteristic variants, will now 
be eiiplainedJ 

The Dust Abacus. The dust abacus was merely a kind of 
writing medium of httJe greater significance in computation 

^C. G. Knott, "The abacus m It& historic and scientihc aapeeb;," Tranid£- 
tjijns fl/ tif Asiatic Sockty of Japan, Voko-baToa, iS; hertafter telerred 
to as KnotL, Abacjii. “KnoU, Abacus, pp. 33, 44. 

literature of tlie subject k eitenaive. Hie following arc GOmc of the 
general a-uthoritiEis consulted; Knott, Abacus-, M. Chaslcs, Compies reniiHSi 
XVT, 140^ ' F, Woepdtt, Jcrttmcl dvatigne, I (6), 516 p Sir E. Clivi Bayley , 
/flttrnflj pjf the Royal Aiiatic Socif.iy, XV ^N. S.>M. Hubnijr, " Die chirafcte- 
ristl&tiben Formen dts Redienbretts," Zeitschrifi jUf LekrmiltelutfSf.n and pSdo- 
gogisekt Liierat^r, U, 4j; D, Martlnes, tariffe pragressi detl^ arittnitka, ft. 19 
(Messina, i 3 &s) (hereafter Tcfeirccl to as Martities, OTijfine ariifrtit.) ; A. Ttr- 
rien ric LacOuperie, "The Old Kumerals, the Counting Rods and the Swan-pan 
in China/'' Chromde, EH (jl, 207-340, reprinted in London in 

1 38 S (hereafter referred tp as Lnoonperie, Tke Ofd . The most 

elaborate and scboJarly work on the subject ia F. P. Barnand, The Casting- 
Ccuntor and the Coimiittg-Board, Oxford, igi6 (hereafter rtftfred to as Bar- 
nardj Cofintttrs}. 
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than the clay tablet of the Babylonians, the wax tablet of the 
Romans, the slate of the Renaissance period^ or tlie sheet of 
paper of today. In its nse^ however, is to be found the explana¬ 
tion of certain steps in the operations witli numbers, and on 
this account it deserves mention. 

The Hindus seem to have known this type in remote times 
but to have generally discontinued its use. Even in recent 
times, however, children have been insttucted to write letters 
and figures in the dust or sand on the floor of the native school 
before being allowed to use the common materials for writing.^ 
That the dust abacus was common a century ago is asserted by 
Taylor in the preface to his edition of the Lildvali. 

In the Greek and Roman civDizations the dust abacus was 
also well known* Figures were drawn upon it with a stylus, 
called by the Latin writers a radius,^ much as they were drawn 
on the slate in recent times. The wax tablet, described later, 
was even more extensively used, 

nature of the Counter Abacus. As in tlie case of alt such prim^ 
itive instruments, the origin of the counter abacus is obscure,* 
We only know that in very early times there seems to have 
been a widespread knowledge of some kind of instrunrient in 
which objects (beads, disks, or counters) on one line indicated 
units, on the next line tens, on the next hundreds, and so on. 
Some general idea of this instrument may be obtained from the 
illustrations given on page 159. The first one shows the succes¬ 
sive steps taken in the addition of numbers. Tlie second illus¬ 
tration shows the use of the abacus in multiplication. Several 
variants of this type are given later. 


^Sir E. Clive Eiylcy, Journtil of \he Royal As^iatic Socifiy^ XV (N". S,), gn., 
15, and XlV (M, S.), Part 3 (in the reprint of the actidfi " On the gEncalagy cf 
ancient numerals” il appears in Part 11 , p, ; see also Part I, p. ig, and P^rt II, 
PP' SOj 54); G- R. Kaye, ’’The use of the abacus In Ancient Ttidia,” Journ. a»d 
Proc, of Asialk Soc. of Bsngai, IV (s), 

*"Ei cadccn urbe humitem homuneuiuict a puiveic et radio e(xcLtabOp e[ui 
luuitis aiunis prat fuit Archimedea,” Cicero, Timulan Dvpatatiofis, V, 13, 64; 

Descripsit Vetgil, Edogaes, III, 41. 

the hisloiy In general ste A. Die Reehsnpfsnnigs and die optra~ 
the Arithmetik^ Vienna. 18SS. 
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There is^some reason for believing that this form of the 
abacus originated in India^ Mesopotamia, or Egypt, The whole 

Tens LTncta 'IW Units Tens Unit* Tceib Units Tens UnlLS llundreds Tens Units 



fi«t Step Second -'Itep Third Step Faurth Step FUth Step SinfSv Step 

ADplTlON ON THE ABACUS 

An early compuCer, wishing to add sa and 13^1 might have proceedtd a.s folloTvs: 
Plat* 2 pcbhics. On the units' line, as ahdwn in tha Firat Step, Then place 9 isioce, 
as. ehown in the Second Step- Then take away 10 ol these pebbles and add one 
pebble to the tens' line, as thown in the Third Step. Then add a pebbles to the 
tens' line becausB of the ao in J2, as shown in the Fourth Step- Then add 3 mote 
because of the 30 in 139, as shown In the Fifth Step, FiiiaEy draw a line ior hun- 
dred^i and on this piaoe one pebbk because of the ico in 135. The answer is i6e 

matter is, however, purely speculative at the present time and 
it seems improbable that it will ever be definitely settled* 



MULTIPLICATION ON THE APACUS 

Above the horiaontnl line in the middle it ia easily setn that the nuitiber 4132 
is represented. If wc wish to muitiply this by 2, wic may simply double the ob¬ 
jects Cin thia case the blade dotaj below the line, md the result is evidently 8164 
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The Abaciis m Egypt. That the Egyptians tised an abacus is 
known on the testimony of Herodotus, who says that they 
” write their characters and reckon with pebbles^ bringing the 
hand from right to left^ while the Greeks go from left to right.^^ 
This right-to-left order was that of the Hieratic script, the 
writing of the priestly castCj and in this respect there is prot^ 
ably some relation between this script and the abacus^ No 
wall pictures thus far discovered give any evidence of the use 
of the abacus, but in any collection of Egyptian antiquities 
there may be found disks of various sizes which may have been 
used as counters." 

The Abacus in Babylonia. We have as yet no direct evidence 
of a Babylonian abacuSn The probabilities are, however^ that 
lie BabylonianSj like their neighbo-rs, made use of it. Methods 
of computing were never chiefly confined to the learned class 
whose written records have survived. It was the trader first 
of all who used the abacus, and it was he -who carried the cus¬ 
toms and manners from country to country. Tradition not in¬ 
frequently assigns the origin of the abacus to the Middle East, 
as in the writings of lamblichus (c. 3^5), who not only states 
that Pythagoras introduced the instrument into Greece, but 
hints that he may have brought knowledge of this kind from 
Babylon.^ The tradition that the primitive home of the abacus 
W'as in or near Babylon Is also recorded by Radulph of Laon 
(c. 1125)" and other writers who had no special knowledge of 
the subject. 


^ On the Egyptian abacus see M. Cantor, Gfjiftiifttflj If chap. 15 J. P. Mahaffy, 
Old p. 56 Lllew York, iSSa), derives the Greek abacus irom 

Egypt. 

-Iti a papyrus of the time of Mcnephtab I C1341-1331 b.c., Lepaius) is a 
drawing which looks at first sight !ikt an abacus ■( Can tor, Geschkkle,! (rbji), 
but which is more likely a record of the dchvciy of grain. Kumerous simlEat 
itlustrations are to he found in collectioiK of Egyptian antiquities, as in the 
Archeologicai Mirseum at Elortnca (Egyptian coR,, sS^i and 3653). 

Pythagoraty cap. v, | aa. ” Primp itafloe jUum in anthmttiiiani et 
geometriam rntrodinut, deimonsCiationEhus In abaco pToposftis, , . For further 
evidence sa to the Babylonian origin see Volume I, pagt 40. 

*"Et quum inscrismimti hujus Assirii inventores fuisst perhibcanEut."' From, 
a MS. in Paris, transcribed by F. WoEypeke, Journal Asiati^e, I (6), 4j8n. 




EGYPT, BABYLONIA^ AND GREECE 

The Abacus in Greece. The abacus' and the counters" 
mentioned several times in Greek literature 


It is possible that 
one of the pictures on tire so-called Darius vase in the Museum 
at Naples is intended to 
represent such an instru- 
mentj although what vari^ 
ous vrriters have stated to 
be an abacus may be 
merely the table of the 
receiver of tributen In the 
lowest line of figures in 
the illuBtration the king^s 
treasurer may be seen aS 
the figure next to the last 
one on the left. The 
other figures represent the 
bearers of tribute. On the 
table itself are the letters 
M Y H AT 0 <Tj which are the 
ordinary numerals repre¬ 
senting ten thousands^ 
thousands, hundreds, tens, 
and fives, together with 
die symbols for the obol, 
half obolj and quarter obol. 

These symbols resemble 
those on the Salamis 
abacus mentioned below. 

The receiver of tribute 
holds a diptych, or two¬ 
leaved wax tablet, in his hand. Upon this tablet are the letters 
TAAATAtH, which seem to stand for Td\a(v')Ta ^(/ccetoV) 
(tal'anta hekalon', hundred talents). The receiver of tribute 
seems to be casting something on the table, the picture refers 
to the Persian wars of the time of Darius, these wars took place 
about 500 B,c., and coins were then known; hence he may have 

1 a.flifCiDi' (a^baxt {pi6*foi ). 


THE DflSlUS VASU 

Tile colkcCoc ol tribute mentioned in the 
text tht next to the left-rhand one 

in the lowe&t Ht baa a tablet in one 
hand, and there ia a table in front. From 
the Museum at N'aples 
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been casting either coins or counters. Tbe one thing that leads 
to the belief that the table is an abacus is the numerals^ but there 
are no lines such as are found on the Salamis specimen^ The 
date of the vase itself is unknownj but the style shows it to be 
of the best Greet period. It was found in 

Salamis Ahacnis. While there is some question as to the figure 
on the Darius vase, there seems to be little respecting an 
abacus found on the island of Salamis, It is of white marble, 
i.4g m. long and 0.75 m, wide, and is broken into two unequal 
parts, but is otherwise well preserved and is now in the Epi- 
graphical Museum at Athens.^ Of the history of this specimen 
but little is known. It was found before the days O'f the careful 
keeping of records, and we are Ignorant of its date and of the 
exact place in which it was dEscovered* It may have been the 
computing table in the counting house of some dealer in ex¬ 
change, and in some of its features it Is not unlike the tables 
used by bankers in the Middle Ages; or, as Kubitschek thinks, 
it may have been used in some school. The theory that it may- 
have been used in scoring games of some kind seems to have 
no substantial foundation. In any case it was apparently used 
for the mechanical representation of numbers by means of 
counters. It should be observed that, although the crosses are 
at intervals of three spaces, the first is not on the fourth line as 
in the nnedieval European abacus. 

iThfi vas£ Is lihusually l^r^Ci beiuy 1.3 nUfLera high. For 1 cood deEcrlpOon 
set A. Baumielsler, Daikfniiler djrj jfetnsnjffAcn Altert-umi, I, 40S (Munich, isa5). 
I liftve atightly ch^r^ed cJic Inscription from a personal e^an3inatiDn of the vase. 
Sm Heath, Uisioryj I, 48 ^ M. N. TckI, Greek Numeral Notatiija,” ttf tin 

British Schaai at jItAenj, XVHI, 1:4. 

-A description ivas iret published by Ringabc in the JSitJMfl 
Iir, &eq., with a. comment by A. J. H. Vincent, p. 401. Until ali repro¬ 
ductions of the stone seem to have been derived from the drawing in Rangabf’s 
article. In that year Dr. Nagl (HI. Aht.), IX, 337-357. and plate) 

published art Illustratiori of the abacus under the mistahen impneswon that it was 
different fnom Rangah^^a spedTuea. la tbc same year W. KtiblLscbek set forth the 
farts aacigave a satk-iacLory photograph hi the Wiemr Namismotische Zeilsfhrifi, 
XXXI, Plate XXIV. The author has had a cast taken from the oriirlnal, 

and Irom this th* above description is made. See also Harper^s JOfcilonary 0/ 
Clasikai Literainrs and Antiquities, p. a (New York, rSg)) ^ hereafter referetd to 
as Harper^ Dki- Xi'C; Efi’atbj Histitry^ I, 4'tj-3i; Tod, ftfe. at,, p. 
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It will be seen that the marble slab is ruled as usual, so that 
counters could be placed on the lines. On three sides are Greek 
characters substantially as follows ► 

b I, drachma^ a mutilated form of E, for h 
n 5, old form of TT, for -rreirr^ 

A 10, for SfATti 

fn 50, for TT and A,, five tens 

H lOD, for H EKATONj old form for exarov 

P’ 500, for TT and H, five hundreds 

X 1000; for 

I the obol 

C tlie half obol 

T the quarter obol 

X for eighth of an obol 

^ SOOO; for IT and X ^ five thousands 

T the talent of 6000 drachmas. 

The lines at the top were for fractions. In the illustration the 
lines and symbols have been accentuated for the sake of clearness^ 
As to whether the Greeks commonly used loose counters or 
not we can only infer from this single extant specimen of an 
abacus, and possibly from the Darius vase* The former and 
possibly the latter lead us to believe that the loose counters 
were preferred to those sliding on wires or rods, ^^e do not 
know any details as to the actual methods of computing, and 
in spite of the effort of Herodotus to be clear on the subject^ 
we are uncertain whether the rows were horizontal or vertical 
with respect to the computer*^ It seems probable that the Greeks 
made less use of the abacus than the Romans, the Greek nu¬ 
merals being better adapted to the purposes of computation, 
particularly of multiplication and division.^ 


'Liber II, mp. 3b, 

-H. Weissenborn, Zvt Crichkhte der EinfUkrang der jttstgirt p. 2 

(Berlin, and autboritieg cited- 

G. Smyly, ’^Tbe emplflyinent of the ^IphabeE in Greet lo^datic,^’ in the 
Milanges Jules Nkole, p. 521 (Geneva, H. Suter, Geschichte der math. 

Wisscnsckaftm, 2 d ed^ 1, ri (Zurich, i3t.i> ; Heath, I, ^ 7 , 
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Tlie Abacus in Rome* There were at least three forms of aha- 
CHS used by the RomanSj-—a grooved table with beads, a 
marked table for counters, and the primitive dust boardd In 
respect to each of these forms Latin writers give us consider¬ 
able information* Horace, for example, speaks of the schooL 
boy with his bag and table hung upon his left arm^ the table 
referring to the abacus or the wax tablet;^ and Juvenal men¬ 
tions both the table and the counters.® Cicero refers to counters 
vrhen he speaks of the aera (bronzes), the computing pieces be¬ 
ing then made of bronze,* and Ludlius the satirist, who lived a 
generation earlier, does the saine,“ The common name for these 
counters was, however, calcuH or abaculi, and the material from 
which they were made was originaliy stone and later ivor}" and 
colored glassThe word ctUcidus means ^‘pebble” and is the 

^S. Houel, in tijs I'eview of Friedlem’la "Die Ziililaoiclieri,” lu Eoncompagni’^ 
ni, Guntber, Jjfflift, Vniernthls, p. n.; A. J. H. Vincicnt, 
vjte III, 401; A. Kuckucl!, Jiech^k^ttsi iw secksthjit&i 

JoJfrhimdtrt, p. 6 (Berlin, 1S74). Altliaugli we have numeruus ticJercnoc; to tbc 
uge of loose counteri, it is corious th^t no ancient writer speaks definitely of the 
ruled table on wkcrb they are used j see Gerba.rdt, p. On the abacus 

as a paining tibte, particularly f&c dice, see G. Oppert, Oft ikt inftobit- 

nntj p/ or India, p. 3^9 (London, iSflgl ^ W. Ramsay and R. Lan“ 

danSj Afa««fi^ cf Roman jlfliigwiiicj, ed-> p, 49'7 (London, 1901) (hercaflei 
referred to a^ Ram&ay and Landani). For a bibliography and desfripLlou uf the 
jriilSei and Icjjd'flp see J. Marquardf, I* vif prhii iUs ifopacluj, 

Frertck traoslaticm, II, 52a (Paris, 1893)- 

^Laevo snspensL loculos tabulamqne laccrto. 

6 , 74 

^Compijitat . , . ponatur calculus, adsint 
Cum tabula pueri \ numera sestertla quinque 
Onmibus in rebus, nuimtrentur deinde labones. 

Satin IX, 40 

*"Si aera sln^la jwohasti.” PhSosopk. Frag-menia, V, 

“Hoc E5t ratio ? perversa aera, summa c^t subducta improbe I 

L, &S 6 , cd. Marx ; J. 740, ed. Lachmann 
OAdeo niilla unda nnbis 
Eat eboris, ficc tessellae nec calculus ei hac 
MatcrUu Juvenalj XI, ii,i 

Fragment* teporata . . . fundi non queunt praelerguam a.bnipta aibimet in 
guttaa, veluti cum calculi fiunt, quns quidem abacutoa appellant aliquos et pluri- 
bus modla verdcolores.^—Piiny, HisL XXXA^I, a.6, 

Capitolinus {Ftrtinax, I, 4), speaking of the boyhood of PorUnax 
siyi" Puer Jitteris clemeiritariis et cal culo imbutus.’^ 

Martial (H, 4a) Includes amonff his modest wants “ tabulainque calculosque.” 

II 
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diminutive of calxj a piece of Jimestone (often referring to the 
special form of cbalk, the name of which comes from the same 
root). It is therefore our word "marble” as applied to the 
small spheres with which children play games. From it came 
the late Latin caic^hr^,^ to calculate. Teachers of calculation 
were known as caiculofies if slaves, hutcalculator&s or fiumcnwH 
if of good family.^ To calculate means literally, therefore^ to 
pebble, and a calculator is a pebbler* The word calculi was 
transmitted by the Romans to medieval Europe and was in 
conunon use until the i6th century.^ 

We are not sure whether tire small disks found in Roman re^ 
mains were counters for purposes of calculation, counters for 
games (like American poker chips), or draughts. The games 
of backgammon and draughts are both very old,'* and the for¬ 
mer is our nearest approach, aside from such abaci as we still 
use, to the Roman and medieval abacus.^ 

The abacus in which the beads were allowed to slide in 
grooves or on rods is not mentioned by any early writer and 
seems to have been of relatively late invention. Indeed, in the 
15 th and 16th centuries it was commonly asserted that Ap- 

^ The Romarts u^ecI subducerc ii^sLEad of caimdan. Tlii& wonl, in 

senee of ’^Lo calculate,” is Hcst found in the works of the poet Aure[iu 3 Clemens 
rrudetitius, who lived in Spain c. (tooj see de XVII, 

■aupplemeotnty bulletin, p. 33 ,. 

'Tertuflian, evidently with reftntnc: to the dust abacus, calls them "primi 
nunitranjiti arenatii-" 

SThus ClidUovtus, iti h 3 $ axEthmelic of ]; 5 d 3 ^dn fol. b, iij, ij.), says: 

"NumfitaCio cakularis eat cuiu^qj numeri auo loco tt limite apta per eakulos 
dispofiitio”^ and Xovkmaaeua ^1539, fol. g., f.) aays; ^'Ut detuf autem hac forma 
in calcLiIts ^11 ut nunc ht iiLxmTQi 3 .” 

*They appear m various EgyptiaB, Greek, and Roman remains. For dampk, 
in the liritish Museum is an «nci«nt model of an Esyptlan barge on which a 
game of driughts is in progress, and A. Eaumeisttr [Defik-mdl^r des feJiusijfi/tejt 
AUertwTts, I, 334 (MutiEch, rfiSg)) has reproduoMt an illustration of a airallar 
gamE from an oEd Greet terracotta. There w<ire two I^oman games, the tttdiis- 
lairani^doru-tn and iudns dupd^cim s^pitrum. On which pieces called ailcuH 
were used, hut their enact nature ia unktio^vn. See llamsay and LancEant p, 405 ; 
J. Marquardtj La me privit dti Ratnaini, French tTansJatiori, JI, 530 (Paris, 
iSqsJj Harper's Diet. Ciass. Lit.^ p. 362; J. BowrEng, The Dednai SystsFn, 
p. I'pS (London, rB54>. 

waa probabEy the iwefus duodecim scriptorum already luentiianed, or the 
^laypafifn^Tf^t the late ol the Greeka. 
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puleius invented this form of the insttument in the ;rd cen¬ 
tury/— a stEitement for which there is no sundard authority. 

Our knowledge of the grooved abacus is derived from a few 
specimens of uncertain date which have come down to modern 
times. One of these^ formerly owned by Marcus Welser of 
Augsburg^ was made of metalj is said to have been 4.2 cm. long 



ROWAN ABACUS 


Andent bronie abacus of uricertaih daLt, n&w in tlie Eritisli Museum 

and 3.5 cm, wide^ and had nineteen grooves and forty-five 
counters or buttons ({^aicuHy. Another was once owned by the 
reformer Ursinus (c. 1575)^ but is now lost. A third specimen, 
of bronae, is now in the Kircherian Museum at Rome. The gen¬ 
eral plan of the Roman abacus may be seen from the illustration 
here given, representing a specimen in the British Museum. 

The symbols found on such specimens as are extant are usu¬ 
ally the common Roman numerals from i^ooojooo down to i, 

^ Ungerf Lltt p. 6g. 

“This was twice described before it was lost, once in Arasterdam in 16^4 and 
ouoc in N'yrnbeo^ in 16B3. The measuresBents are quKtianabk, Ste G- A, Sail- 
fddi "I>tr griechisohe Etnfluss auf ErjScbung ond Unterriebt in Rom,” nVftte 
Jahrb^kher Fhiiolczk, OCXVE, 
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together witn o (or $) for unciHf ovj.joi the cj; S for semiuncia ; 
3 for the sicUicus, or unda ; and 2 for the duella, or ^ uncta. 

The Abacus in China. At the present time the use of the aba¬ 
cus is universal in China. In banks, shops, and counting houses 
of all kinds the computations are performed on the s^an-pan} 
The computer works very rapidly, like an expert tj=pist or 
pianist, and secures his results much more quickly than can be 
done by our common Western methodsHe learns its use by 
practical experience in business, probably as the Romans and 
Greeks learned it^ and not in the village schools.^ 

The iuan-pa?3. is, however, a relatively late development of 
the abacus in Chinaj appearing firstj so far as we know at the 
present time, in the 12 th century.* It is true that many writers^ 
have plajced its introduction much earlier, but there is no defi¬ 
nite description of the instrument in Chinese before about 1175.^ 

^The term mfiaris cemptilLni pJate or comp^iting tray, often incfiritttly ttans- 
faled ^ cemputfng board, 11 ^ also called tfic sw-partt Entd ihero zre other v^r][mts>r 
It is called juin&^Kin Calcutta, where It u^ed by the Chim:^ shroff:^ (com¬ 
puters, accjounianta, cashiers) in the counting houses. The common spelling h 
sunn-pan, swan p^an, or swan pan. The insttuinent is also in common mse in 
Shun and -wherever Chinese merchauta have determined business customs. 

^See Knott, Abaewij p. 44; J. D, Bell, Things Chvisis, p. i (New York, 
1^1141; J. Gpscbkewttfith, "XJehtr das thlnestsche Rethncnbreil,'^ Arbiiten der 
kaiserUtk Rtisstschen Gesandiicha^t zn Pthing, I, sg;; (Berlin, tS5S) 1 Smlth- 
Mikimi; R. van Name, ’’On tlie Abacus of China and Japan,-' Jownal &j the 
Aflwr. Omntr S&c., X (Prpceedfligj), p. nt; J- Bowring, The Decimiii SysUm^ 
p. 19:} (London, t3s4). 

“A. H. Sttlith, ViHagi Jj/e Hft CftzHJ, p. la^ (New York, 1899), 

*One of the moat scholtriy artidea on the history pi the h the One 

already cited, by Lacfluperie, The Old iVumeraii, pp, 397^^40. It contains an 
excellent bibliography of the subject up to 1885. 

* J. Hager,. An Mxphmiian aj the Eiementary Chsmeten of the Chinese, p. x 
(London, iSoi> ; H. Cotdier, flitfifliAepa Jihecs, col. 509 (Paris, 1681-1895); 
L. Rodet^ ”Le Souan-pan et la Banque des Argentieri,” de la 

Math^matiqve de France-, Vol. Vni (Barts, i8£o). Chinese writer^ rtcord that 
a work, "Anecdotes of mathemattes," written about 300^ mentiong 

various methods of computing, iocludEng "bead computation’* and "hand com¬ 
putation," but tht work gives no description of any process. See also an inter- 
esLlng early esaay, Smethurgtj "Acicount o^f the shvsfon pan/* FhiL Trans.^ XLtT 

’’This occurs, in two works, the Ran ehn i^ih and the Tstn pan isih, which 
appeared in the Shun-hi dynasty, 1174-3:190. They describe the pan, or tray, th& 
word ibjn-^aB not being then in use. Indeed, as late aa the iftth century the 
name pan shih (board lo measutt) used. Set Laconpene, p. 38. 
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As to the origin of the Chinese ahacusj the evidence seems to 
point to Central or Western Asia, At the time of its appear¬ 
ance ^ China was largely under the domination of the Tangut or 
Ho-si state and of the Liao and Kin Tartars. The Tangutans 
were a mercantile race, and the Tartars were favorable to 
learning. Moreover, Arab and Persian traders are known to 



MODZEN CHINESE ABACUS 

The ivan-pan, known to hnvie been mad as early ^ the is Eh cenEury 


have been in Canton in the Sth century^ and the Ne&tonans 
were in contact with the northwest, so there was plenty of op¬ 
portunity for such a simple device to make its way into China 
from Khorasan or some neighboring province. The fact that 
it seems to have reached Russia from Central Asia^ adds to the 
belief that China may have received it from the same source,^ 
Before the time of the sit^n-pan the counting rods, often 
called the bamboo rodSj had been used for more than a thou¬ 
sand years. They were known c. 542 B,c,* and are referred to 
as counting stalks in a. statement of Hiao-tze, the ruler of Tsdn 
from ;j6i to 337 n.C. They are mentioned again about 215 b.c,, 
and some specimens of this period were displayed in a museum 


LLaroLiisej Gmtui Dkti&nnairi U^^irseJ^ I, 636; Vissiirt^ AbacquE; A. Wylit, 
Nities on Chtfitss LitEmiurE, p. 51 (Shanetiai, igoa). 

“LacouDenc. Tfie Old Ivurntroh, p. 4^. *See Volpme I, page 96. 
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of the Emperor Ngan (397-419). These were about iS indies 
loDgj some made of bone and others of horn. In the reign of 
Wn-ti (140-S7 b.Ck) of the Han dynasty^ it is related that an 
astronomer Sang Hung (about iiS was v^ty skillful in 
his use of the rods. Id the third century of our era it is re¬ 
corded that Waog Jung, a minister of state^ spent his nights 
in reckoning his income with ivory calculating rods, and the 
ejfpression reckon with ivory rods" is still used as an allu¬ 
sion to wealth. In the time of the Emperor Ch’eng (326^^343 ) 
the counting rods were made of woodj ivory, or ironj and two 
centuries later the Emperor Siuen Wu (500-516) had counting 
rods cast in iron for the use of his peopled 
The Chinese historian Mei Wen-ting (xd53’-3:72i), in his 
work on ancient calculating instruments," states that about the 
beginning of the Christian era 271 rods constituted a set, or 
handfulj and that they formed a hexagon that had nine rods 
on a side. This means that they were arranged in six groups 
of which the ends of each formed a triangular number of 
1 + 2 + ■ ■ ■ -h 9 units, or 45 in all. Six of these make 6 x 45, 
^ or 270, and these six were grouped about 

• « one central rod, making 271^ thus afford- 

■ * • ing an illustration of the use of figurate 

numbers in the East 

»•*««• It seems from Mei Wen-ting’s work 

■ the rods were in general use until 

**,***,*, "**,\** the 13th century. With respect to the 

he places the date somewhat 
later than other writers, sajdng, "If in my ignorance I may be 
allowed to hazard a guess, I should say that it began with the 
first years of the Ming dynasty,” which would make the date 
about 13 6 S. Subsequent writers are probably corr ect, hOTvever, 
in placing it a century or two earlier. 

The Abacus in Japan. The primitive method of computing in 
Japan is quite unknown, but from the time of the Empress 
Suiko (593^62S) the bamboo rods {chikusaku) were used.^ 

J Lacguper[e, TAe Old NiimErais, pp, 34-3$ oi ttprint, 

^ Jtii-jtJd FE-fe'i-t'ap. ^ Snuth-Mik&m], chaji, lii, Tvith bjbHo^Tapby. 
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These were round sticks about z rnmn m diameter and 12 cm. 
in length, but because of their liability to roll they were in due 
time replaced by the sancfm or sangi, rectangular prisms about 
7 mm^ thick and 5 cm^ long. The san^barij the name being 
probably the Japanese rendering of the Chinese word suan-p^^rti 
was developed but not generally adopted in the i6th century/ 



THE BANOr JJOAIU? TN JA^AN 

Intended for computiitiDn whh tlie (rorts]. From Satfi Sbfgehant’s Tcnstn 

ShiflOTii 

What may prove to be a. relic of a very early Japanese sys¬ 
tem is seen in the tally sticks used in the Luchu (Liu Klu^ Riu 
Kiul Islands, near Formosa, and known as Sfid-Chu-Mdr 

The Abacus in Korea, The bamboo rods of China passed over 
to Japan by way of Korea, and in the latter country they re- 

iSraith-Mikami, p, iq- , , ^ ^ ^ , 

^B- H. ChainTwrlaiti, Jaiimcd a/ th^ AfltJtrffpalasicdl lasliiutc pj Gr^t Snta^ 
and Ireland, KXtni, 3B.1. Fnr n btitf mentiDii of tallies SEC the Geosmphi^ 

cal Joitrml, June, 
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mained in use long after they were abandoned elsewhere. The 
commercial class was acquainted with the suan-pm for a long 



SANOr BOAXD WITH NUMBEHB rariCATED 

From Nishiwaid RscliyQ^s Sa^n-po Tettguit Hokut i?i4, Tiie board was a 
boand ruled as iliowiij tlie yan^" being plited in the rectangles 

time before the Japanese conquest^ and now the soroban is 
cornmon among the officials. But most of those who were edu- 
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cated in the native schools used the 
times^ while those with but little 


counting sticks until recent 
education performed their 



THE SANGI SOAED IM" USE 


Frotn MSyake Keatyula Shijjxilsa Sangaku Zitye^ 1716 (1755 ed.) 


simple computations mentally or on their fingers. The count¬ 
ing sticks (JiTo-fj; job) were of bone, as in the illustration on 
page 174, or of bamboo split into long prisms. About a bun- 



JAPAi'ESE ABACUS 

The sarobaii, tntjwn to have been used in Japan as early as tht uStli ctntury 
and fa universal ysa at preseat ' 


dred fifty were used in ordinary caloulation, and these were 
kept in a bamboo case on ±e computer’s desk. The sticks were 
laid as follows to represent the first twelve numbers: 

I If 111 IfJI X Xf XII XIII XJni _ T TT 

^^345^ 7 S 9 10 II 12 

In computing^ the Koreans used the rods in substantially the 
same way as tlie Chinese and Japanese had used theirs. The 






























the abacus 


process was so cumbersome that it has recently given way to 
the Chinese and Japanese methods with tht suan-pan and tJie 



KQlREAN COirPU'TlNG RODS 


Camputm; roda made of bone. Until 
quite TGccnUy these wtre used in the 
SirhoDlg of Korcft, Thg immber& were 
tepit&enL^d k£ shown on 173 


sorobaji} The Koreans also 
used pebblea and coins for 
the same purpose^^ 

The Ahabus among the 
Mohammedans* The Arabs^ 
Persians, Armenians, and 
Turks have a form of abacus 
which differs from that of 
the Far East and from the 
one used by the Romansj 
having ten beads on each 
line. Its early history is 
unknown, but since it re¬ 
sembles neither the abacus 
of China nor that of Western 
EuropCj it probably origi¬ 
nated among the Arab or 
Persian computers. The 
Turks call it the coulba and 
the Armenians the ckoreh,^ 

This form of the abacus 
does not seem to have been 
generally used by the Sara¬ 
cens in the Middle Ages. In 


iQn Che mathematics of Korea in gentr^E, &ct P* Lowell, Thg Latid of tkz 
Morv-ing p. 350 CBoston, iSSS), For the Song yang hoei saan /fl nr SOFi^ 

ho'iti jfljj pE-p (Ti'PCJiiyfl an Arithmetic 0} Yang Hoei af tht Song Dynasty ), 
which was for a. tonf time a, classic, see M. Courant, Eibiiographie Corienne, 
IIIj 1 (Fajfs, iS^6). Seq also the Grommaire CoriennSf p, 44. (Yokohama, iSSi),, 
in which the cEescriptlon of the laying of ibc sticks recBllS' the Japanese method 
and dtSers fiom the one shown on page 173, which W93 giv[;n to thq author by 
educated Korean in Peking. ^Cramnmirr CoriinnE, ioc. cit. 

iipadO'lc Speaks of this form of the abicus when he says that the ordere of 
numbers increase from right to left “more arabh de sttuil arte ptatica primt 
mtiStori seeOdo alcnni vndc p ii^notitJa ct vul^o a cerropto el vocabulo dicedo 
la Ahaco: cioe modo arabico. Che lopcmie sno e modo arabioo e etdamase 
Abico: ouer aeebdo altri e dicta Abaco dal green vocabnlo” fol. 19, J'. 

(Venice, 1494) - 


MOHAMMEDAN AND RUSSIAN TYRES 175 

thst period tlift dust Tuoa-rd was coimnoii and tbe numeral fottns 
derived from being written on such a tablet were therefore, as 
already stated, called in the schools of the western Arabs the 
gohdr (dust) numerals." Thus the Moorish writer al-Qalasadi 
(c. 1475), in his commentary on the Talckh of Albaima {c. 
1300) j speaks of "a man of the Indian nation who took fine 
powder and sprinkled it on a table and marked on it the multipli¬ 
cations, divisions, or other operations, and this is Vhe origin of 
the term iobdr^^ (dust),- Further evidence of the rarity of any 
other form of the abacus among the Saracens in the Middle Ages 
is to be found in the silence of Maximus P]amides (c. 1340 ) 
upon the subject; for the contact with the East ol one writing 
upon arithmetic in Constantinople would almost certainly have 
led him to speak of the bead abacus if it had been in common 
use among the Arabs of his time. It may be, however, that the 
dust abacus was used in some parts of the Mohammedan 
domain, and the bead abacus in other parts, the latter giving to 
Christian nations the line abacus. Some reason for this belief 
is found in the fact tltat certain medieval writers derived the 
word "abacus” from the Arabic,^ while William of Malmes¬ 
bury, although by no means a reliable chronicler, writing in the 
12th century, says that Gerbert (c. 1000) obtained his idea of 
the instrument from the Saracens.* There is also a possible 
reference to the line abacus by Alchindi^ (c. S60). 

The Abacus in Russia. From the Mohammedan countries the 
bead abacus worked its way northward, and in comparatively 


iH. Wai'gsinborii, Cerberl, p. sjjj (BerUn, 188S); Zur G^Qhkhi^ der Einfi^- 
ratig df.r jetzj^eri Zlfferti, p. 7 (Berlm, 1^92 J; Smith-KarpiMld, p. 63. 

iFrom EUi Arabic MS. Sn Paris, descrihed by F. 'WMipckfi, Jourttal AiitUiiive, 
I 60. 

■^Thijs a 13th centucy MS,, Jlssulae abaciy published by M, Chicles in the 
Comptes rendm tor 1S4J. (XVI, as&erts, “Ars ista vocAtut abacus; hoc 

nomen veno ^rabitiifri est et aoiiat menaa-'’ 

^" Abatam cwte primus a SarazenN mpiens, tcgulas dedit, ejuae a $iJdantIbLi? 
abacistSs v]^: intelligentur.” On the unrclLatiiUty of this cbToniclcr, sec H. Weissen- 
bom, Ctrbtrty p. 33S ( Berlin, iSaS). 

^The reference is in the chapter ’'De nutneris per linjeas & arana hordeacea 
muhiplfcandis Liber I" of the Litin transIWtinn of bis arithmetic. Sec H. W'efe- 
wnbom, Zur G^chkhis dtr Einfvbrntis dtr jelsiseK p. j. 
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recent times was adopted in Russia. It is still found in every 
schoolj shop, and bank of Russia proper, although in the for¬ 
mer provinces of Finland and Poland it is seldom used. The 

computers handle it 
with much the same 
ease as the Chinese 
show in their use of 
the smn-pan, and 
there seems to be 
no reason why they 
should not continue 
to use it until it is 
replaced by more 
elaborate calculating 
machines. The Rus¬ 
sians call their aba- 
cus the s^ckoty^^ and 
the form is the same 
as that of the Arme¬ 
nian choreb or the 
TurkishciJHi^As. They 
occasionally speak of 
it as the Chinese aba¬ 
cus, so that there is 
this ground for the 
claim that it was in¬ 
troduced from China 
by way of Siberia, although the form of the instrument would 
go to show that it came from, the South* 

In the 16th century the German form of line reckoning was 
used in Poland,^ and when this disappeared it was not replaced 
by the Russian abacus but by the algorism of Western Europe. 
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JiUSETAN ABACUS 

The ol tlie RussLaua. It ia of the same fonn 

aa the Arnoeiiiau and the Turkish c^uiba 


Variously trinslitersiW* but this forio jjlves the pronunciation more nearly 
than the others. 

*The third arithrtietic printed in Polandf but the first in the Polish language* 
is that of Kies It is devoted almoat entirely to thia kind of computation. 

See the Baraniecki reprint (Ciacow, and Bickstein^a article in BibL 
I'V Is), 57 . 
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Th^ Abacus in 'Western Europe. In medieval times in Western 
Europe the abacus had various names and forms. The fol¬ 
lowers of Boethius (0. 510) called it the Pythagorean table 
(meiiSii Fyikitgortcn^^ a name also given to die square atray of 
the multiplication table.^ It was also known as the geometric 
table (tabida geometTkalk, mensa geowefricalk), table of the 
abacus {labula and Pythagorean arc {an^us 

feus)j although abax or abacus was the coinmon medieval 
namOh So common was this name that the verb ^'to abacus*^ 
became recogj:ii5:ed," and the arithmeticians of about the i ith 
century and later were occasionally called abacists. 

The Dust Table. Of the various forms of abacus used in 
Europe^ the dust table, already described as known in the 
Orient and in classical times, was one. We have evidence of its 
use at the close of the 9th century^ when Remigius of Auxerre 
{c. 900)^ in his commentary on Capella’s arithmetic, speaks of 
the table as being sprinkled with blue or green sand and the. 

^Csntor called atL^nlion to this distmcti,™ la bis MnlfunuitbcJie 
zum Kviturlibsn d&r Valkert Haili!:, iS&Jh p. ai?4 (hereafter reftrrtd to at Cantor, 

; BJtd Enestriiin did the same in the Bibi, Mathri I ( 0 , 90. AdeJard of 
{Cr XI30) I in big Ri^gvhe Abad, siysL "... csuidcTii nicnaairL pitbagoreani 
oh magistri sui jreuetcnliaHi. std po&ti tamfi sbaoLicii dixerunt"' (Boncompiagni's 
Xrv, eS). in ibis hip appatcntly hghH in Tnind 1 pas&agt Sn the 
Ars GeorjKtria oi Boethius fed. Friedlein, jj. ipfi)': "Pythagcirioi urera . . . de- 
scripaerunt sibi qumdam fpjrmylain, quaia ob bonorera aui praeceptoria mensaTn 
Pythagprea.m nommabant ... a pPsti^rlorlbiis aippeUabattir ahacut." Adelaxd 
even goes so far as lt> assert, with foundation except tradition, that the 
abacua is due to Pythasorasi himseSi; "PythaKvrid vexo hfic opus [abacum] 
cotnposuermit/ut ea que magistro suo pitagnra dopente audieratit. ocui' subiecta 
rctinerent: ct Eemius custoditent.” 

^Turchillua, writiuff on the abacus about uoo, says: '^.Ab antiquis mensa 
pytas*^ica, a modern^ autfim uel abai vel abacus nuncupalur” {Boncompagni'i 
BulififitTTiJ, XV, TjS). An aTiquymous MS. of the tali century, in the Vatican, 
says; "(Tlabula abaef qU't pytagorea uocatur" (t&ttf., pp. 13a, 154). See 
also M. Chasles, "Divetoppemecits at d^taib bistorsques sur divers poitils du aysr- 
time de rabaous,’' Ciffftptes rend^is, XVI, 13^3, with references to other MSS. 

a MS. in the Bibliothfeque nationale in Paris there is soEoe correspondencE 
betTi'een one Radulph of Liige and Rosimhold of Cologne in the early part of 
the nth centyry in which, the writer eays; “Hot si abackando probaveris.^^ 
In the same MS, there is a letter addressed to Hermannus Contractua (c. 1030) 
in which the statement fa made; "Ut meam abidzaridi Dottra in&dtiam.’' See 
Chasles, loc, dt., p. 141?. 
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figures as being drawn with a radian.'' A certain Papias, who 
wrote a VocabulariitTn in ros3> who may be considered as 
representing the knowledge of hia time, also speaks of the 
abacus as a table covered with green sandr 

The Wax Tablet. Allied to the dust fable is the old wax tablet 
of classical times^ This consisted of a tablet of wood or bone 
on which a thin coat of black wax was smeared, the figures be¬ 
ing written with an iron stylus of which one end was pointed 
and the other was somewhat spoon-shaped^ the latter being 
used for erasing by smoothing the wax down again/ This tablet 
passed into the medieval schools and counting bouses, and spec^ 
imens are extant which were in use as late as the i6th century/ 


Abacus tabuli eat geometricalia super quam spiirectiatur pulufs uitreus sjue 
glaucus. Ibique cum radio uir^? iormabimtur finur^ geumetrL^," lioncfliii' 
pagciL'S BttUeuinOt XV, snd in, G4. In the same jouinnil (X, 6^5J there 
is a descriptioTi oi 1 medievaJ MS, nf unknown date in n'hich tbe follnwinK 
passiigt appeats: '^Abacus vo-calur lU'cnsa. j^eomtLficalis que ct in nu™pri5 ct 
'iotiuis jaumecorum diuiaa . . . 

-"Abacus vet abair tabula: in qua utridi ptiiufi fomtat depEnguntur/^ From 
the Arst printicd edition oi the VocaiyititirinjHf Milan, 347C, fol. i'. Sfc also 
Boncompasni^ XlVt 65. 

It would seem that Adflard o[ Bath (c, 1120I referred to ihifi form of abacus 
when be wrqta; "Voeatur (Abacus) etiam radius ffeametricuSj quia cum ad 
mutta pertingat, rnaiinie per hoc ^omctrLcae subtilitates nubls ilUtminantur,” 
Hadulph of Laon (c, itJS) bad the same form in mind in i^riting the follow* 
ing: “. . . ad aritbmttiiiae speculaLionLs invesllRandas rationed, et ad eos qui 
muslces modulationibus deserviunt numeras, msoion et ad ea quae aacrologorum 
soJlert] iiujustria de varib errantium aiderum cuisibus . . . Abacus -ualdt neccs- 
sarius inveniatur ” S£e Chasles-, ioc, cit-, p. 1474. 

5One of the b«t specimens of this kind seen by tbe autbgr fe ft fitb century 
Rpman piece in the Rylands library' at Manchester, Engfand. This is tnadc 
of hone and is a diptych bound with iron and having an iron binpt. Tl has 
three iron styli, one erad beiae pointed for writing and the other end bcinf; 
spoon-shaped for erasing. 

♦There is an elaborate set of Comptgs de I'hfitel Saint Louis, written in 
1^56-1357, in the ML:iaee des Archives, Paris. It consists of between ten and 
twenty placques. There is a i^th century specimen in the Germanic Museum 
at Kiirnberg, from southem Germany; a piece apparently of the i&th century, 
from a church in Switzertand, may he seen in the British Mnseum; but the 
most Interesting one of the medieval period that has come to the author’s 
attention Is in the Rathhaus at Goriair a. Harz,—a book of eight tablets bound 
together and making listeen pages, two compartmtnta to a page. This Goslar 
specimen is a BiirEBrnoUc of the J4th or ijth century, the numerals being Rcurun 
and the original stylus beln^ annexed. 
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The SJate* In the later Middle Ages the slate replaced the 
wax tablet and sand taUe^ and continued in nse until the manu¬ 
facture of cheap paper rendered it nearly obsolete at the close 
of the I9tli century. ITie earliest printed reference to it b 

Ttorofdocira bcldamtmdfe a^<y 
riwu tractitifl pcniiilio ^ nctdfjniia 
fodicOer wwpit.qnt de giaicabua wh 
cnkdomim fpcdc p»fcn.t nirilaj.q falt^ 

Jiecdfaiu adh^ Mtf icrat 

'Hiwu' ih^ pIohbDa librifl aJ^outmi nuaip^ 
tt0»nioe area tiurncTod o||pdi rdtia 
fliq j g bof bow e;rtntrctarqj vtn 

HaLtfi fa(Iidjoii:cu j>pf ipvp 
lW^dlnfclU4)p^ M^dekat^.(Li€iJd ^pi«r 
op£itittonu^baioee:vq£Xbcne (krint net 1 
4m iJti modtmoin q? C m aflroidcocnct 

?tt^lT;:alcul3toi£ ogit^fDOTi a copili^ tncipert opottebab d» 
to q? errot rmw adbwc fatie x Ixx ppi 

raom foa ogatoe delcrae^^nd^bat cha ulcalotoz fem^ aiiq- 
Upt^e ud fibi ^omujujj goo fenbew arqj ddetc pcitj 

cu gbiiTcalcnlo fudr'iLt ga bet ota IdiiA i 

FIEST printed RErERENCE TO A SLATE 
From Bddamandi’s work, 14315, See tke word lapide in ne^t to the last line 

probably in the AlgorisMUs of Trosdocimo de’ Beldamandi, a 
work written in 1410 and first printed in ^ which the 

author speaks of the necessity which a computer has for a slate 
from which he can easily erase what he has written.^ The gain 
to the art of computation which resulted from this invention 
can hardly be realized at the present time. 



^^^Anno dosnini ,1410, die -la. lunij conpflita,^ See Sara Arisltm^tica^ p. 15, 
^"IndiEBbat eta calculator sem^ liptde sibi Pfortni, &Tifi quo 
sciibere atqj fadliter dclcrt poMi^ cfl ^tnua ojpabat* in calculo suo (tS4^ 

cd-H fol. 2^ Vr)- Compare also J. T. Freiglua, BmcI, 153?; “Numcii 

in s-baco scribendi,” 
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In this period, but we do not know precisely when, there 
camo into general use the blackboard, arranged for hanging on 
a walh This is frequently shown in the illustrations in the early 
printed books, as in the case of Bdschensteyn^s work of 1514. 



EARLY ILLUSTRATION' OF A BLACKBOARD 
Ftoia JohaTiu Eoscbensteyn^ RtckenbiicJdin, Augsburg, 1514 


Gerbeifs Abacus* To Gerbert (c* 1000) there is attributed 
the arc or column abacus^ If we could put one counter marked 
"4” on a line instead of putting four counters upon it, there 
would seem at first thought to be some gain. This apparent gain 
is offset, however, by the loss of time in selecting the counters 
and still more by the necessity for learning certain tables. The 
plan was followed by Gerbert^ and possibly some of his succes- 


'iKdtu PyihasiyrfaSt iJiblEicu a cuJottFiej. 
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sora, the counters being the apices alreadymentioned on page 75, 
They represented the number 2,056,708^ for example, as foUoijrs: 



Over each triad of columns an arc was drawn to aid the eye, 
whence the name "arc abacusand in each column in which 
a number was to be represented a counter beating that number 
was placed. As already stated, however, the gain over the older 
form was more apparent 
than realj for the computer 
was under the necessity 
of picking ont the right 
counter each time. If Ger- 
bert had understood the 
significance of the zero, he 
would not have used this 
device. 

The Line Abacus. The 
most popular abacus of 
Western Europe consisted 
of a table ruled horizontally 
to represent different deci¬ 
mal orders, counters being 
placed upon the lines and in the spaces. It was often called a 
calculating table or simply a table/ and in England it received 
the name "counting table” or "counter.” 

The illustration of the line abacus, from Kobel’s work of 
1514, shows the form which was common in all Western Europe 


-X- 


T«i thfluifljrtds 

Five thotuandt 

Tlirtusands 

l'1ve hundreda 

Hiindreda 

Jfifties 

Ten* 

F5vea 
■ UniTa 


GENERAL PlaAN OF A MEDIEVAL 
COMPUTING TABLE 

Tli^ eJiows the arrangement of Unea 
on ibe tind of computTng t&ble ysed in 
most parts of ^luropc in the Middle Ages 


^So Htidalricb Rtgluj, in hii Epitome Abacus vuTgo mensa 

dlcEtwr caTcuIatijria. (luibusdani distincta. lineis”; and Rsdulph of Laon fc. 
asserts that "Gr^ci enim Mensam abacum dicunt," See AbhanfUungen, V, fliJ. 
u 
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for several huodred years. The line nearest the computer rep¬ 
resents units, the space above it, fives; the second line, tens; 
the second space, fifties; and so 

Representation of ITumbers, On the lines and in the spaces, 
counters were then placed as shown in this illustration in the 



COUNTER RECKONING IN 1514 
From the title-page q[ Kobel^ R^chinhitchlin, Augsturg, 151:4 


two columns on the table> In the right-hand column, which is 
the left-hand column o£ the computer who sits by the window, 
the number 26 is represented, 2 being on the tens line, i in the 


^ One of the best of the plder authorities on this type Is, the waik of T. 3ne[[- 
itig, A vkw of ihe origm, tiaiuj’s, fliid use of J'eltons or Cowiters-, Londoiij 1765, 
See also D. E. StruLh,. Compuiitig /stojWfNeiv York, igsi. The standard author¬ 
ity, however, is Eamard'a work already mentioned. 
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fives space^ and i on the units line. There should never be 
more than one counter left in a space or more than four counters 
on a hne; for if there are five on a line, one is '"carried" to the 
space above; and if there are two in a space, one is "carried” 
to the line above; whence our expression "to carry" in addi¬ 
tion," The thousands and millions lines were each marked by a 
small cross. This aided the eye in reading the numbers aud is 
the origin of our system of separating the figures in groups of 
three by means of a comma.* 

The intervals between the horizontal lines were commonly 
called "spaces” and the divisions made by the vertical 

lines were called cambi^n^ from the Italian cambio (exchange).“ 

Reckoning on the Lines, Computation on this form of abacus 
was called reckoning "on the linesj" and many of the early Ger¬ 
man arithmetics include the expression "auf den Linien."* As 
a resultj a boy who knew his abacus was said to "know the 
linesWlien he represented a number by means of counters 
on the lines, he was said to "lay” the sum; ® and when he also 
knew the modern form of coniputEng which had developed in 
Italy; he was said to be able to reckon "on the lines and with 
the pen."" He was often advised to "lay and seize" correctly, 
meaning that he must be careful to place the counter prop- 


1 Other iMu£tra.tion& from early printed boo-hs wilj be ftjutid in Ariih- 
miiica. A good description of the cottimon Gctjuati abacus is given by A.Kuckuct, 

Jiechmkiinst iw ischschjitett Jafirhimderi-, p. ? (Berlin, 3^74!. 

^"Dicsclbe verzeitfinc mit einfiin Crcytalin,” ^ J, Albert says in his arithmetic 
of 153+1 mentioned below In note 4^ 

*A]5L) "Cambkn oder Banfclr” by various other writers ^ C-g-, Kdbcl, Zviey 
recheJi^chUn (1514; title of edition of 1537). Hurfalrich Regius (1536) used 
the term vicuH, and J. Albert (1554) speaks of the divisiona as FeidaKgEn a 
ivell as Cambitn and Cambiere. 

^Ror example^ J. Albert, JiEck.fsjib'OEhleitt Au^ dsr Federpt, WittemberR, 3534 
(title from 3563 td.) i A. Riese, RteksauAg a«/ JikiAsb vnd federA, Erfurt, 

= "Die Linkn lU erkennen, ut zu mercken, das die uiidcrf.te Unit (welche 
die erstc geneot wird) bedeut uds, die ajider hinauff jchcii, die driEte h undent, 
ctCr J. Albert, loc. dt. 

zum ersten die fl.” J. Albert, loc, cH. This may be ccmnccted with 
our expression "to lay a wager." 

TAs in Riesc’b work of 15 zi. 
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erly and pick it up witt the same care. Thus Albert (1534) 
tells Mm: 

Write rightj lay rightj seize rightj speak right, 

Add you will always get the answer rightn^ 

Addition and Subtrai^tioiL The operation of addition can be 
understood by studying the illustration on page 1S5 from Re¬ 
corders work and by considering the following figure suggested 
by Albert’s arithmetic: 



(313 -h r 45 <^ + = 4041) 


Subtraction was merely the reverse of the above operation^ 
and the word ^^borrowing^’ had a more definite meaning than 
with us. The following figure is also suggested by Alb ert’s work: 


A 

r - 

s 

/• * 

w 

m 

jr 


T V 

* 



r t t 

* 

4 

• ■ V ■ 

(1534 

T * * 

- t 36 = 

1348) 


Multiplication and division were more complicated and arc 
not of enough importance to warrant a description In this work. 

Extent of Use of the Line Abacus^ During the 15 th century 
the line abacus furni^ed almost the only means of commercial 
computatioD throughout most of Western Europe north of the 


^''Sthreih recbt/k^ recbt/greifl r-etht/aprich recht/ 
So kompt atbcEt dcin Fsicit ttdit." 



THE operations 


Alps. In the i6th century we find it given prominently in the 
printed arithmetics of Germany, Holland, Poland, and Austria, 
somewhat less prominently in England, and still less in France! 
We may say that those countries which were chiefly influenced 

A D D I T 1 O N* 

Maflcr* 

Dt taClitft III StoattE 

tutrnofummcsatoncstogytijm 
Joto be f&u Tuarc abtt moje,a3 3 tori rtl 
YOU anont * tbcetfoic icbhirniic pmi 
Abbe t^o ftunmcfl^poii Stall fpitiF fet tsoifetie 
one oS them,it foicetb notibbtebt, m then 
bp tt Oifito alpne ttoffe tlje other lpjn:s,3iib 

aftcritamlettrtounrfhrarhnrfuminc, fo 

tbattbat ipnttnape —--- 

bcbctibcnctbtm^aa 1 ** 

ff po« ttioutbe ahbt 

to 5 > poll ——5- 

muftfetpouentmes [ 0 

09 betr* — 

aab tljcn if Toa 
Ipd, pou floar 
tljc one tctlK ott)tr in thr h".mr pkce. m 
pou map atbt ft) :m horfjr robtfJKMU a.irrto 
place ttobifi) toupibpcaufcit molt pip licit 

PAGE fPOlt EOBEftX RJi^COEDE's GROUH^Lt OF JlRTES, C, 1542 
This page shows the treatment of addition. It is. fram the cctEtiau 


by the customs of the Italian merchants tended to abandon 
the abacus, while those which were in closer contact with the 
German counting houses continued to use it. 

The popularity of the method may be seen jn the fact that 
abacus-reckoning was a favorite subject of illustration in the 
title-pages of the arithmetics of Adam Riese, Gemma Frisius, 
and Robert Recorde, which were among the moat widely circu¬ 
lated textbooks of the i6th century. 
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Origin of this Form of Aliacus. It is not known when this 
form of the abacus first appeared* Indeed, there is a break of 
several centuries in the use of counters in any maiuier. We are 
ignorant as to how the Western world computed at the begin¬ 
ning of the Middle Ages, or what method Bede (c* 710) and 
Alenin {c. 775) used in their calculations. In the t^th century 
counters were used for practical business computationj as they 
had been in the Roman daySj but in the long interval the 
ancient scheme had changed^ the vertical lines giving place 
to the horizontal. When or where this change took place 
there is at present no means of knowing^ Fibonacci (1202) 
names three methods of computing in use in his day,'—finger 
reckonings algorism (Hindu numerals)^ and the Gerbert aba¬ 
cus,^ Of the use of ordinary counters he has nothing to say. 
Certain it is that counters were generally unknown in the I5tli 
century in Italy, for we have the positive assertion of the Vene¬ 
tian patrician Ermolao Barbaro (d. 1495} that tliey were used 
only in foreign countries.® 

The Counters in England. The most common of the English 
names for the small disks used on the line abacus was "counter/’ 
a w'ord derived from the Latin computarc through the French 
forms conteor and comptear and the Middle English coanierCf 
cowntere^ and cotint our.* So in a work entitled Know TkysclJ, 
written about 1310, we are told to "sitte doun and take coun- 
tures rounde. *.. And for vche a synne lay thou doun on Til thou 
thi synnea haue sought vp and founde/^ and in a work of 1496 
mention is made of "A nest of cowntouris to the King.” In the 
laws of Henry VIII (Act 32^ cap. 14, 1540) we read, "Item for 
euery nest of compters .xviii.j,” so that the expression was a 
common one and referred to the box or bag full of computing 

^A. Na^rl, Die Re&henpfenmgs and di& sptrf^ii'ue p, S (Vienna, 

1 363); A. Xuckuck, loc. cir., p. i^. 

^^'Computstfo manibus, slgorismus,. ircus pictagore.” 

*''Ca!cuiD3 sive absoiloa , . . eoa esse mtelliifu * , . i^yi mos hoflie apud 
barbaros (ere omneE servatiir." Nagt, iitc. tii,,. p- 40 . 

a fal&e etymology we have '‘comptroller” although tbis word k properly 
“ cnntrofEer,^’ one who controls an accoimt, fjpm thG Middle Latin cofiir/jrottiinm 
Uonira + a counter roil, a cbetk liEt. 
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pieces. Such a nest is probably referred to by Alexander B arclay 
(c. 1475-1552)^ in his Egloge^, when he speaks of "The kitchin 

Clarke ... tHEGROVNDOP 


A R. T E S: 

ji!t& nc 

i^th lit Fitti r} t ^ 1 ti 11 i[)uh 
aiT^i ^vDcrioEifi 1 efrcc q moir f^fpcc 
atiB crucfsrfQKi, thfti anpelpke 
f^nrt] IJFftjerto ticftic 
fen toirlnbjuS] N* 

ttera UElti 
6irtoni3-' 

laitiafhp R. 0 E E R 
K E C O R D E 
iDcrfo? ot 
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his counters.’^ 

In the Middle Ages 
in England it seems 
to have been the cus¬ 
tom of merchants, ac¬ 
countants, and judges 
■who had to consider 
financial questions to 
sit on b enches f banks) 
with checkered boards 
and counters placed 
before them. Hence 
the checkered board 
came to represent a 
money changer’s of¬ 
fice, finally becoming 
a symbol for an inn, 
probably because inn¬ 
keepers followed the 
trade of the money 
changecn 

In Shakespeare’s 
time abacus compu¬ 
tation was in low re- 
putCj for the poet 
sf>eaks contemptu¬ 
ously of a shopkeeper 
as a "counter caster.” Counters apparently lost their standing 
only in the last half of the i6th century, for Robert Recorde, 
writing c, 154^, says: "Nowe that you haue learned the common 
kyndes of Arithmetike with the penne^ you shall see the same 
arte In counters,”’' and an anonymous arithmetic of t546 has 

^Froin the 155 s editifnh oi the Ground of in which R&corde devotes 

forty pages to this phigd of the subject. 



From ihe i5sS edition of Recnrcte’s. Gmititd 
of Arios 
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“An intToduction for to leme to reken with the pen, or with 
the counterB accordying to the trewe cast of Algorisine," A cen¬ 
tury Jater Hartwell, in hiB appendijc to the Ground of Arhs 
{^646 ed,), speaks of ignorant people as “any that can but cast 
with Counters.” Even in the first half of the 16th century 
people had begun to doubt the value of line reckoning, for 
Palegrave writes in 1530: '*1 shall reken it syxe tymes by 
aulgorisme or you can caste it ones by counters.” That the 
abacus died out here before it did in Germany is also evident 
from the fact that German counters of the r5th and i6th cen¬ 
turies are very common in nuraismatical collections, while most 
of those used in England at this time were imported.^ 

From the use of “counter” in the sense described, the word 
came to mean an arithmetician. Thus we find m one of the 
manuscripts in the Cotton library the statement, "Tber is no 
countere nor clerke Con hem recken alle,”and Hoccleve (1420^ 
writes: “In my purs so grete sommes be, That there nys 
counter in alle cristente Whiche that kan at ony nombre 
sette.”^ The word also came to mean the abacus itself. Thus, 
in his De^he Blauiicho (c. 1369) Chaucer says: "Thogh Argus^ 
the noble covnter Sete to rekene in hys counter.” 

Court of the Exchequer* Aside from the mere history of com¬ 
putation an interest attaches to the abacus in England because 
of its relation to the Court of the Exchequer, the C?i{imbre 
de l’ 4 chiquier of the French** In the Dialogus de Sca^^caric 


i Bernard, Cpvnters, p. 63. 

“Sue Murray^ Wew EngUsk Dictionaryt llj 

^The paiaage comH from Che Raman Raie^ in which thk jname, with 
also the spcUing Algtii, is given for ai-KhoWi^isml, Chaucer also spwhs pi the 
counters as "augritn algorism, from al-KhowatUmi) stniics.” On this sub¬ 
ject see L. C- Karpingki, “Augrim Stones,” Modt:rn Lan^aase NuttSi November, 
i^is (Ealtimort), 

*The best origthaJ source of Lnformatioin as to the «(chequer is the Dialogue de 
Scaccario, a work writteTi by One Piti-Neal in 1178-117^ (iiSr according to 
Stubbs) and first edited by Madojt m 1711, See also F. Laebermann, Einleitung w 
dfti- Dialogus de Scnccariifi GSttineign, 1S75, and the Orford edition of 19*?. It is 
published In E. F. Henderson, Selecl JUfUirietd Vi?cawents of tJte Middle 
p. So (London, iSgs). Consult also H. Halt, J'ftp Antiguiiks attd CitHpsUies 0/ 
the Exchequerj London, 1691 (reviewEd somewhat adversely in The FJew 


COURT OF THE EXCHEQUER iSg 

a disciple and his master discuss the nature of the exchequer 
as follows: 

BiscipU. What is the exchequer? 

Master. The exchequer^ is a quadrangular surface about ten feet 
in lengthj five in breadth, placed before those who sit around it in the 
manner of a tabic, and all around it has an edge about the height of 
one’s four fingerSj lest anything placed upon it should fall off. There 
is placed over the top of the exchequer, moreover, a cloth* bought at 
the Easter term, not an ordinary one but a black one marked with 
stripesj the stripes being distant from eadi other the space of a foot 
or the breadth of a hand. In the spaces moreover are counters placed 
according to their values. 

The rest of the description is too long to be given^ but it 
shows that a kind of abacus, although not the one above 
described, charajcterized this ancient court. 

The counters finally came to be used to keep the scores in 
games,® as in the American game of poker and in the use of 
markers in billiards. They also remained in the schools for the 
purpose of teaching the pupils the significance of our number 
system, sometimes in the form of an abacus with ten beads on a 

York, February 25, P- ^ 57 ); R - L- Poole’3 Ford Lectures ftt Oxlurd fn 
published under the title The Exchequer the TvM.lfth J. H. Ramsay, 

The Fovndotiotis vj En^iand, II, 523 {London, ; Martin, Les tfv-m-i 

p. 32J J, H, Round, The CflwJKffMc p/ Epndan, p. fii (Lcndon, 

ragtj); C. H. Ha^ina, "The ahatus aud the king’s curia," EttgUth Idislorkal 
uiew (I'pial, p. roi. On the Diaiogv^ aa the earliest work on English governnieiiti 
consult J. R. Green, Short Nistory of jEwglijA- People, 

^The word is a corrupt form of the Old French e^chequier and Middle 
Enplish baaed on the mistaken idea that the Latin cjf- is taken with 

acflcccriwfM, The term icEtfcrzrjwm for excheciuer first appears under Henry I, 
about xroa. Before him, under William the Conqueror and William Rufus, we 
find the terms fiiCKj and tAejaurui. "Exchequer" was later uged to mean a 
chessboard, as in a work of 1300: “And hidde the pleie at the escheker"; and 
in Caxton’s work on chess {c. 1473)* p. where it appears ai escheqtter. 

^ There is in the National Museum at Munich a green baire cloth embroid¬ 
ered in yellow with the ordiiiary arrangement of the medieval Geiman abacus, 
intended to be laid on the computing table in the manner here described. For 
ifiustratiDns of such pieces see Barnard, loc. eit., plates. 

^"They were marking their with Counters." Steele, in The Talitr, 

No* IS {170PJ. 
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line, as seen in priinary classes today, an 5 sometimes for the 
purpose of teaching fractional parts. A specimen possibly in¬ 
tended chiefly for this purpose 
is seen in an abacus formerly used 
in the Blue Coat School in Lon¬ 
don, and here shown. 


ABACUS FOfi TEACUr^IG 
PBAClrONS 

Farmeriy u.gtd in tJie EJue Coat 
SchcKi], Londnn, From Mr. P)jmp- 
tnn's c^Htctiun 


Counters in Germany. In no 
country was the line abacus more 
highly esteemed in the isth and 
16th centuries than in Germany ^ 
Its use had died out fn Italy, the 
great commercial center of the 
world, but in the counting houses 
of Germany it was almost univer¬ 
sal until the era. of printed arith¬ 
metics. Indeed, even in the 36th 
century its superiority was stoutly 
maintained by various German 
Kechenmeisters,^ and as late as 
the middle of the iSth century its 
use had not died out in a number 
of the towns.* Even after the lead¬ 
ing merchants had learned the 
method of algorism the common 
people continued to do their sim¬ 
ple sums by the aid of counters 
purchased from the itinerant ped¬ 
dler,^ and the most popular of the 


^Thus Apianus {Jlyn ^ - KaiiSvmn.':? Rsc^hnung, Ici^oJstadt, 3527) 

asserted: . die Stimmirung dec Fjega&ttr in gewicht maas vnd Tniintz durch 

die Tcchenpfenning au^ der linic liriiidisafficr ist vnd vi] vnd iuglidicr 

gtsdhiicht datin dutcli die fedem Oder ktesde.'^ 

- Hei!brfin,ns.r, in hia Jlistnria, p. Sgo, siys that in his time the counters were 
atni used "in ploribus Gernianiie fltquc Galliae provinciis a mercatoTibus,” and 
speaks of (uurqputinjr on the line as "aritlnnetica calculatoria sive linearis est 
Scifinlii numerAndi per caicuios vel nunuuoa HsetallicGS..” 

3 The priest Geiler of Jfcaiserberg (1445-1310 J tells oi peddlers^ aelUug Uhml 
in hia day, and Lbc oiiitani doubtless contiriLted. See BibL ifaift., IV (5), 2S4. 


GERMANY AND FRANCE igi 

early German arithmetics were baaed on " Rechnnng anf Linien ” ^ 
As late as 15S7 Thierfelder testified to the fact that the use of 
counters i?i’as still common in Germany,“ and in i^gi two arith¬ 
metics based on line computation were published." Even as late 
as 1621 a tes:tbook^ on the subject appeared at Hildesheim. One 
of the last writers to describe the process fully was Leonhard 
Christoph Sturm, whose work was published in 1701,'’ 

The common German name for the counter was Rechen- 
pjsnnigy^ although Zahlpjennig^ and Raitpjennig ivere also used. 

Counters in Fr^ce. In the later Middle Ages France, like all 
the Latin countries, made less of counter reckoning than the 
Teutonic lands. The first printed description of counter reck¬ 
oning in that country dates from about 1500," and although 

Kobfil’i weU-fcnuwn ariltunetics, which vi'cnt through various tditiuns 
besinning with 1514, gave only the counter KckoTiingj Adam Tliese-a famouii 
tcstbni>lf5, bcRmni-ng in 15 iS, favored itj and various other poputac fetthooks 
Rave it prominent place. Even as jood a mathematician as RudolE introduced 
it immediately alter the treatment of algorism in his KtmitUchc recftjififtf ot 1526, 
The first arithmetics printed in Germany appeared at Eamherg in 14SJ and 
14S3. Neither seems to have had anything to isay nbout counters, althnuEh we 
have only a fragment of the earlier one, and perhaps this failure explains the lack 
ol popularity of these books, 'fhe subjecL was so popular that Sbfel (1544) galls 
it Haussnchtumg. On the general subject, see H. Schubert, "Die Rechenkunst 
im Id. Jahrhundert,” Dejtijche Biiitier JUr Erxiehendeji t/ntifmeVfi, III, 105. 

s On the fiiat page of hie Rec^fM&trfft he sayi^ "W-ic vil ^ind Atten odcr 
Wcisen/dle im Rechnen am meysten getiraucht werden? Furnehmlich zwo/ 
Die cr^t xnit der Fedet/oder Kreyden/durdi die Ziffetn. Die ander mit den 
Zahipleniiing iiiiff den Linien.^' 

““One (SwiFsJ by Mewrer in Zurich and the other hy Rauder in RGgtiisburg. 
*The work was imonymous. The title is iJut ne™ ReckeKiiucfftfin auf Linien 
itnd Set Na^l, Die Rech^npfsnnigef p. 27, for other casta, 

^Kitrtssr B&gri^ . . . S^athesUr 

Reckoning penny. The spelling varies. Stifel, for ciampk, in his Dsittich-e 
AritkmKtka, :rS45, fol. r, cails them RtcheKpftnniiiK fboth singular and plural>. 
RschenpfsTim^ was merely a translation of the medieval Latin name, aa is seen 
in the arithmctijc of CMchtoveus “qnos denarios snpputarios vooant,'^ 

and in his comincnta.ry on Boethius (t^to, foi, 33). 

’’Number penny. Rudolff, in Us edition nf 7^34, uses this fonti, while 
Thierfelder, in his Rach^nb^tch uf u-its the form Za^pfennitigr 

®In this an0nylu0us and undated lyork, orte 
(.p^rfectWTiis) sjimma ^iadj-ipaTiitiit the author treats of the opcta.tIoiiis "per 
prnicctilea,” and saysi “hec litset breuiter de proiectilllrus siut dicta, negotiant! 
tamcn atque ae exerceutl per eos freQuenter. abundantissime hcc pauca auf^ 
ficient." See Treutfein in the I, 14. 
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arithmetits on the subject are not so common as in Germany^ 
they are sufficiently numerous to show that the system was well 
knownThe subject dropped out of the business textbooks in 
the last quarter of the idth centuryj although the counter was 
used by women long after men bad come to use algorism^ writ¬ 
ing not being so common among the form.er as among the latter.' 

Because the counters are thrown upon the table the medieval 
Latin writers often called them projectiles,^ The French trans¬ 
lated this wordj omitting the prefix, aa jetom* a word which 
still survives in France to mean a game counter, a small medal^ 
or a token ► 

The older French j'etons frequently bear such inscriptions as 
"pour les Comtes^’ and "pour les Finances,"" showing their 
use. Sometimes the legends are admonitory, thus: "Gectez, 
Entende;^ au Coinpte," "Gardez vous de Mescomptes," and 
"Jettes bieiij que vous ne perdre Rien.”“ 

The Tally and Related Forms., The subject of the abacus 
should not be dismissed without mention of the tally and cer¬ 
tain other related forms. The tally was originally a piece of 
wood on which notches or scores^ were cut to designate num- 

^Amon^ thesfi books may' be mentioned the following; ClichtoveuSn Art 
iwffufid! tom p^r cakaloi 5J notas arkhmetkas, Pars, ijo?; Cliditoveus, 
Ds Mystka jtumcrfli'iiw (Paris, 1513, fot. 33, r,), subdividing into 

calcularis and K'-'drvff five cominqn operations under the former anti 

eight under the latter; ETasios, Libsr Arithmetics Pra€ike (131.3}; an anoiiy- 
mauf Le librt des Gsis (about In which 15 taui^ht pm.tfquc d£ biitn 

s^avoit contM aux getz Cjomoie i la. pluine”; Cathalajii, Arithtftstiipis, Ly'ons, 
in TFhich the author esplaina '* a Cbiflier fi: compter par la plume & par let 
seats ”3' an anonymom Ariihmitiquc par ^e^ PariSj, 15 gg; Trenchant, 

ArithmeUijvs, 15*6, the edition of which gives thirteen pages to ’^L'art 
nt jTioytn de calcvlcr avoc les Getona” the i&o? edition dropping the subject. 

^ThuE F. LegeadH!! in. his arithmetic al ijag, saye: 'Tette manifete de cal- 
culer est plus pratiqui^ par les femmeE tjue par Ics hommes. Cependantplusieurs 
persormes qui sont employ^ dans les finances et dans toutea les juriadictioos 
s’en aervent avec beaucoup de sucoia." ^Prs (forward) + jaar^ (to throw). 

‘Also found in the following formsr jettans, gicfr, gects^ g^tg^s, getoiri, 
gcUBurSj jettom, jectoirs^ ;eti?iri, gietonSt md gitonej. Consult 
S^elling^ loc. eii.. p. 2, 

^AIso "Getoirs de la chambre des eomptes, Le Roi,” ''Ce jont les getoirs 
dcs Ptes [Comptes], La R^innt" 

*Sce also Snelling, foe. ck., p, 3; Nail, foe, tii-f p. II; and Barnard, where 
many photographic plates may be consulted. tStars; related to “sb.ear.^ 


tally sticks 




beta. The word comes from ihe French tuiUer (to cut), whence 
our word tailor/^ The root is al&o seen in the Italian word 
intaglio and U from the Latin taka (a slender stick).' The word 
has even been connected with the German Zakl (number) 
through the primitive root tal.^ 



The idea of keeping numerical records on a stick is very 
aiicientj and in a bas-relief on the temple of Seti I (c. 1350 e.c.), 
at Abydos, Thot is 
represented as indi¬ 
cating by means of 
notches on a long 
frond of palm the 
duration of the reign 
of Pharaoh as de¬ 
creed by the gods.“ 

In the Middle Ages 
the tally formed the 
standard means of 
keeping accounts. It 
was commonly split tally sucks of 12.915 

so as to allow each Fra^iments faund at Westmih&tfir in 0 ) 04 . In the 
party to have a rec- autbor'a collection 

ordj whence the ex- 

pression "our accounts tally." ^ The root also appears in "taih" 
as when Piers Plowman, speaking of his gold, says that he "toke 
itby taille," meaning by count and in "tailage" (or “tallage") 
for toll or a rehc of the days when “our forefathers had 

no other books but the score and the tally."’ 


1 Consult also Grccnoueli ind Kittredge, Worda and ikeir Ways, pp. 45, 566 
(New York, igCl), 

=G. Roaenhagen, "Was bedeyttst Zabl utsprilnglich?" Zthickrijt Jitr driitschsn 
Altariuja wid deutschs Lii^raiitr, LVII, i8q. 

Jit is Tcproduted in G. Maapero, Ccrfh af Civilisation, jd td. by Sayce, 
p, 231 (New York, 1S97). 

* Other txpt«sioD3, like ''keeping tallyat a gainc, ^'tc taUy up,"' and 
^’stocks,” are traced to this device. 

■^See also Chaucers General Pfolo^ae to the Ca-niert>wy Tales, 1 - 570- 

“Thc first poll tfti is said to have hetn the "taUage oi ^roatt" leaded by 
Parliament in f Shakespeare, s Eenry VI, IV, 
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Usually a hasd stick was prepared by the "tally cutter,’’ and 
the notches were cut before it was split, a large notch meaning 
K (iiooo)j a smaller one C (£ioo), a still smaller one X (£10), 
and so on down to pence. In earlier times the twentieth mark 
was a larger scar than the others, and the number was there¬ 
fore called a score.' The system was used in the English Ex¬ 
chequer as late as 1812, 

It is interesting also to note the relation of the tally stick to 
modern forms of investment. Formerly^ if a man lent money 
to Bank of England, the amount was cut on a tally stick;-^ 
This was then splits the bank keeping the "foil” (folium, leaf) 
and the lender receiving the "stock" (snipes), thereby becom¬ 
ing a "stock" holder and owning "bank stock."^ 

The tally was used in Germany for keeping accounts in the 
i^th and 14th centuries. Even at the beginning of the i^th 
century^ and In as progressive a city as Frankfort am Main, 
the ^o-Q^llcd Kerbenrechnmg was common/ nor did the cus^ 
tom die out in Germany and Austria until the 19th century.^ 


^Teutonic a vrord often used for twenty, 

5ti]l used ]n Kent and Worcestfirshire. There at= six veiy perfect bu^ 
otd spcctmen& m Muaeiini of PtHfckrc at Aiuw^erp. In dtaiqing 
Th tlie Pys Westmin&tfir m 190+ several fipecim&na were fduni 

f mscnptifins show, from 1396, ajid some of them came 
mto the author s pcKsesscon and are shown on page 593. Scptch "nick sticks” and 
So»toa«iAn oJento akks belong to the saSTgeneWl 

Of tL ^ England see the Publication 

of the Pipe Poll Soatty, Vol. Hi (London, On ta]]y charts tised hv 

Milois, see Zeitscknft filr Eihnoh£ie, XXXV, 672 (Berlin, 1903), On ihdr 

Border Gc^^rh cnmmunEcation W, von Schulenber^, vthiudlun&en d. 
^erhjiBj Gesilliclf. fur Anthrafologie, Etknol, and Urgesekichte, XVIII xU^ 
Zedscknft JW Eihnoic^ic, XIV, 370. On tkeir other usesTee Gyula v 

Bystrophadons^rift," ZeUschdft fur Eihnolosil XK^^sS ' 
Poole, loc. teC See also C. H. Jenkioson, "Early wooden tallies ” 

4" Mmcl »“S ’S*’o- ’P\ t Z 

. Villicus, Geschichie der Ecchenhunt, 3d cd^ p. if (Vienna, fkp« 

P R, Andree, Bra^^nchu^i^er vl^sLndc, 

p. J+7 (Bratm&chweig, 1901), with several biblio^r^phital notes of value 

tally- and baseball '^scores” compare the Ger^ 
™ Kerbholze." For interesting aKo«nts of the use of 
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In Italy the tally was evidently common in the i6th century, 
foe Taxtaglia (1556) gives a picture of one in his arithmetic^ 
saying that one of the two parts was called by the Latin name 
tessera^ a word often used to mean a counter.^ 

Rnotted Cords. Related to the tally, in that they were used 
for recording numbers but not for purposes of calculation, are 
the knotted cords. These are used in various parts of the world 
and have such an extended history that only a passing reference 
can be given to them. Lao-tzCj "the old philosopher/' as the 
Chinese call him, in his Tao-£eh-king of the 6th century b.c., 
referring to the earlier use of this device^ says^ "Let the people 
return to knotted cords (ckieh sking) and use them.”^ Herod¬ 
otus (IV, 98) tells us that the king of Persia handed the lonians 
a thong with sixty knots as a calendar for two months^ and a 
similar device of modem India may be seen in the museum at 
Madras. Indeed, in taking the census iu India in rfiyi, the Sau¬ 
tes in the wilder parts of Santal Parganas used knots on four 
colors of cords, the black signifying an adult man, the red an 
adult woman, the white a boy, and the yellow a girl. The census 
was taken by the headmen, who, being unable to write, simply 
followed the popular method of keeping a numerical record.^ 

In the New World the knotted cord is best illustrated in the 
Peruvian quipu^ In each city of Peru there was, at the time 


^‘'E laltro di quicsti diii piazi 1* chtamauaQO Tes&era,^ TmitatOt 

Ii fol, 3, V. (Venice, 1556), 

-Sec C*zu3^ English editEon of the Tao-teh-kin^, PP. 13?, 273.33 (Chicago, 

^Praceedhigs of ike Asiaik Sfickty of Bejigai, p. (Calcutta, 1671). 

* TTie teadEn^ work on thq geneKii question of the qidpUi with analyses of about 
fifty spedmens, and with an extensive bibliography, is that of L. L. Locke, The 
QvipUt New York, 1^23, published by the Amertcem Museum of Natural Hislocy. 
There is an article by the same autbor, entitled "The Ancient Quipu,” in tic 
American Anihrapoloskt for P- 325. See also E. Cloddj 5 'ioria delT Alfabeto, 
trad, del WohilL, cap. iii (Turin, 1903), or the Engliali original; E. B. Tylor, 
History of Afonifeijni, p. r&o; Weslntinsler Review-, London, XI, 246; A. Tredelicl, 
FtrAflfwiEKneew d-Bsrliner Gesellsch. fiir Awihropoktgkt Eihnol.jintd Urgeichichie, 
XViri, 251; W. von SdnJlenbetg, "Doe Knoteozeiciien der Mtiller,^' Zetlschrifi 
fiir BthKohgk^ XXIX, 4^1; H. G. Fegenez, "Kinderkunst und Kinderapiflej" 
An^eiger ti. Ethnolog. jlftleflyng dr Ungarischen ffaiionokMuseumSt Budapest. 

5 II, 103. 
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of the European invasionj a guipucamayocuKd ("official of the 
knots”) who may have performed duties not unlike those of a 

city treasurer today. At any 
rate^ we have no evidence 
that the knots were used foi 
any other purpose than the 
recording of numerical re¬ 
sults, just as the Peruvian 
shepherd today uses them for 
keeping account of his herds.^ 
The knotted cords found 
in various forms of religious 
regalia may o-riginally have 
recorded the number of 
prayers, pilgrimages, or sac¬ 
rifices of the devotee. Ex¬ 
amples of these are seeu in 
the Lama rosary (prenba) 
and the rosaries of the Mo- 
hammedans, the Buddhists 
of Burma, and the Catholic 
Christians. Somewhat simi¬ 
lar in use is the notched pray¬ 
ing stick of the pilgrim, such as may be seen at the shrine of 
St. Fin Barr at Gouganebarra, Ireland. 

2 . Finger Reckoning 

Finger Notation, The absence or rarity of suitable writing 
material led most early peoples to represent numbers by posi¬ 
tions of the fingers,—a system not unlike the digital language 
of the deaf mutes of today. While this is manual rather than 
mechanical, it may properly be explained in this chapter. It is 
not improbable that the idea developed from the primitive 
method of counting on the fingers, usually beginning by point- 

^ Thity arc alip related to tHc wamjjyn] of the American IndLin and pci5f.Ln3y 
to tht ie-jAii and symbcls of the ancient Chinase liking. 
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ing at the little huger of the left haud 
with the second finger of the right, this 
being the result of holding the hands 
in a natural position for such a pur¬ 
pose* The person counting would thus 
proceed from right to left, and this 
may have influenced some of the early 
systems of writing numbers,^ 

The general purposes of digital no¬ 
tation were to aid in bargaining at 
the great international fairs with one 
wdiose language was not understood, 
to remember numbers in computing 
on an abacus, and to perform simple 
calculations*^ 

For the mere representing of the 
small numbers of everyday life the left 
hand sufficed. In this way it became 
the custom to represent numbers be¬ 
low 100 on the left hand and the 
hundreds on the right hand. Juvenal 
refers to this custom in his tenth 
satire, saying: "Happy is he indeed 
who has postponed the hour of his 
death so long and finally numbers his 
years upon his right haud.’’^ 



TTNOEB SVMBOLISM ABOUT 
THE VBAtl ll-W 


One of a laJTge nunfiber ijf 
dmwings in a ntaJm^ripc 
copy of works In the 

Biblioteca Naciosai al Mad¬ 
rid, daiioj; from c. 1140. The 
number spaa U indfCAted- 
From i photograph by Pro¬ 
fessor J. M. Burnatn 


1 On the general relation of the finger numbers to systems af counting and 
Writing th«:c is an Ejctensive literature. See, for esanaple, F. W. Ea^tSake, TH 
Chinn Hongkong, IX, ?£i, 319, with a statement that the Chinese 

place the system before the time of Coniucius; S. W. Kodk, “Etymology the 
Turkish Numerals,” Janmal 0/ ihe Royai Sac., Londcun, XVI (N. S.), 

141 , Sir E. Clive Bayl^, ibid., XIV (reprint, part s, p. 43 u.); M. Barbierln 
Noiisk kiorkhe det Mat. e Fiiosa^ . . . di iiapoU, p, 10 (Naples, 177s)'; 
Villicu3, Gesckichte, p. 6; Bombelli, Antica Nwner,, I, loB, iiSn., with hibllng- 
raphy and plates. 

sp. Treutifiin, AbhannhmgEn^ T, 21; H. Stay, Zjif Gtsckkhte dfj Rtchen- 
iiTiterrichi^, I, Thcil, Dess., p, Si CJtnii iS? 61 . 

'Felii niininim, qui tot per saecula mortem 
Distulit atqne suos iam dcitra computat annoa. 
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That the system "was familiar to the people is evident from 
a remark of Pliny^ to the effect that King Numa dedicated a 
statue of two-faced Janus^ the fingers being put in a position to 
indicate the number of days in a common year, and Macrobius 
testifies that the hundreds were indicated on the right hand- 



FINGER SYMBOLISM IN THC OTH CENTURY 

From the Corfpx AtcobaiKmis in the Eibliotcta Nacioniil at MatlriJ, dating 
irorn c. i5«5r From a photofrapli by Fjnofcaaot J, M. Buraant 

The system was in use among the Greeks in the 5th cen¬ 
tury E.C., for Herodotus tells us that his countrymen knew of 
it. Among the Latin writers H is mentioned by Plautus^ Seneca^ 
Ovid, and various others*^ 

^See I. Titian of PliniY^s ’worlts, V, 140 (Harnburjr anul Gotha, iSgi), 
and the ifist. Nai.y XJCXIV, vie, 16, ij. 

J. KkhartJyjn, "Digital Reckoning among the ArLcEents,'^ Amer. ifath. 
AfpjjiA,, XXni, 7 3 EombcTli, Antka Nvmer., p, loa ^ A, Dragoni, iStJ 
arilmtttka df-gU ant-khi Jinmatsi, p. ro (CremoHa, Gunther, U^- 

tiimeftis, p, j2, PoKiibly Juiji Perez de Moya (1S73) was correct in sayEn^ that 
the E^'ptians used the system because they were ‘^friends M few wards,—’^los 
Egipcianoa eran amigos de pocas palabras . , , destos deuio salir,” 





From tbe Svfait of Padoli, Venice, i^e4. The two coluians at the left represent 
the kit handf the other ivra TeprestnLins the right hand 
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Finger symbolism evidently widely spread during many 
centuries^ for there are also numerous references to it in both 
the Hebrew and the Arabic literature. Our precise knowledge 
of the subject is due chiefly^ however^ to a few writers^—to the 
Venerable Bede (c, 710)^ Nicholas Rhabdas (c. 1341)^ and a 
Bavarian writerj Aventinus (1522).^ In the works of these 
writers the system is fully described^ but brief summaries, often 
with illustrations, may be found in various books of the i6th 
century, including those of Andres" (1515), Recorded (c* 1543 ), 
Moya^ (1562), Valerianus"" (1556), and Noviomagus'’ (1539)^ 
The later literature of the subject is also extensiveJ 

The general scheme of number representations may be suf¬ 
ficiently understood from the illustrations given from ^e works 
of f acioli and Aventinus* Bede gives a description of upwards 
of fifty finger symbols, the numbers extending through one 
million. No other such extended description has been given 
except the one of Rhabdas, but the works of Pacioli and 
Aventinus contain what are probably the beat-known pictorial 
illustrations of the process ► 

’■Eedc, "De ToqueCjt per sestum dE^itonim,^^ £n his Opera Omma, 686 (Paris, 
NicholM Rhabdas, i? rgy 3 J. AvMitiDUS, 4 &aCvS 

algvt rjcivriiyjjjniJ, fciinqfBw per (iifi'tM J nuntcraiidi , , . 

(idiififiNumberfi, 1532 (titit from Regeoabun^ Sm alM ScAuguatEne, 

in Pjairafij, IUI^ o, j\ Sermones-, cetlviii, ccxUi, edii; aj;vd Contra 
Itiitanuin^ Jii^ ii, 223 and M. Capella, De PhilffSo£tae et Mfrairii, ii, 1*3, 

and vii, ^29 and 746. On tht Rhabdas symbplisni ace Heath, HUtory, II, sgi. 

^Moaacju Juan Andrfe, Stunario Itf ^ratEca !a AnihmcticO; Va- 

lenda, 1515. of Ariel, London, 0,^342. 

PrqciiCOi p. ■62^ (Salamanca, 1562). 

“Joannes PEcrina Vakrianos BcUunenaia, Hi^oglyphicaf p, 4S4 (Frankfort 
a. M., 13563 1614 ed.J. 

“Cap. XIII of tfit 1544 edition oE bk De Kvmeris libri II ^ Cologne. 

ace AbkandlHngtn, V, ^r, 1&5; the Basel edition of St. Jerome’a works, 
IX, 3 (3316) 3 L. A. Muritori, Artsedota, Naples, 1776, witt the '■'Liber de com- 
puto E. Cyrilli Alerandrini"; V. Requeno, Sci^peria deiia Chirottomia, Parma, 
1757, VfiLb njustrationa3 M, Steinscbnfclder, Bibl Hath., X (2), 813 A. Marre, 
"Mankre de compter des anciens ivcc les doigts . . Boncoiapagni'a Bttl- 
leiiifiOf I, 309; pDinbeJli, Ivsimer., cap, liv, cspecEally p. 105 n.; A. Pott, 
Dk guincire und vigesimale Zdhlmethode bri ypherji olkr WidlAeiie, Halile, 
3 8471 an "Anhanu Tiber Pingeroamen," p, 2133 B, T. Etworthy, The Einl 

Eye, p. 337 (London, 1805b with iJlTistrations 3 E, A. Bechtel, ''Fin^fer-Co-untinB: 
araonu the Roinans in tht Fourth (kntuxy,’' Claiskai PhUalagy, iV, 33. 
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The representation of numbers below loo was naturally 
more uniform, since they were in international use by the 
masses, while the representation of the higher numbers was 
not go well standardi2ed. 

Finger Computation. From finger notation there developed an 
ex eosive use ot finger computation. This began, of course, 
with simple counting on the fingers, but it was extended to in^ 
elude particularly the simpler cases of multiplication needed 



AVKKTINUS ON FENGEE SYMBOLS 


Frtjm the Abaevs qf Johan qd AveitmLiSj Number^, 153j (lUsHebux^ 
edition of 153!) 


by the Illiterate. For example, to multiply 7 by S, raise two 
fingers on one hand and three on the other, since 5 + = 7 and 
S + 3 = Then add the numbers denoted by the raised fin¬ 
gers, 3 + 3 = 5, multiply those denoted by the others, 
2 2 = 6, and the former result is the tens, 50, and the latter is 
the units, the product being 56. This depends, of course, upon 
the fact that (10 - a) (la - b) = 10 (5 - <2 + s “ *) + 

The same principle is frequently seen in written work in arlth^ 
metic in the Middle Ages, since by Its use it was unnecessary 
to learn the multiplication table above 5 5, In a somewhat 

%ko aciid isol 
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similar way we may find the prodiict of numbers from to to 15, 
For esramplej to find the product of 14 and 13^ raise four fingers 
on one hand and three on the other^ since 14 = 10 -f- 4 and 
13 = 10 -t- 3. Then to 100 add ten times the sum of the num¬ 
ber of fingers raised^ and the product of the same numberSj the 
result being rop + 10 (4 + 3) + 4 ■ 3 = 182. The method is 
evidently general^ since 

(ro + esCio-b^) = roD + 10 (a + ) d- 

Such work is still to be seen in various parts of the world. 

In the time of Fibonacci (1202) finger symbols were still 
used/ especially in remembering certain numbers in division.^ 

3. Modeek Calculating Machines 

Hapier^s Rods* The first important improvement on the 
ancient counter computation was made hy Napier (i6t 7). In 
his Rabdologia^ he explains a system of rods arranged to rep¬ 
resent the gelosia method of multiplication as seen in the illus^ 
tration on page 203* The plan shows how crude were the 
methods of calculating even as late as the r7th century^ al¬ 
though it would have had some value in connection with trigo¬ 
nometric functions if logarithms had not been invented. These 
rods were commonly known as Napier's BoneSj as in I..eybourn’s 
The Art of Numbring By Speaking-Rods: Viitgarly termed 
Nepeir^s Boms* London, 1667, They attracted considerable 
attention, not merely in Europe but also in China and Japan. 

. . oppurtfit eiis qui arte abbad uti uoluerint, uc ?ubtlticires tt iugcniotts 
appartant sdrt cpmputiiiij per figuram manuum, secundum HiaBjatromai abbad 
usum antiqiiitus sapientisaimc jnut-ntaTn.” L^ber Absct^ I, 5. 

=So Fibonacci has a chapter, diMiSionc nuTnerPnim cordetenus in mani- 
bus per eofldem uumeroa,” with such expressions as "pcnens semper in matiibua 
numeros eK dmisioue exeuntes.'' ibid., I, 3a 

^Jiobdoiogiae, iVsitMaf'a/iojru Per FEV^tiiar Libri Dvo^ Edinburgh, 16175 
Leyden, ibad. Translations, Verona, 16235; l^crlin, 1623. = !ate 

Gtieek papSiiMyiti. (rhebdoiogi'a ), a coltectEon qf rods, froni (rfto&'cJor, 

rod) -f col lection). Probably Napier took the word from the 

tJifjrjoTMi J 7 . Slepkajzit Paris, 15^3, where the above meaning is given. 

■*W. Lcyhoum (c. 1670) derived Habdologia from 

speech), and this qtymoingy 15 itill accepted by some writers. 
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superiority of the modern 

rW h an instrument like the smn-pm is 

that the carrying of the tens 

js done mechanically instead 
of being done by the opera¬ 
tor* For this purpose a disk 
is used which engages a sec¬ 
ond di&k^ turning the latter 
one unit after nine units have 
been turned on the former,"" 

The first of these instru^ 
menb seems to have been 
suggested by a Jesuit named 
Johann Germans, in 1640,“ 
but apparently nothing was 
done by him in the way of 
actually constructing such a 
machine. 

The real invention may 
properly be attributed to Pas¬ 
cal (1642), whoj at the age 
of nineteen and after many 
attempts, made an instru¬ 
ment of this kind, receiving 
(164,9) ^ royal privilege for 
its manufacture,' and one 
particularly interesting speci 



KAPIEIj'S HODS IN JAPAN 

The Napier Roda found their way mto 
Chma at least as early as the beiginulng 
of Lhc iSth tentury, and into Japan in 
the ttntuiy follnwinf. This OllJatratinn 
i£ from Hanai Ktnkichi'a Stisan ^okudd^ 
oi the middle oi the 19th century 


men IS still preserved in the Conservatoire National des Arts et 
Metiers at Paris* It is an adding machine adapted to numbers 


^For 4 liucdnct description of modern msohineE. see F, J, W. Whipple, "Cat- 
Culating Midiinc:, “ in E, M, Horsburgh, ffsncfipojfe af the at the 

Napkr Tercentenary CsUbration, p, 69 (Edinburgh, 1914)3 hereafter refened to 
os Horsiburgh, Hatidhcufk, For Ebdc mle^ ibid^ pp. ijg acid 163^ 

^■K^tntr* Geschiehte^ III, 43&; CantOTj Ge^chichts, II (i), 
i Cantor, Gesckichie, II (i), fidij M. D'Oeagne, Zf Caicul timpUjU ^ar let 
procidis m^canigust et grapfdqueti Paria. 1894; ad ed., 1905^; “HistoErt dcs ma. 
chines i calculer,” Bulletin de la Seddti d^EncouraienteHl pour I'indutt-rie 
A'a/i£>Mcrif, tome p. 554, and other articles in the same number, with an 
extensive bfbiingraphy on pages 7^9-759, 
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of six figures and is one of the later attempts 0/ Pascal. On the 
inside of the box is this inscription: 

Eato prohati instrumenti symlKiIuin hoc; Blasins Pascal; arver- 
rinSj inventor. 20 mai 1652.^ 

In the same museum there are two other machines^ apparently 
also of Pascal's make, one of which was verified and presented 
by a collateral descendant. 

In 1673 Sir Samuel Morland [162 5-1695 )j an English diplo¬ 
mat, mathematician^ and inventor, made a machine for muh 
tiplying, and about the same time (1671) Leibnia constructed 
one in Germany. In 1709 the Marchese Giovanni Poleni 
(1635“! 761)^ then professor of astronomy at Padua, made a 
similar attempt in Italy; and in 1727 there was described 
in Germany a machine constructed just before his death by 
Jacob Leupold (1674“! 72 7), a Leipzig mechanic. These vari¬ 
ous attempts were recorded in 1735^ by Chiistian Ludwig Ger- 
sten (r 701-1762)j then professor of mathematics at Giessen, in 
connection with a description of a machine invented by him- 
self. It was not, however^ until the 19th century that any 
great advance was made* In iSso Charles Babbage began the 
construction of a machine for calculating mathematical tables, 
and in 1823 the Royal Society secured aid from the British 
government to enable him to continue his work. Babbage’s 
progress not being satisfactory, this aid was soon withdrawn, 
hut the work continued until 1856, when it was abandoned.^ 
From the time when Babbage began to the present^ however 
the modern calculating machine has been constantly improved, 
first by Thomas de Colmar (1820)^ and various types are now 
in extensive use.^ 

^"LpCt thia signature be tbs sign of au approved inatrument. Blaiae Pascfti* 
xjf Auvergn&T inventor. May ^o, 1653.'’ 

Trimsn Abridgment, 1747. VIII, 

“^Onc oE the best dfscriptigiiii ot this u^hine is giveri in Babhose^i Cakvloi- 

iW'ocAipte; Of Dig^jEHcs JZnsms, printed by the Victnria and Albert Museum, 
London, 151^2} teprinted in 1^07. 

* There fs a large collection tn the. Couaervatoirt bTalieinai des Arts et Mfttiera 
at Paris. 
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Slide Rule. In 1620 Edmund Gunter designed the logarithmic 
"line of numbers,” on which the distances were propoitional to 
the logarithms of the numbers indicated. This was known as 
Gunter’s Scale, and by adding or subtracting distances by the 
aid of compasses it was possible to [>eirform multiplications and 
divisions. Thus the inventor worked out the principle of the 
slide rule, but instead of having the sliding attachment he used 
a pair of compasses.^ This instrument was subsequently used 
in navigation. 

In 162S Edmund Wingate published at London his Con¬ 
strue Hon and Use oj the Line of Proportion, but this, like 
Gunter^s Scale, was merely a rule in which the spaces on one 
side indicated numbers, while those on the other indicated the 
mantissas of these numbers. 

About 1622 William Oughtred invented the slide rule,^ but 
descriptions of his instrument did not appear in print until 
1632* A pupil of Oughtred's, Richard Delamain, published at 
London in 1630 a small pamphlet entitled Grammelogia; &f the 
Mathefnaticatl Ring, in which he described a circular slide rule, 
apparently of bis own invention. Oughtred, however, seems 
unquestionably to have invented the rectilineaT logarithmic slide 
rule, and also, independently of Delamain, to have invented a 
circular one. 

In the year 1654 a slide rule was made in which the slide 
moved between parts of a rigid stock, and a specimen of this 
type, now in the Science Museum at South Kensington, is in¬ 
scribed "Made by Robert Bissaker, 16^4, for T. Who 

this T. W. was we do not know, but the invention was a notable 
step in the development of the modern type. 

From that time on there were numerous inventors who im¬ 
proved upon the instrument. Among them were various obscure 
artisans, but there was also Newton, who devised a system of 


iQn this entire topic see F. Cajeri, A BUtory sf the Logarithmic Stidc Rulv, 
New Vorltf hereafter reteired to as Cajoii, ^ide Ruie. 

^ F. Cajori, Wiiiiam Oughtred, p. 47 (CbTcaeo. igi6); hereafter referred to 
as 

^Horshutgh. AThRdiftfifjfed p. 163 ■ 
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concentric circles for the solution of equations. In the 17th 
century the slide rule of tire type no-w used attracted little 
attention, either in England or on the continent. In the fol¬ 
lowing century, however, its value be^an to be recognized, and 
the instruments in use at that time resemble in several particu¬ 
lars those with which we are familiar. About 174S George 
Adams made spiral slkle rules that were carefully engraved 
and probably were of a higher degree of accuracy than those 
of bis predecessors. 

The first one to make a decided step in advance, however, 
was William Nicholson (1753-1^15), He described (173?) 
the various types of rules then known, and suggested note¬ 
worthy improvements, particularly in the way of a rule which, 
throu^ the device of a system of parallels, gave the effect of 
an instrument more than 20 feet in length. He also designed 
a spiral slide rule, apparently ignorant of the work done in this 
field by various predecessors. At about the same time various 
French and German writers contributed to the perfecting of 
the instrument, notably Jean Baptiste Clairaut (1720), who 
designed a new circular slide rule. 

The most marked advance in the middle of the rgth century 
w'as made by Am^d^e Mannheim’’ (iS^i-ipod), who fc. 1350') 
designed the Mannheim Slide Rule, which is still a standard, 
although modified in various particulars." These modifications 
related' (Jt) increasing the length of the scales without in¬ 
creasing the si^e of the instrument; (2) to adapting the rule to 
specialized branches of science; and ['3’) to Increasing the 
mechanical efficiency of the device." Few such instruments 
have gained so mucih popularity in such a short time. 


^ IX (lOO^L r 6 o. 

=^For detaHs aj ta other invtntciT^ ace Cajor:, SMe Rule. On the history of 
the planimjeter, which may bt clasaiRed among ingtrumflnts rclatinH to the cal- 
tuliK Or amone those having to do with cattulation, see A. Favaro, 
zur Geschichte der Planinaeter,” Separat-Abdruck aua d(!T Al-lgemeiK^H Ban^ei- 
iung, Vienna, 1S73. The instrument aeems to have been fir$t degigned c. rSi4 by 
J. M. Hermann, but it atEtacled little allentiort. The first published description 
wai tint of an ItaTifto inventor, Gonella^ it appeared in iSa^. 

Hoisburf^h, fifqjtdCjflofi, p, 156. 
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TOPICS FOR DISCUSSION 

1. Consider the difficyltfes of multiplying a fluiriber like 4275 
by a number like S76, using only the Roman, Greek, Egyptian, or 
Babylonian numerals. 

2. Reason for the persistence of the abacus in business calcula¬ 
tions until the r7th century. 

3. Reason for abandoning the abacus in Italy before it was 
abandoned in northern Europe. 

4. The various etymologies of the term abacus’" as given in such 
dictionaries as are accessible. 

5. Reason for believing that the origin of the line abacus may be 
Semitic. 

EtymologieB of the terms used in connection with the abacus, 
and the relation of the word ” calculus” to other words in our language. 

7. Words used in various languages to mean computing disks, 
with their etymologies. 

S, Comparison of the various types of line abacus, with a discus¬ 
sion of their respective merits. 

g. The various forms of the abacus used in the Far East, with a 
comparison of their merits. 

10. A study of the evolution of the paper tablet used for computa¬ 
tion by pupils at the .present time, beginning posaihly with the dust 
table or the wax tablet. 

11. Gerbert’s abacus and its chief defects. 

12. History of the British Court of the Exchequer, 

13. General use of counters in the countries of Western Europe. 

14. History of the tally, 

15. The history of finger symbols and finger computation, with 
special reference to the international character of the symbols 
themselves. 

16. The general character of the quipu and of similar knot-tying 
devices in various parts of the world. 

17. Relation of the '''cat’s cradle” to the knotted cords and pos- 
siUy to the tying together of the stars to make the constellatitms of 
ancient astronomy. 

iS. Rise of the modem calculating machine. 

19. Types and history of modern calculating machines and pla- 
nimeters as described in current encyclopedias. 
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ARTIFICIAL NUMBERS 
I. Common Fractions 

Origin of Artificial iTiiiabers* The natural numbers seem to 
have served the purposes of the world until about the beginning 
of the historic period. Men broke articles and spoke of the 
broken parts, but even after weights came into use it was not 
the custom to apeak of such a fraction as | of a pound. The 
world avoided difficulties of this kind by creating such smaller 
units as the ounce and then speaking of the particular number 
of ounces. For example, the commercial fractions of Rome 
were referred to the i6 asses making a detiarhts^" A twelfth 
part of the aj was the uncia, whence the modern "ounce” and 
"inch." Hence the Romans used this scheme ; 

MitUtples of tJie as 

1 flj = denarius = ^ =■ Denarii sainuncia siciliet^ 

2 asses = ^ d^aritts = -H ^ Denarii uncia semuncia 

3 asses = denarius = | -f- — Denarii sextans slcilicus 

15 = denarius = “ Denarii deunx sidUcus 

Submidtiples oj the as 

deunx, ^ ^nda, taken away. The symbol 

ia S=^^j meaning -h 

dextans, Le., r — de sextans, ^ taken away. The s>Tnbol 
is semis 4- 

^Originally 1 pound of copper, but reduced by succtssivc dcpredfl-tldna of 
coin ijjiti! (rpi b.c.) it webbed half an ounce, 

^Originally a coin of 10 asses, but later of 16 asses, about t& Anierican cents. 
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dodrans^ i - d& quadram, J taJiCD awav. The 
symbol is 5 ^ - ^ jemij + 

ifijj flj for liwcii? ^nrfcjj |-. The sj^'inbol is jS=, 

jemt.f + 

/2-j i.e., ^eptem unciae. The symbol is S-, 

half* The symbol is 2, or (* 

i.e*j qm?igue unciae. The symbol is = =—* 
one third. The symbol is = = * 
quadrans, one fourth. The symbol is =-* 
sextans, one sixth. The symbol is =^. 
unda, ounce, inch. The symbol is — * 

There were similar special names and symbols for ^ Uem>- 
unda, S, j), ^^^{scriptuiumfSctipulumj 

scrupuluTi^, 9, surviving in our "scruple"), and other fractions.^ 

It will be seen that the Roman merchant could speak of | 
of a denarius as b asses, of of the etj as a se-ijiundaj and so 
on, without considering fractions at all, and this was the case 
■with all ancient peoples. In fact, the origin of such compound 
numbers as 3 yd. 2 ft. S in. is to be sought in the effort of the 
world to avoid the use of fractions. 

Gradually, however, the notion of a unit fraction developed; 
then came the idea of a general fraction; then the surd ap¬ 
peared ; and so on through various types of fractions, irrational 
numbers, transcendental numbers, complex numbers, and other 
kinds of artificial numbers* Each was created to satisfy an 
intellectual need, and in due time each, excepting the latest 
creations, has satisfied important practical needs as well. 

First Steps in Fractions. The first satisfactory treatment of 
fractions as such is found in the Ahmes Papyrus (c. 1550 n.c.).^ 

i^For a. brSef cllscussia'Q of Roman frajctii^n^i wilb Tiihliagraphy, see Pauly- 
WlsBOtt'a, Jieal-Encydopodit, II* 1114 (Siuttgsrt, iSpfilhereafter referred to 
as Piuly-Wi^owa. See also Ch, D^remb^rg and E. Sagliu, Dicthnnuire des 
Anti^idUs tJrecflusj ei Ramainei, Paris, 1677- Of the earfy printed works on 
the subject the classical one is G- Eud 4 (or Budaeus), De atsE et pa}'iUrui ejfHi, 
Zi&ri V, Paris, iju^d wfth several laler editions. 

* F. Hultsrih, Dm EUmtTitE dtr AgypHschen TheiltmgsTtchnang, reprint from 
the Abh&Kdl. d. k.Siicks. Gtt&Usefi. d^ TFirjeftJck., Bd. XXXIX; Eisenlohr, Ahmn 
FapyrtiS't Ptet, Rhind PapyTTa, where the dale is pyt somewhat earlier. 
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Artificiai numbers of this kind had already been used by the 
Babylonians/ but we have no noteworthy treatment of frac¬ 
tions prior to the work of AhmeSn The notion of the unit frac¬ 
tion was already old in Egypt^ however, for the tables given by 
Ahtnes bear evidence of a development through a long periods 

The essential feature of the early Egyptian treatment is the 
unit fraction. The arithmeticians had long been able to con¬ 
ceive of plural for it either verbally or 

mentally. By the time of AhmeSj however^ an idea akin to that 
of ratio had developed. The number 2 was divided, say into 
43 equal parts, and what is essentially the ratio of 2 to 43, or 
twice was expressed, using modern symbols, as 

3 : 43 = "h Vs" + "h i- 

Indeed, most of the ancient theory of fractions centered about 
the concept of ratio, and in such theoretical works as that of 
Boethius it lasted until the i6th century. 

In the Ahmes Papyrus the fraction for example, is writ¬ 
ten li-i-, where the dot is the unit-fraction symbol, ” is the 
Ahmes hieratic symbol for 40, and tl is used to denote 2.^ It is 
a curious fact that the dot is occasionally found in modern 
times as a fraction symbol, as in the case of „ and ^ for 
I and i in English copy-books of the iSth century. 

How these unit fractions were derived we do not know. It is 
evident that more than one solution is possible, but it is not 
always evident why any given one should be preferred to any 
other. For example, 

^ = 43 = + fil + TtiVs- 

“ IjV "h + sir +TliI +TTT 
= iV d- d- 
= + ^TB +1^^ + J-Jl/ 

ID. E, SiniUi, "The Mathem^tjcU Tablets of Nippur” in the BnUetin af ih^ 
/Lmef, AfaiA- .Spc-, XITI (3), 392; H. F. Luts, ”A Mathematical Cuneiform 
Tablet,” Am^kan Journai of Semitic Languagti-, XXXVI, 249. 

"moutb of ten.” Erman, JSfyfii, p. 3S5. Compare the Hebrew ps-esr. 

®For the complete work in facsimile, see the British Museum edition. 

♦Eiseiilofit, Akmes p. 13; Pect, R^nd Pufyrui, p. 42. 
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and so ori^ to which, of course, may be added 4^5 OfaU 

these possibilitieB Ahmes and his predecessors took the form 

^ M3 = iV + jW 

although ’t'5^s+TltV2 the advantage that the first frac¬ 
tion is nearer the value of 5^ than it is in the others. Although 
there are numerous rules for forming the unit fractions, no one 
of them applies to all the cases. This shows that the treatise 
combined the results of earlier computers, each working by a 
secret rule of his own, or else that each solution was worked out 
laboriously by repealed trials,^ 

The Egyptians indicated a unit fraction by a fraction symbol 
with the denomination underneath. In hieroglyphics this sym¬ 
bol was but in the cursive hieratic writing it was merely a 
dot Thus, J,, and appear respectively as Min and 

appears as either or in hieroglyphic^but in the hieratic 
it appears as shown on page 2 10, For ^, and | there were 
special symbols, this having been rendered necessary by the 
frequent use of these fractions. Thus the symbol forf was ► 
The symbol was also used with a difierent meaning. For 
example, in the Archeological Museum at Florence there is a 
marble cubit divided into parts marked with such characters as 
ffj iRi Srf, representing 5,4* S' * * ■ fractional parts, 

nj, 4* ' Iff- In the Louvre there is a similar measure 

made of wood with the symbols ” In fl 1^ 

should be said^ however, that the first of these symbols may 
be looked upon as meaning ^ if we consider It as applying to ^ 
of the subdivision of the cubit, say to ^ of an Inch, and 
similarly for the other fractions. 


^JE. S’t wften t + t = ia, wt tiavie 

_£ _ J , ■ 

i . , - f . --- 

if tj 

i a 

hheJI (Jits giv€5 ttie Atimes result in certain but not in otber^. Thus, y- =■ 

jLntj 3 5 =; 4,2, This fraction, therefore, is eqtial to but Ahmes eh'ts 

I'fl + :iVr- Eisenlohi, p. aS, G. Loiia, BibI- ifnih.t VI (a), 

57; vil ( 3 ), 6<(; Tect, JEAiptii FapyrvSt P- 54- 
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Later Development of Unit Fractions, The separation of a 
fraction into partial fractions is an niustration of the force of 
tradition. The predecessors of Ahmes decomposed their quo¬ 
tients in this way-j, and so Ahmes did the same. AUhough the 
Greeks had meanwhile developed a fairly good system of frac¬ 
tions, Heron (f:, 50 ?) followed the Egyptian tradition, adopting 
the standard set by Ahmes nearly two thousand years earlier.^ 
Some six or seven centuries later, so the Akhmim Papyrus 
(c* Sth century) informs us^ the identical method of Ahmes was 
still in vogue in the temple schools of Egypt. Even as late as the 
loth century Rabbi Sa'adia ben Joseph aI-Fayyumi“ (died 941), 
a Hebrew’ writer living in Egypt, made much use of unit frac¬ 
tions in his computations relating to the division of inheritances. 

Not all tables of fractions made by the Egyptians followed 
precisely the Ahmes type^ as may be seen in one dating from 
about the 4th century and recently acquired by the University 
of Michigan.* This table gives the unit fractional parts up to 
tenths of the units from i to 9, of the tens from ro to 90, of the 
hundreds to 900, and of the thousands to 9000. It then gives 
the elevenths, twelfths, and so on to the seventeenths of the 
units up to ii; 13 , and so on to 17 respectively. For example, 
i of 50 is given as sj- ^md of 9 as } | ’4^^ . 

Upwards of two centuries after Rabbi Sa’adia, Fibonacci 
gave a rule for separating fractions into partial fractions/ of 
which the sqjaration into unit fractions is a special case* Until 
recently our textbooks in algebra have given similar directions, 
although the subject had no immediate application that the 
pupil could then understand. 

In the Middle Ages unit fractions were sometimes called 
"simple fractions,” the more general form being known as 
"composite fractions."“ These "simple fractionswere not 

^ Professor Ltoria has caJTtil attention to the fMt that Heron was not very accu¬ 
rate abcut jt, for he givesi^if^as^ + + /fi, while the/n should be 1: ^73 -I- {). 

Bibl. VTI (a), S-B. ^Traiti dtt jjifcfls.fipjij, ed. Joel Muller. Paris, 1697. 

"L. C. KarprinsE;], "Michigan Mathcrn&tkal Papyrus, No, (521," in Isis, vol. iv. 
called it a "regula uaiucr^alis in disgresatSone partium itumtrijnim," S« 
LlbEF Abad, p. 

“So the PciHandus MS. (c. 14241 sayat "sicut Qns sitBplices fractoes 

dicfllf. sic coposite siue pregnStes dlcunt^.^ 
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infrequently favored even by Renaissance tnathematicians of 
some prominence, Buteo, for example, giving 1350534 S ss 
the square of 1162 even though he knew the other forms. 
As late as the 17th century Russian manuscripts on surveying 
speak of a "half-half-half-haJf-half-third” of a certain measure 
instead of of the measure/ and even today the unit fraction 
is used to some extent in the diamond trade in speaking of 
parts of a carat. 

The difficulty met in early times in solving problems invoI\v 
itig fractions is illustrated by an example from Ahmes: "A 
number together with its fifth makes 21 [; hnd the number].’' 
Our solution would be = ir, whence x x 21 = 17,^; 
but Ahmes went through substantially this process: Multiply¬ 
ing 1 and I by 5^ we have 5 and i, which make 6 , and this is 
too small. To hud how many times too small wc divide 2r 
by S, the result being -J- and 3. Multipljdng 5 by this result, 
the answer is i7^»* 

Development of the General Fraction, It seeuis probable that, 
except in very simple cases, the idea of a fraction with numera¬ 
tor greater than unity arose in Babylon. Although the unit 
fraction and possibly some idea of the sexagesimal fraction 
appear in the cuneiform records of c. 2000 the fraction 
forms also include special symbols for f, si^id other 

cases of a like degree of difficulty. No such elaborate treat¬ 
ment of the subject as that given by Ahmes, however, has been 
found as yet among the Babylonian remains.* In spite of this 
early use of the general fraction, our present forms are not due 
to Babylonian influences, at least not directly, but apparently 
to the Hindu arithmeticians.^ 


Bviennit De Qvadratvra ciradi Libri ditOf p. 39. Lyons, 1^35. 

^V. V. Bobynin, "Qnclquc-i mots aui Thstoirc dcs connaisaances matlidma- 
tiquc5," Bihl. Afatk.^ Ill (sL 

^Pcet, Bhind Fapyras, p. 6 ^. Nc. 37, 

*For txamples of the non-Wiit fnictiona atnon^thc Babyloriiana 3 ee Contenan, 
Joe, ahr (dted on pafic 37), plates 3, 35, iodj PECt, Rbind ^'apyT^^s^ p. sS. 

5 R. C, Dutt, Jlisttfry of Civiiisotioyi in Ancient I, 273 {London, rSgj) 5 
herEafter rtf erred to as Dutt, .ffiitcry Civ. in Anc- Inditi. See also V. V. Bobynin, 
“Esquisse de VfnistiOire du ealcul fractloTinairtj” BtiiL X (a), 100. 

(i 



214 


COMMON FRACTIONS 


Greek Fractions. The Greeks followed the ancient plan of 
avoiding, by the use of submultiples, the difficulty of comput-- 
ing with fractions; but in due time the need for a fraction 
symbolism became so apparent that they developed a sys“ 
tern that served their purposes fairly well* They designated 

{rpirot/j by the symbol T, the T being the symbol for 

three► This was further abbreviated to F. Similarly, for I they 
used A (for four) widi two accent marksj thus: "A* In the 
same way they accented their other numecalSj a method rep¬ 
resented in modern typography by 7^', 

The more common fractional unit, one half (/jfUG-v^ lie'fnisy), 
had a special symbolj (, which was often written in a form 
resembling the Greek 2 or the Latin S. Two thirds (BCp-oipov^ 
dt'moiron) had various abbreviationSj such as that iSj 
Aristarchus (ij. 260 b.c.) wrote the word for the numerator 
and the nunaer^ for the denominatorj as we might write "ten. 
7ists.”“ Various methods were afterwards used^ such as writ¬ 
ing the numeral for each term but doubling it for the denom- 
inator, as in the case of 2^5^'5^' for |; or writing the 

numerator, then the words "in part,’^^ and finally the de¬ 
nominator, as in the case of "3,069,000 in part 331,776,^^ for 
"VWyVe"-^ Heron (c. 30?) and Diophantus (^*2 75) used a 
symbol that naturally seems strange to the modern reader^ 
namely, our common fraction reversed; that is, they wrote the 
equivalent of Y Y” nineteenths/ and similarly in 

other cases. Ordinarily, however, the unit fraction was pre¬ 
ferred, being written as 

Roman Fractions. As already stated, the Romans, like their 
predecessors, avoided fractions to a great extent by the device 

blblioETaphica] refereiicea and for thEs topic aee Pauly-WlaMwa, 

Ih 10771 Heath, Hisiory, I, 43. 

^ AVfici All the Greek symbols used hereafter in this section are modern. 

from a piece, portion, ot section, mucEi as we should 

say ^Mivided by.” _ _ 

^In modem Greek symbols, tt^. 

^f ), or possibly I t , for At. 

For a further discussion, see Pauly-W'tssowa ind Heath. 



METHODS OF WRITING 


of compound numbers, although using a few convenient sym¬ 
bols. Even such names as semuncin (half-twelfth) were not 
numerous. Marcus Terentius Varro"" (116-28 b,c.) mentions 
twelve such fractions^ and Volusius Maecianus"' (2d century) 
gives only two more. Of the later Latin writers, Isidorus 
(c. 610) mentions only eight and Papias (nth century) has 
eighteen.^ Adelard of Bath h2d) mentions twenty-fonr. 

Chinese Fractions. The Chinese seem to have made use of 
fractions of considerable difficulty at a very early date.'^ The 
Chdu-pei, probably of about 1105 n.c. but possibly much ear¬ 
ner, has various problems involving such numbers as 247^1^^^^, 
not stated, however, in numerical symbols but given in words. 
The work includes such divisions as that of 119,000 by 182^, 
both of these expressions being multiplied by 8 before dividing. 
The unit fraction also entered into their work, as it did in all 
earlier civilisations. For example, in the Nme. Se-ctions^ a work 
of very uncertain date but probably of the second millennium 
there is gh’Ten the problem: 

There is a field whose length is one and a half, one-third p% 
odc-foiirth fM, and one-fiftb pw. If the area is 240 square what is 
its breadth ? 

Present Writing of Common Fractions* It is probable that our 
method of writing common fractions is due essentially to the 
Hindus, although they did not use the bar. Brahmagupta 
{c. 628) and Bhaskara (c. 1150), for example, wrote | for |.* 
The Arabs introduced the bar, but it was not used by all their 
writers, and when Rabbi ben Ezra (t;. it40) adopted the 
Moorish forms he generally omitted it.'' It is ordinarily found 

^ Ds Ungvf}. Lalinay Kst ed. a. I.a., but Rome. Hain mentions sir cditiona a.].a. 
before igoi, and one dated 1474 and another 149^, 

Disiributid^ lat ed., ParU, 1563. 

^Vaedb-aJartum, lat ed., Milan, 1476. For a full dhxu^ion of these fractiona 
see Eoftfompagni^ BuiietUno, XIV, 71, 109. Not the Pupiaa of the ad tcolury. 

*Y. Mikami, “Arithtnctic wiLfi Fractjoria in Old China/^ Archiv per ifaifte- 
matik og Jfdlurviii^ti^kab, Chriattaoia, XXXII, No. j. 

Volume I, past 3*, 

®Taylor, Uiainaiit Introd., pi f text, p. >40.; Villioua,, Geichicki^, p. 54 r 

■'SUberbei^, Se/er ha^Mhfiar, p. iCH^ 
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in the Latin manuscripts of the late Middle Ages, but ’when 
printing ’was introduced it ’was frequently omitted, doubtless 
owing to typographical difficulties- This inference is confirmed 
by such books as Rudolff^s KmisUkhe rechnunj,^ ( 

[he bar is omitted in all ordinary fractions like | and but is 
inserted in all fractions printed in larger type and in those hav¬ 
ing large numbers.^ The satne inference is drawn from his 
Exef)tpcl-.Bucklht (i 53 ‘^)j ^ having the bar because that frac¬ 
tion was in the font, and ±e other fractions not having it 
because of the necessity for piecing them up. One of the inter¬ 
esting evidences of the troubles of early printers is seen in 
Ciacchi’s Regok generali d' abbaco (Florence, 1675)^ ’where, 
in order to secure better alignment, every fraction in the book 
is set np like for The difficulties of the early printers 
probably account also for such forms as "Z3& septe octaui” 
for 23^^and "Z3&V octaui” for 2 3|, in Chiarino's work of 14S1- 

The omission of the bar was not, however, entirely a matter 
of typography- Hylles (1592)? for example, omitted it after 
the first fraction in a case like I of ^ of |, writing this expres¬ 
sion J' I * 4 and saying: 

-^nd here you see the first fractions to wit ^ being a true fraction, 
written with his lyne as it ought to be^ and the other two that is to 
say I and | to he written without any lyne as their vse and order is.^ 

Records (c. 1542) tells us that "some . . , expresse them thus 

f 

in slope forme,”* as here shown: § 

The common use of 2/3- for is the result of a desire to 
simplify written and printed forms.'* 

^EditEoxi oi 1334 eEamined. 

“Fol. II, V. Eviyi as a writer as Piolo Casad, Fabrics- H vso dtl 
passu di proportiOKey Bologna, ?d cd-, i 63 s, how&ver, omits (Jie bar entirely, 

^ Ground of ArtES, 155S ed^ fol R iij, 

*The quostionatite staEeinent that -3/3 comes from 3 f 3, tbo f m£aning frstlo 
(fraction), fs made by G, Friaaio, Le Rsgoiruvie deJ Paata deli* Abbaco, 
Bologna, t&s:; ad edn enlarged, Vemni, 1SB3, p. 43; but the raanuacript was 
first published In G. Libri, Eistoire des AiatHmatiq^fiS, III, 295. 
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Since the bat b an Oriental device^ it was never used by the 
Greeks or Roma.ns to indicate a fraction, at least in the way that 
we use it today. In Renaissance timeSj however^ when Arab 
devices mingled with classical forms, we find the Roman numer™ 

IX 

als occasionally used ^ in cases like and the Greek numerals 

employed* in a similar manner. 

r ftcfui: j(I x>H bebefft (tin (iertet ijon rtfrtej 

fllT 

fesc^O/afn ripb«Jttntl fcc^(l^»ilJc- \>nb flllfl 

tmbtr ^ | ^ | ^ 2c, 

Vj_ fein 0 cd)& fcin fedjemtl &flr 

VIII Ain g4nt3 * 

TX S5i^Agorbc^m^f AMtt ncwjtt A^Llfftflabrt&fqri 
XT IX'tAU/btr yjmn gane ma<^crr * 

XX SDif Simt bci5mc^t/ji»mQt3t 4irtu rtbr«Y^ 
iOtxT in (I/biwfew ^wen m\ lier ain^^ 
pnbmffigt (tinsmt^m{id)tn* 

II^ Sijf feirt 6W4(l^iJttiert /her Sier^un* 
IlHGxX bcrl cnb fci^stgt Ain g4im ' 

k5bel’s use of common fractions 

From KobelU Rsekm bieckiin (r5'i4i; rSiS edi.>, fhowinij tbe atLcmpL to us'i 
Rotnati witb OumiPOn fi^EtioiiS 


The Rame '^Fraction.” The word '^'fraction” is from the 
Latin frangere (to break), U is a broken number and was often 
so called. Baker ( 1568 ), for example, speaks of “fractions or 
broken numbers,” calling a fraction of a fraction a “broken of 
broken,” and various other English writers did the same. The 
word “fragment” is from the same root and was not infre¬ 
quently used for "fraction."® 


^KSbel, Ain Ne-ui s^ordnst Rtcken btEckUn (35143 3518 ed.>, Jol. ixuii, r. 
^ V. Strigelius (StriRBO , LibeUvst Lcipaig, 156j. 

^ThuSf In the ItallaJi editJon (ijSd) of Ciavius fp. 75} the word appcsu^ as 
frasmeiD. The idea, goes bach to the Egyptians. See Piajt, Rhind Fa^fyria, p. ig. 


2 i 8 common fractions 

The use of this root has not^ however^ been universal. 
Boethius 510) does not speak of fractions as such in his 
aritihmetic, introducing instead an elaborate system of ratios; 
but in the geometry attributed to him there is a chapter Be 
so that if he spoke of fractions at all, other than as 
ratios^ he called them minuteSj and in this he was followed by 
various medieval writerSn" In the 12th centuryj for example, 
Adelard of Bath used minuoi^ie,^ while about the same time 
Johannes Hispalensis preferred fractiones.* In tlie translation of 
al-Khowarizmi attributed to Adelard^ however,is used J 
There are many instances in the early printed books of the 
use of the two terms interchangeably, each signifying a common 
fraction.^ Several reputable writers used "parts” as a synonym 
of "fractions/”' In English the word "fraction^' appeared 
earlyhowever, and has been the general favorite. 

Since ruptu^^ like fractu^, means broken, this has been the root 
of a name for fraction. In Italian it appears as rotto (plural, 
rotH),'* in Spanish as rocto,^^ and in French in various formsJ^ 


^ Friedlein edr, pp. v, 435. 

-We shall EM that the term also applied Specifically to sex^^esinials, 
although by no geutraJly. 

■'In hi5 Jtegahe aiMmt See Boijccfmpasni BuUetiina, XIV, lofl. 

'In his Liber AlgOriiml ds pratica arisBtfllrxce. Set Bonoompagni, TmHatif 
IIi 4^; AbhaJ^^^lli^tgen, III, iLi. Fibonacci generally u&ed fradio, 

“For froitionrs. Minnta is used {for inirHiAae) to mtan sisEieUis. Set Bon- 
ccmnpajiTii, Trailati, 1 , 17. 

^'Thtis Hus wilt (1501): ’^MinutEa sine f radio nihil ^lind est qj psta mlCRTi” 
(fol. I 3 j r); and Claviug esppesses certain ot his quantities ’’in mimerig 

frgetis, qul alio nomEne Mintutiiie, fraicEioaeave did soJent vtilgares" fill, 

^Thu3 Fine mEnutis, liue quotJs eotundem Integrorll pattibua 

[quas uuilgates appeUanC fractioncs.)”; and Gemma FiisiuB <1340); ’'Fractlcmea 
cKiinutiiis aut partes-” Goasdin, in hia translation (Payis, 157SI of T4rlaBlla''5 
arithmetic, uaea parlirn more commoTity thin any other term for fractloiifi. 
Hyllea (r^pa) has the eipiesaSpn t "fractious of fractio'iis (or as sonne men caB 
them particiea, fhit ia aa you would say parcels of parts)Ttamus sPeaka 

of ^fractio sive pars.’^ 

^Thus Chaucer, in his AiiYolabt (C- 1301 3 > iiscs /roecitw, 

s^PacioU (1454) ordinarily gpealia oF roitz, although he also use /raettoHi 
and fracU (fol. 48). Most of the i6th century Italian writers use fniii. 
I'^Ortega (iju)- 

^'Cbuqnet ^1484), "nombiea routi-’; Savonne (1563), '"roupt”j and later 
writTrSf" nOTufcir'e rompu." 
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In the Teutonic languages the custom was followed of usiug 
vernacular expressions^ and so the Latin appeared as 

"broken number.'^' 

Comman Fraction. The expression "common fraction” was 
originally used to distinguish the fractions employed in trade 
from the sexagesimal fractions found in astronomy. It refers 
merely to the form of writing a fraction, ^ being a common 
fractioQj 0.5 being a decimal^ and 30' being a sexagesimalj ab 
though the values of the three are the same. In Latin the ex¬ 
pression was Jrac^iones v-tdgoi^ei, whence the "vulgar fractions” 
of the English. The adjective "common” is used at present in 
America, although this has not always been the case," nor have 
the English uniformly followed their present usage.^ 

Definition of Fraction* In general a fraction has been defined 
as one or more parts,, or equal parts, of a unit^* sometimes with 
the limitation that the numerator must be less than the denom- 
inator.® Occasionally the more scientific writers based the defi¬ 
nition upon division, usually of a smaller number by a larger 
The idea of an improper fractioHj like J, is a late development. 
Occasionally a i6th century writer like Recorde’^ (c. 1542), 
Gemma Frisius* (1540), or Tartaglia^ Ci 55 ^) mentioned this 
type of fraction as an expression of division, but little was done 
with it. Complex fractions, those in which a fraction appears 

iThus REeee speaks of "Ein gsebrochene (i5Sd ^^>1' r4n 

and Grammateus (iJiS) lias a chapter '"Von Priicben,’' speakbp of a iraction 
as "ein islicher pruch (weloheti maS fn lato3n fraction nemnct)." So 3n Dutch 
wo find Racts (i5Sd> speaking of “Die Ehobtoken ghotaicn,'" and Mots (i^o) 
and othar^ EpcaJdnj^ of "Ghebroken.” 

“SimiUrly in France, instead of freaiifA erdinaira Tronchant Ct^66]i used 
fmcli(tn wlgairi. Out colonial aritbmC'ticlai'na usuaUy followed the English, uae 
of "vul^aj." 

aThui Digues (1572) speaha of '’the vulpare or comiucm Fractions” 

*E.g., PaciolL (i49tL “Rotto e yno 0 vero piu parti de vno ltef;ro” [fol. 
4S, j-.l 1 Santa-Cruz <1594) t "Qaebtadoa es vna parte, b partfs dela cosa tnteia." 

'’E. S-p Pa^Tii’a aTithmctie 

Ramus The Dutch arithmetic (if Ratts (t5«o) defines a frac¬ 

tion as "sen pbctal diuideert met ccn ^rooter,” On the fusion of the notions ol 
fraction and quotient,, see V. V. Bobyntn, Bibi. Maih., XTIT (z), 

rs« the 1555 editton of the Ground of Arlts, fol. S vi, tj. 

FracLiones Quae plus Integro valent." “355!^ 
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in either numerator or denominator, or in both, are older than 
might be ej^peoted. Rabbi ben Ezra, for example, has a prob¬ 
lem involving the product of two such forms.* 

Terms ef a Fraction. The medie^^l Latin writers found it 
convenient to devise names for the terms of a fraction written 
after the Arab manner, and so they called the upper number 
by such names as numerator (numberer) and numerus (num¬ 
ber) * while the lower number was called the denominator 
(namer)* These terms are hardly destined to endure, but no 
others have been generally accepted. Among the medieval and 
Renaissance writers the numerator was often designated by 
such words as nornmitor^ "topterme,” "top,”* superior and 
denominator and the denominator by such names as hase^ 
jerior, and denominante. Both the numerator and denominator 
took on vernacular forms with later Teutonic writers.^ In the 
Latin languages, however, the favorite names were numerator 
and denominatorf the former of which TartagUa (1356) speaks 
of as being written above a virgoletta (little bar), and the latter 
as being written below it*® 

^Sejer ho-^t^ispar, S 5 - 

the MS. (Cp >424) of the "nuitor et denoflitor,” See 

3J50 the cC mcspOndeiicD af RegiumaataJlus end BinllchitlL^ AbftfuidiunstJii Xfl, 
In tbe ifeth wntury Ramus (i5S5) Epfcahs of the mferior tErjnimti as the 
Mumenij jive niitt^ernior. 

Dlggcs (isjj)i ahhijugh he aJ&o used See pa^es 20, 17 

of the edffioru 

■+Th4fi Hy[[E5 (r^$2); "N^qinerator which also Far mure shortftessc is socnc- 
tirnes called the Topterme or top oncly; and that the louver term is vsuaiiy 
called the Denoininatot or Ease” 

>^As in Gerama EilsFuis (1:^40), althoujjh he also iJses ni£?tiEraJior. 

^ Paolo delP Abico (t. ij,4d) ; "Sappi che OEoi rotto si sorive con due nimieiti: 
il Jnliiore sta 1 ^ verg;a. a chL^ipasi dcnumiiLartOj e il sotto ia verga 

e chiimasl deiiominante'’ (ed. Frizao, p. 45). The nami; was u&td by vari¬ 
ous ifith century writerSf such as Slortmiati, iVufiWD Lujite (1534^. 

Widman (i4S^i has the Latin forma, but a little iater the words 
and Nsnner, with variants, came into general use. Occaaiunally a Dutch writer 
iiJte Wentsei used the Dartin forms, but moat arithmeticians preferred 

teller^' and “noemer.^ with such variants as "tcldcr” and "pomnaerr^’ apd 
similarly with the Scandinavian writets. 

. . . r uno di quati fe detto numeritcre {&. questo si serme Sempre sopra vna. 
virgoletta) 1' altro h chiaraato denominato-rei e questo si scriue semptt sottp a 
quclla tal vfrgoietta," OenEral Tratlat&i Z, roe, v.i 107, r. 
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Reduction of Fractions. Until recently the reduction of a 
fraction to lower or lowest terms was conontonly known as 
abbreviation. Thus Digges (^572) says: 

To abbreuiate any Fragment^ h to bring a Frajction to Ills lest do- 
nominaticm. To make this abbreviation;, yee must diuide the Numer¬ 
ator of the Fraction^ and so in the like maner the Denominator by the 
biggest number, that is some common part of them faqth,^ 

The word "depression” was also used*and, like "abbreviation ” 
is more suggestive than "reduction/’* which sometimes bad the 
special meaning of bringing fractions to a common denominator.® 

Before the invention of decimals such fractions as fill HI 
were not uncommon/ and It was necessary to reduce them to 
lowest terms in order to operate with them. In general the 
cancellation of all common factors was not convenient^ and 
hence the long form of greatest common divisor was essential. 
Firsts however, factors were canceled. A factor thus elimi¬ 
nated was called by the Italians a schisatore^ On account of 
the necessity for recognizing common factors, many of the 
early manuscripts and printed works gave the ordinary tests 
for divisibility by 2, 3, and 5, and even some kind of test for 

11575 ed.., p. 34. So Hodder edj aiys: '"I wculd abtcvlatfi and 

J. Wiixd (17^1 td.) has & caption Ahbrevkre or Reduce Fractions intn 
thetr Lnwffit or Least Dcn&minatioti." The expression la much older than this, 
however, tor Chuquet (14S4) aaya: "Abteuier est poser cscripre vng nembte 
rout par moins de figures . . ” (fol. 12, r., of his MS.)- Early Spanish wrileis 
used the aime expression, as in Santa-Crus (iS?i4}i '"Ce abreuiar quebradoS-" 
The Dutch writers of the same period used various terms, including 
varniiKiUtiRgii arid VErmtilinshs, and Van dtr Schuere (ilieo) saya: "om gh'fr- 
broken ghetallen te vercorten ofte mindemn/^ 

^Thus Pactoli D494): “De vltima de^Eone Iractorum siue modo schisandi 
dicLo,” adding "Che I fra^ese si chiama Ahreuler“ (fob 4&, v-)r 

Fellos (1492, fo], 21, rj. Chuquet {1484, fol. jo, O. and otters. This 
apccial meaning was not general, for Tartaglia uses it in the broader sense Ds?* 
ed., I, fol. 169, r.). 

^T^is and similar fractions are in the Treviso arithinetic <r4?S>. Fractions 
yWWnVn given in lihe EpilomE ol Claviua <1583? 

1585 ed., pp. 77 , 134). 

5 A word suggesting canceling "attoss" fjc&wflb whence semart, to reduce 
a fraction. So Pacioli (1494) speaks '^De diucraifi modis in ucnlendi schiga- 
toretn'^ (fol. 49. f.J, and Cataneo (1346) tells “Come si Echiaino 1 rotti" and. 
speaks of "Lo schisamento " and “di sebisare.” 
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divisibility by 7.* When common factors were not readily seen, 
the greatest common divisor was resorted to at once, being 
found by the Euclidean method.^ This is given in al-Karkhi’s 
Kafi jil Hisdb {c. 1015),’ and in various other Oriental works, 
manifestly all derived from Greek sources. 

Greatest Common Divisor. The greatest common divisor went 
by various names in the early printed books.* The theoretical 
works usually gave a rule for finding it, although the mercan¬ 
tile works often omitted the subject entirely, the former mak¬ 
ing use of long fractions and the latter ignoring them. One of 
the earliest printed rules is stated by Pacioli ('1494) and is 
credited to Boethius (c. 510).® In this the smaller term is 
continually subtracted from the larger, a smaller remainder 
from that, and so on, an evident modification of the Euclidean 
method. Several early writers used the latter method for “ab¬ 
breviating,” without mentioning the greatest common divisor 
as such.® 

Sequence of Operations. By analogy to the sequence of opera¬ 
tions in the case of integers, the sequence in fractions has 
generally begun with addition. Medieval* and Renaissance 
writers, however, often took the more sensible course of begin¬ 
ning with multiplication,—a course to which the primary 
schools have now returned. Recorde (c. 1542) was earnest in 
his advocacy of this method, saying: 

good illustration of the use of these tests in the later works of the i6th 
century may be found in Van der Schuere’s Arilkmetka (1600). 

'That is, the one given in the Elements. See Heath's Euclid, Vol. II, pp. 118,299. 

■ Hochheim ed., p. 10. 

^In the Latin books it usually appears os maximus communis divisor, and in 
the Italian works as il maggior comum ripiego (Cataneo's spelling, 1546) or mas- 
simo comtine misura (Cataldi's spelling, 1606). 

*"Vn altro modo se dice da Boetio nel secondo della sua Arithmetica per tro- 
uarc ditto schisatorc” (fol. 49, ti,). Sec Friedlcin^ Boelhita, p. 77. 

«£.g., Chuquet (1484), under "Aultre stile dc abreuir,” and the Dutch 
writer Petri (1567). Somewhat similar treatments are given by Baker (1568), 
Raets (1580), Rudolff (1526), and others. The phraseology used by Gram- 
mateus (2518) is interesting (^ffPriich klcyner zumachen”), and that of 
Rudolfi is analogous to it ("Wie man gcwiszlich erkennen mag/ob ein brucb 
mug nocb kleiner gemacht werde od’ nit”). 

Tpor example, Abraham ben Ezra (e. 1140). 
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There is aji. other ordre to be lolowed in fractions then there was- 
in whole nuiubres. for in whole nurabr^ this was the ordre, Nir- 
merEitiojij Addition, Subtractioiij Mnltiplyplication, Oinision and 
Reduction, but in fractions (to folowe the same aptnesse in pro- 
cedyng from the easyest wdorkcs to the harder) we mnste vse this 
ordre of the woortea^ Numeration, Multiplication, Dinision, Reduc- 
tiorij Addition, and Subtractid, 

The booh is in the form of a dialogue, and upon the pupil’s 
saying, desyre to vnderstond y‘= reason,” the master says: 

As in the arte of whole numhres ordre wonJde reasonablye begyn 
with the easiest, and sn go forwards by degrees to the hardest, even 
so reason teacheth in Fractions the lyhe ordre.^ 

Addition and Subtraction. In adding or subtracting, ea rly 
writers usually took for a new denominator the product of the 
given denominators, reducing the final result to lowest termsr 
Because of the size of the common denominator thus founds 
the early Rechenmeisters in Germany ordinarily added but two 
fractions at a time. Although the plan of reducing to the least 
common denominator before adding or subtracting was occa^ 
sionally used by 15th and i6th century arithmeticians,^ it was 
not until the 17th century that it began to be generally recog¬ 
nized,” and even then the name was slow of acceptance.'* 

^For further diacussSiJH see Lht edition of Lfie Gfotutd oj fob 

Riiu, V. The same order is followtd by^ Pacioli Ciit94, fol. 51 >, Pagani 
pp. 34 j 4 *)j &nd odLeta. CiovaTini Battista di San Franceseo,. Elcmenli Arilmeiici 
{Rome, i 63 g)f even begins with division "that it may be better undeistoijdr'’ 

^ = [}=> jVn The method ia given by Btiistara 

(c. 1150); see TayJor^s tianalatLon, p. 24. It a^ppeam In many medieval MSS. 
and in such early arithmcLlca as those of Pctzcnsttintr [1485), Pelltis (1452), 
Riese (152a), Recicrdc {c, 1542), and Safctr (as6a), 

^E.s-i Ehe Dutch arithmetician Wilkeus (1630) reduces f,-, c' k to 
$ 6 aths before adding. 

’iChuquet (^4^4) gives it (fols. 13 and 14b a^id it is found In such works 
of higher class as those of Tartaglia {igjfi) and Clavius 

■^So Cataldi {7606) reduces to the "minor comrnunc denominatore”] the weF- 
known CoLitertcls to "hut min&te ghctal''; and vnikfluft fi63o>, to the 

^^K]cyn$te gemeyne Noemer.” 

SThc shorter name of "general denominator” was mad by some writerL See 
Starcken's Dutch work of i7i'4, with "General Nenner.” Ramus. {1569)- sug¬ 
gested "cognoipen” for commOii denotninatorf—not a bad term. 
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The arrangement of an example in addition was somewhat 
uniform before the 17th century, and it may be understood 
from the following case of ® + 5 as given by Pacioli^: 

40 18 10 

5^- /S 0\}ii 

6^ \S 0 

Multiplication of Fractions. Although our present interest in 
the multiplication of fractions relates to such simple cases as 
J X J, it is desirable to set forth some of the difficulties met by 
ancient writers. These difficulties appear in the works of the 
Egyptians and Greeks, but they are sufficiently evident in a 
single example given by Rabbi Sa’adia ben Joseph al-Fayyumi, 
a Hebrew scholar of the loth century already mentioned on 
page 212. The problem, which shows the difficulties met with 
in the use of unit fractions, is to find the product of 61J J by 
61J The solution is substantially as follows: 61 xio = 6io, 
61 X 20 = 1220, 6x X 40 = 2440, 61 X 60 =3660, the last three 
being found by doubling or by adding. Then 61x61=3721, 
evidently found by adding 61 to 3660. Then J x 61 = 20J, 
and 20J + J of 6i = 26f (jtc), the double of which is 53J. 
Adding this to 3721, he obtains 3774J, and this increased by J 
gives the result, 3775. What he tries to do is to square 61^ | 
by taking 61 * -|- 2 x 61 x (J + d- (J 4- i)® (a rule which was, 
of course, well known), but he fails in his computation. 

With respect to the ordinary operation with simple fractions, 
the process of multiplication has not changed materially during 
the last few centuries except that cancellation was not generally 
used by early writers,* although a few of the better arithme¬ 
ticians saw its advantages.® 

* I4Q4 ed., fol. Si, with an error in the quotient as printed. 

CaJandri (1491J multiplied f by J thus: 

Multiplica ^ uie If 


Fanno J 

Even in the Greenwood American arithmetic (1729) this method is followed. 

*Thus Rudolfi (KumtUcke rteknung, 1536) says "das man em ober vnd cin 
vntcr gegen einander mag auffheben oder kleyner machen" during the operation. 


MULTIPLICATION 


In tJie matter of language, the schools have usually protested 
against the broadening of the rneaning of any technical term. 
A teacher v/ill object to saving times 4” but will say 
"ij times 4” The contest is an old one; thus Ortega (1512) 
would not 'Write 3^ ducats^^’ preferring the a^wkward expres¬ 
sion "3 ducats and one fourth of a ducat’';" but Rudolff 
about the same time^ did not hesitate to speak of 
times” a number."^ 

Of the various special rules, most of which came from the 
Arabs, a single one may serve as a type. Expressed in modem 
symbols, 

J-J J 

that is, i . 4 = JL ^ JL, 

7 3 

thus reducing the work to dividing a fraction by an integer and 
suggesting cancellation more strongly.^ 

Many of the early writers expressed concern over the fact 
that the product of a number by a proper fraction was less 
than the multiplicand. Borghi (1484) seems to have been the 
first author of a printed book to discuss the matter, and various 
16th century writers had much to say about it.* 

Few writers before the 17th century made any attempt at 
explaining the process, although Trenchant (15^^) devoted 
some attention to it, using the illustration of a square cut into 
smaller squares." 

i"irSe j ducatf e vn quarto rfc dutato . . . guadasnaoo i iiorini e vn tcrzo,” 
mudi ^ ne ^'a do 3 [ar and a hatf." 

, . , dati Ech tiab die 56 cli 3 nyr cin Inalbs mil habcn woEten'^ {iSS 4 
fo 3 . Ciiijj u.), 

H This is given by al-Karkhl (c. loao). 

^Arnoris them was Ramus In ihc isS6 edition (p. 73) his commen¬ 
tator, Schoner, gives a whole pau;E tu Et. Cataueo sis'* devotes a paia to 

it, seeking particularly to cpmbat Borghi and PadolE. (See 15^7 edition, foE. ai, 
V.) Even Tartaglia did not the point of the ccmtrover&y (see 15^2 ed^ I, 
fol. iS7, r.l. 

■'Cardinacl’s Boecfeen (1*50; 1674 cd.) goes into the inattet ino« 

fully, using several diaErams. 
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Division of Fractions. Naturally the most difficult oper^on 

was division. Multiplication by the inverted divisor » ^ 
wasQivisiuii. f. ^ come into general use only 

process of multiplying by the reciprocal of the integer, tha , 

^ printed books gave two leading methods. The 

first of these reduced the fractions to a “J"™™ 
and took the quotient of the numerators, 

The second method is one of cross multiplication. Thus, m 
the case of § -<- J we have 

3/\4 9 

which involves the same operations that enter with the '"veri^ 
div^r This was the favorite method in the early printed 
and the name "cross multiplication” or >ts eqmvf en 
was common, the divisor being usually placed on 
sometimes on the right.® One writer expresses the opinion 
divisor was placed at the left beca^ 
may have come from the Hebrews, who write toward the left. 

iBnbmaeupla 

translation, pp. 17. 278). and al-^as^r tc. ii 75 r; a 
integral dividends (Bibl. Maih.., TI ( 3 )» P- 3 o). 

*Thus Rollandus (c. 1424)- ■ * „..e ^tpn«dvelv aopro- 

2 £.g„ Chuquet (1484, fol. 16. 

priated by De la Roche and in part printed m 1320), Trenchant ^ 5 
Ramus (IS^S^ ^ ^ sprich 6 mal 9 Ut 54 dy 

wuK Ximd ^ich damach s nul rj irt 6s die *.z tur d» n«.« 

-muiupiy cro» w«;;i tisV,V)"Cm: 

U^idr im creuu”; PelcUer (iSM)."™“'“P'“ ™ ('Spll. 

mulTuLrlch Regius (.S36). P»e>"i CSS'). Mots (1640). and others. 
’Wentscl, 1 500 s P- 88. 
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537 

T^e idea would have been more reasonable, so far a& imme^ 
diate origin is concerned, if he had spoten of the Arabs. 



EAULY DrVISrON OF FRACTIONS 
Ffom an anonymous Italian MS, of 1545 In Mr. Plimpton's library 


The Itiverted Divisor* As already said, the method of mul¬ 
tiplying by the inverted divisor was known to certain Hindu 
and Arab writers. It seems, however, to have dropped out of 
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sight for three or four hundred years, reappearing in Stifel’s 
works in 1544.^ It was not at once accepted, only a few of the 
16th century writers making any use of it,“ but in the 17th 
century it became fairly common. 

Before the inverted divisor came into general use there were 
several special rules that met with some favor. One of these, 
given by Gemma Frisius (1540I, may be expressed in modem 
symbols thus: 

1 H = 1 ^ 4 x 3 ^ Ji 3_ ^ i.3. 

5'^13 5 ’ 13 4x5 20 


2. Sexagesimal Fractions 


Nature of Sexagesimals. For scientific purposes the medieval 
writers usually followed the late Alexandrian astronomers in 
the use of fractions written on the scale of sixty.’ This cus¬ 
tom has continued until now in the measures of time, angles, 
and arcs, as when we write 2 hr. 20 min. 45 sec., that is, 
+ + hours, instead of (2^ hours. The 

measure of time meets a popular need, and so the sexagesimal 
fraction gives no present evidence of being abandoned for this 
purpose, but for circular measure it is losing its hold as decimals 
become better known, and seems destined soon to disappear. 

In the Middle Ages the scientific workers carried the sexa¬ 
gesimal divisions still farther than the Greeks, as if we were 
to write 2 10' 30" 45'" 5*' 7% meaning thereby 


2 4.12 4.31 A. 
60 60’ 60’ 60* 


+ 


6o‘ 


^“Ego Diuisionis rcgulam reduco ad regulam MuUipllcationis Minutiarum, hoc 
tnodo: DJuisoris teraiinos coromuto,” etc. Ariihmetica Integra, i$44, fol. 6, r. 

"Thu im also. Den Teylcr , . . kcre vtnb/also ausz dem Zelcr werde dcr 
nenner/vnd ausz dem nenner der Zeler. So steht denn das exempium mit vmbge. 
kereten Teyler also" (Deutsche Aritkmetka, 1545, fol. 13, 0.). 

* Among them were Thierfelder (1587) and Oavlus (1583). The latter says: 
"ac si termini diuisoris commutentur, & regula multiplicationis senietur" (1585 
ed., p. it8 , and similarly the Italian edition of 1586, p. 106). 

* Latin sexagesUnus or sexagensumus, sixtieth, from sexaginta, sixty. 
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Thus Sibt al-Maridintj^ an astronomer at the mosque of al- 
Azhar in Cairo in the middle of tlio 15th century,^ gave 
45 ^=^ I 3 5^= 3 3^ 45' 52'^ 2S" E4" 7^ 3^'^ 31™' 45- 52"^.-, 

and similELT cases occur in many medieval works. 

TJames of Sexagesimals^ Sexagesimals were usually known as 
physical fractions in the Middle Ages.^ The name may pos¬ 
sibly have come from their use in physics, this word (more 
frequently "physic”), as applied to natural philosophy, not 
being so recent as is sometimes thought. On the other hand, 
it may come from the fact that the denominators were under¬ 
stood to proceed in the natura.!* order of the powers of 60, 
somewhat as we speak of "natural numbers" at presents this 
being an opinion expressed in the i6th century 

They were also called astronomical fractions/ the reason 
being quite apparent.’^ 

Origin of Sexagesimals* There is a common idea that sex¬ 
agesimal fractions came from Babylon,—an idea which arose 
from the fact that 60 plays an important part in the number 

3 -Mohatiiraed ibn M&hammed ibn Ahmed, Ab^ 'AbdaJlih, Etdr ed-din at- 
Mi^ri, bom in 14^3, died in 149479.3. He vrot* a number of urorbs on aritb- 
mebc and astronomy, 

2Hc gives the result only to the fraction then repeating,—an interestinE 
case o£ a circulating seKagesinnal. Soc Carra dc Vaus, ''Sur rhisLoite de l^arithmfi- 
tlque arabc/^ Bibl. Maih,, XIII (ajj The above symbols are, of course, mod¬ 
em. The problem is substantially that of 45 f ^I'^S ” 33 i 

^Thua find in the MSS. such eicprcfisiotii as '^Modum representationis 
minuclsrum vulgarlum et physicaxum” [anonymoua 6 JS. of 14^^) ^jid "Mlnucte 
duplicES 5*int ficiliicet phisicie et vulgarea^^ (anonymous MS. of isth cetituiy). 
In the early prinbsd books Lhej' are called "Iractiones phSaioe'' (Cfruelo, i 4 flSh 
"frationed fisicas” (Ttseda, 1546), ** Minutdaraenti Fisici” (Italian edition of 
Gemma Frialus, Tye?), and by othci: aSmilar names- natureJ* 

■^Tlius Trenchant (1:366]: '"S'apele pbisic, e'est i dire, naturcl: pour ce tiue 
sea denominatflurs, £ ciractems, aont selon Vordre naturel du nombre com- 
men^ant I lVnit 4 CiS 73 edn p. 

t''De Fractionibos Astronomic^, fiiue de minutiia PhysKis” as Gemma 
Frisius (iS40> aays in hia Latin editions, the Italian having "RotU Astrohc^ 
mici.” Trenchant has "Du nomhrc pbisic, ou iractiona astcunomiquiS.” Peletler 
(Peletariu^j) in his notea on Gemmi Frisius (1563 ed.) apeaks of "Fractfones 
-Astronoroicajc, quas vulgb PhyaEcts vocit." The name viaa. used hy Abraham hen 
Ezra (c. 1140] and probably hy the late Gteak writera. 

LAs Peletier (1549) say5, because they "seruent aui aupputationa df^ mouue- 

ments celEstea" 
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system of that country. The assertion of this origin was first 
made, so far as we know, by Achilles Tatius, an Alexandrian 
rhetorician of the 5th or 6th century. It has also been assumed 
that the Babylonians divided the circle into 360 equal parts, 
because of the early notion that a year consisted of 360 days, 
and because their scientists knew that the radius employed in 
stepping around a circle divided it into six equal arcs, thus 
making 60 a mystic number. This reason may possibly be valid, 
but there is no authority for asserting that it is historical. The 
Babylonians divided the circle into 8, 12, 120, 240, and 480 
equal parts, but not into 360 such partsIt is true that 
six-spoked wheels are found represented on the Babylonian 
monuments, but no more frequently than the eight-spoked 
wheels, and the six-spoked type is more common in Egypt 
where the number 60 was not used to any great extent. It would 
seem, therefore, that the number 60 was not derived from the 
division of the circle into six equal arcs. 

It is true, however, that the Babylonians wrote the equiva¬ 
lent of II for 60+ I, III for 6o* + 6o-fi, and 44 26 for 
44 X 60 4* 26, although there is no reason for believing that this 
is a proof of their use of sexagesimal fractions. In a certain 
tablet of c. 2000 b.c., for example, the equivalent of the square 
of 44 26 40 is given as 32 55 18 31 6 4. This may be inter¬ 
preted to mean the square of either 44 x 60“ + 26 x 60 4- 40 or 

44 +4- In the latter case we have sexagesimal fractions; 

in the former, numbers written on the scale of sixty, an inter¬ 
pretation more in harmony with the system of compound num- 


this entire diseus&ion see A. H. Sayce and R. H. M. Bosanquet, "The 
Babylonian Astronomy/' in Monthly Notices of the Royal Astron, Society, XL, 
108; E. Hoppe, Arckiv der Math., XV (3), 304; E. Loffler, ibid., XVII (3), 135; 
and Hochheim, Kafi JU Hisdb, p. 23. The claim that the Chinese used a sexa¬ 
gesimal system in the third millennium b.c. (Vol. I, p. 24) is not supported by 
sufiBdent evidence to be considered at present It is very improbable that it in¬ 
volved anything more than a recognition of 60 as a convenient unit for sub¬ 
division. On the Greek development of sexagesimals see Heath, History, I, 44. 
See also a discussion by E. Hincks. "Cuneiform Inscriptions in the Briti^ Mu¬ 
seum,” The Literary Gazette, XXXVIII, 707 ; C. Bczold, Catalogsu of the Cunei- 
fortn Inscriptions . , . British Museum, I, 24. 
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bers used by all ancient peoples. Similarly^ we find the case of 
I but whether this is to be interpreted as having the 

dividend 60 or some power of &o is uncertain. In any case we 
have no evidence of any such general use of sexagesimal frac¬ 
tions as is found among the Greek astronomers.^ 

The division of the circle into 360 parts as practiced by such 
Greek astronomers as Ptolemy (c. 150) was probably the out¬ 
growth rather than the origin of the sexagesimal system. The 
Babylonians counted decimally by preference, although the 
base of do played a considerable part in their system. They 
counted decimally to 6oj that is, to a soss ; then by s&sses and 
the number over to the ner, which was 10 so^ses^ or 600; then 
by ners, so sues, and the number over to the sarUf which was 
6 nerSi or 3600- but they never counted 60^ 360, 3600^ so that 
360 was not a natural step in their sexagesimal system.^ 

Greek Use of Sexagesimals. We do not know why the Greek 
astronomers should have developed a scale of 60 in such a com¬ 
plete forrUj although we can readily surmise the cause. There 
seems to be no reason to doubt that the number 60 was sug¬ 
gested to them from Babylon, but tire system of sexagesimal 
fractions, as we know and use it, svas, so far as now appears, 
their own invendon. Ptolemy used these fractions to represent 
his chords in terms of a radius 60 ;® that is, the chord of 24'' 
would then be 24.9494, sexagesimals, 34 56' 58'^ It seems 
clear, however, that the Greeks needed for their astronomical 
work a better type of fraction than the unit type of the Egyp¬ 
tians ; that their habit of using such submuUiples, as in feet and 
inches, naturally led them to a similar usage in fractions, as 
would be the ca^ with degrees and minutes; and that the 60 
of Babylon was a convenient radix, since it has as factors 2, 3, 
4, 5, 6, 10, 12, IS, 20, and 3,0, and so permits of the ready use 
of halves, thirds, fourths, fifths, sixths, tenths, twelfths, and so 

arguments in favnc of the fraction intoipretation Set F. Cajori, 
uesimal Ftactions among the Babyloniins,'^ Atn^r M<fnth„ XXIX, B. See 

also Heath, Hhi&ry, 1 , 25. ^HilpTecht, TaMtH. 

“Fot a discuesion of this point see A. Schiilke, ’'Zut Deaittiiaheilung dca Win- 
kcls,’^ Jur ^nd tul^wrv^^ (Jnierr.j XXVII, 3,39; Hieath, H-tstoryi I, 45. 
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on. The Gtcrsks may thus have been led to divide the radius 
into 6o equal parts and the diameter into 120 of these parts. 
Since the common value of tt was 3 in ancient times, the cir¬ 
cumference was naturally taken as 3 x 120, or 360. 

Such was the influence of the Greek scholars that all the 
medieval astronomers, Christian, Jewish, and Mohammedan, 
used the sexagesimal system;' but some of the matliematical 
writers referred the system to India instead of Greece, influenced 
therein by the belief that our numerals came from the Hindus.® 

Terms Used. \^Tien the Greeks decided to take ^ of a circle 
as a unit of arc measure, they called this unit a degree.* They 
called of a degree a first part/ a second part," and 
so on. 

Multiplication involving Sexagesimals. The operations of ad¬ 
dition and subtraction with sexagesimals involved no difficul¬ 
ties, but multiplication and division were not so simple. It is 
meaningless to us to multiply 4* 7' 38" by 5® 6' 29", or even 
4 7' 38" by 5 6' 29", but to the medieval scientist it meant 

a noteworthy illustration, sec the Libras del saber dt Aslronomia del Rey 
Alfonso X, Madrid, 1863. The Alfonsine astronomical tables date from c. 1254, 
but for argument as to a later date, see A. Wegener, " Die Astronomiseben Werke 
Alfons X,” Bibl. Math., VI (3), 138. 

*Thus Johannes Hispalensis (c. 1140): **placuit tamen Indis, denomina- 
tionem suarum fractionum facere a sexaginta. Diuiserunt enim gradum unum 
in sexaginta partes, quas uocaucrunt minuta” (B. Boncompagni, Traitati, II, 
40). He may have had his idea from al-Khowftrirml (c. 825): "Set indi 
posuenint exitum partium suarum ex sexaginta: diuiserunt enim unum in .LX. 
[>artes, quas nominauerunt minuta” (from a Cambridge MS. of the Algoritmi 
de Numero Indorum, in the Traitati, 1 ,17). 

®Molpa (moi'ro); medieval Latin, de •¥ gradus (step). The Arabs translated 
by daraja (ladder, scale, step), which led G. H. F. NcsseJmann {Die Algebra 
der Griechen, p. 137 (Berlin, 1842), hereafter referred to as Nesselmann, Alg, 
Criechen) to think that this w'ord was the original form of the word "degree.” 
It may have influenced the final form. 

* IIpwTo (^ro'to hexekosia'); Latin, pars minuta prima (first small or 

fractional part). From this came our "minute.” The Greeks also used X<vrd 
{lepta', minute, the adjective). In the 12th century Walcherus (sec Volume I, 
page 205) spoke of the minutes as puncla, and the same term is so used in an 
algorism of c. 1200. See L. C. KaipinskI, "Two Twelfth Century Algorisms,” 
Isis, III, 396. 

‘iWrepa rfif<o<rrd (rfew'terfl hexekosta.’) \ Latin, pars minuta secunda, from 
which our "second." See also Wertheim, Elia Misrachi, p. 19 n. 
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simply the finding of (4 + In 

the operation there is, for example, 7' x 6' = 42'', which means 
simply that ^ x In snch work it became conven¬ 

ient to have multiplication and division 
tables, and these are found in various 
medieval manuscripts.® Some idea of 
the difficulty of operating with these 
fractions may be inferred from a prot 
lem in the work of Maximus PJanudes 
{c. His multiplication of 14'’ 2^' by 16', giving 

the product 3 signs" 2S" 54' is here shown. 


3 

2B 

54 

B 


14 

23 



S 

16 



Division involving Sexagesimals. In 
division Maximus Planudes reduced all 
the terms to the same denomination. 
For example, the operation 


3 ° 33^ 54 ^^ 

2* 34' 24^' 


= I* 19^ 14^^, 


or 


3 +1 § + 




is worked out as illustrated here.® 

The finding of roots by the aid of 
sexagesimals appears in the works of 



^Thua m the translation of aE-KhowirisniJ (t. S^a) attributed to Adelard of 
Bath (t- irao); ''Sex muiula muUip-iicata in VIJ. lumuciis, erunt JCLIT. 
secunda” (Boncorapagni, I, iS). 

^In the adaptation of the Lib^r Ai^arismi by Johannes HispalenstE {c. 1140) 
the multiplication tabi^ is given up to times nojia, that 15, up to 

J— X — = —^ Eoncompagni, Troliitli, H, lOSU The printed arithmetics 

60* 60^ 

occasionally gave such tablesj <3.5., chose of Cardan cap. ^31, Fmc 

(15501 1555 erf-f fol. jS, f.), Trenchant and Pdetlei: (1549). Schootr, In 

his Da lijsutina lei^nifnari/i i^S6 ed-, p. s^oh cilia it the "abacus logiv 

tiiius," and a table of producti up to 60 X bo, for u&e wilb Ji 

nailed by Fine (1530) a "tabvia proportionaJls.'^ Division tables arc also given 
by' various writers; Fine (153°) fi^d Trencbant {1566). 

^ Waachhe, p. 34. 

^Thc "sign” wa3 30'', and tbe 13 signs of the zodiac gave 360 . 

“He says that the division mav be continued farther. 
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Theon of Alexandria' (c. 390) and Maximus Planudes* (c. 
1340), and in several of the i6th century arithmetics.'* Its 
nature may be inferred from the work in division. 

Symbols. The symbols (*''") are modern. In medieval and 
Renaissance times there were several methods used for desig¬ 
nating the sexagesimal orders. Thus in a manuscript of Leo¬ 
nardo of Cremona* (isth century) we have 

■5. . 77 . fs f- 5 ° .9’ 57 " 58 "', 


and “ “ A 4^' 39" 12”' 36”. 

.46. 39 . 12 . 36 


Gemma Frisius (1540) wrote* 

S. 'g. in. 2. 3 - 4 

I. 16. 25. 17. 21. 27 

for i' 16° 2$’ 1/' 21"’ 27'\ 


Peletier (1571 edition of Gemma Frisius) used m”” or i~' for 
minutes, 2* for seconds, 3*”for thirds, and so on. Jean de Lineriis 
(c. 1340)* used the symbols s, g, m, 2, 3, 4, and these, with 
slight modifications, are the ones most commonly seen up to 
the close of the i6th century. About that time there came 
into use such forms as 

Ilae lae ^ I II III 
3 . IS. 7. SO. 34. 23. 


^The process is given in Heath. History, I, 60, and in Gow, Greek Afaik^ p. SS- 
‘Heath, History, H, 547, where the date of Planudes is given a little earlier. 
^E.g., the Peletier (Peletarius) revision (iS 45 ) of Gemma Frisius. 

<In Mr. Plimpton’s library; i?ora Arithmetica, p. 474. The title is Artis 
metrice pratice compiUitio. 

*"Circulus 13 Signis constat; Signum, 30 Gradibus.” The relation to the 
zodiac is apparent. 

<*10 the Algoristnvs de JHhtuiijs appended to Beldamandi's work (1483 ed.). 
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in which 7 stands for units/ and in which the symbols are 
evidently the forerunners of the ones now in common use.= 

One curioois example of symbolism is seen in the multiplica¬ 
tion table given by Fine (1530) for use in sexagesimal 
coniputatiorij the product S x 42 being given as 5-36, that ISj 
5 X 60 + 36^ the period being essentially a sexagesimal point 

3. DECTitAi, Fractions 

Need for Decimal FractionSn Before the beginning of printing, 
operations with common fractions having large terms are not 
frequently found* In mercantile affairs they were not needed, 
and in astronomical work the sexagesimal fraction served the 
purpose fairly well* The elaborate RoUandus manuscript of 
c* r424 contains the addition of no common fractions more dif¬ 
ficult than Iand , and the work in multiplication involves 
no fraction more elaborate than . There are exceptions to 
the general rule,^ but they are not numerous. In the recording 
of results in division^ however, elaborate common fractions 
were frequently used.'' By the advent of printing, writers were 
led into various excesses. Widman (1489)^ for example, used 
in business computations fractions far beyond any commercial 
needs, his successors were even more reckless,^ and the theorists 
naturally went still farther/ 

^ This example is from Schoner, ^>15 Sosi^tiea stxagmaria, 1569^ P- 

Of the 7 he saySn " qui & partmm numerus dicitui, eirculua,” and he speaks of 
"7 unitates.” 

»Ptlelier (1549) remarks 3 ''Les DsetIs dont secoTit au IDi!3e^ de la numcra- 
tion Astroiiortiique: Si seront K;prnentj(s par let Minytes par f let Secandcs 
par . . . Et an^ des aatres” (rAfithtneiiqve, p. 107(1907 edO). 

in a Dutdi MS. of the igth century {Bmeompaeni aalc cat., No. 47Y) 

the square root of 25 20 ^VjVMWi% ^ required- 

in the Swime of Stcphaim dl Baptista delh Stephanl da 

Mercatello (MS. of t igiaL a PadolPs, there are Ttsulta Eke 34 ^ ^b bS 

J»Thus Widman uses Trenchant has (i 5TS 

ed-i p- 2S(i>, and Wentsel (1599) has several fTaetions 35 difficult as tjVtVsYtF 
and all of thete were comnaercial writers- ^ ^ ■ 

when Sdieuhel, in bis Dt nwnris^ tfoctatvs (iS4SJi pva 

and Coutereels [Evcfsdycli.’3 edition of i6sa) a result 
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Forerunners in the Invention. As usual in the case of an im¬ 
portant invention there were various scholars who had some 
intuition of the need for such a device as the decimal fraction 
long before it was finally brought to light. Such a man was 
Joannes de Muris, or Jean de Meurs, who wrote early in the 
14th century.' The most interesting of the early influences 
tending to the invention, however, was a certain rule ^r the 

• 10^" 

extraction of <fa^ expressed in mod ern s ymbols by —— - 

In particular, y/s =or » the actual process 

of extracting the root being quite like our present one with 
decimals. It was known to the Hindus, to the Arabs, and to 
Johannes Hispalensis (c. 1140), and is found in the works of 
Johann von Gmiinden (c, 1430), Peurbach (c. 1460), and their 
successors imtil the close of the i6th century.® The most in¬ 
teresting step from this rule in the direction of the decimal 
fraction appears in certain tables of square roots, in connection 
with which the statement is made that, the numbers having 
been multiplied by 1,000,000, the roots are 1000 times too 
large. Such a table, from Adam Riese’s Rechtiung auff der 
Linien vnd Federn (Erfurt, 1522), is reproduced on page 237. 
The same plan is given by such later writers as Trenchant 
(1566) and Bartjens (1633). Even after the decimal fraction 
was well known, the analogous plan of using a radius of 
10,000,000, in order to express the trigonometric functions as 
whole numbers, remained in use for more than two centuries. 
It even extended to the reckoning of interest “to the Radius 
100,000,” as Thomas Willsford says in his appendix to the 1662 
edition of Recorders Grovnd of Arts' so as to avoid decimals. 

'L. C. Karpinski, Science (N.Y.), XLV, 663. 

* Buckley, for example, an English arithmetician, who died c. 1570, gave the 
rule in Latin verse as follows: 

Quadrato nuroero senas prxiigito dphras 
Product! quadri radix per mille secetur. 

Integra dat Quotiens, et pars ita recta manebit 
Radici ut vers, ne pats millesima dcsit. 

Arithmetica memorativa. C. iSSO 

*As spelled in this edition. 
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Erom Adim Ricsfi'a arithmeUc, showing i table af sijuare roots in wbkli the 
figures of the decimal fractions appear^ tut without an^ form □£ detiJiflal point. 
From a later edition of the work 
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Another influence leading to the invention of the decimal 
fraction was the rule for dividing by numbers of the form a • i o", 
attributed by Cardan (1539) to Regiomontanus. This appears 
in several manuscripts of the 15th century/ as in the case of 
470 -Mo= 47 and 503 10 = . Borghi (1484) elaborates 

this rule, but it appears in its most interesting form in the rare 
arithmetic of Pellos (1492), who unwittingly made use of the 
decimal point for the first time in a printed work (p. 239). 
The use of the dot before and after integers had been common 
in the medieval manuscripts, as in the case of Chuquet’s work 
already mentioned, but its use to separate the integer from 
what is practically a decimal fraction is first seen here. Later 
writers commonly used a bar for this purpose, as was the case 
with Rudolff (1530; see page 241), Cardan (1539), Cataneo 
(1546), and various other writers. Even as late as the 1816 
edition of Pike’s Arithmetick (New York, 1816) 46,464 is 
divided by 7000 thus: 

71000) 461464(6^^-^^ 

4£j_ 

4I464 

Pellos, however, did not recognize the significance of the deci¬ 
mal point, as is evident from the facsimile on page 239, and no 
more did Cardan appreciate the significance of the bar that he 
used for the same purpose.® 

The initial steps in the invention of the decimal fraction were 
not confined to the West, however; indeed, the credit for first 
recognizing the principle of this type of fraction may well be 
given to al-Kasht,* the assistant of the prince astronomer Ulugh 
Beg and the first director of the latter’s observatory at Sam¬ 
arkand. In his al-Risdli al-mohitije {Treatise on the circum- 

^Thus Chuquet (1484): "Comme qui vouldroit partir 470. par .10. fault oster 
.0. qui est la pme’ figure de 470. et deroeurent 47. et tant monte la part. Ou que 
vouldroit partir 503. par .10. fault oster .3. et les mettre dessus .zo, et Ion aura 
•SO. W* pour quotiens.” Fol. 8, v. 

*Sce bis Practica (1539), cap. 38. 

•Sec Volume I, page 289, n.s* He died c. 1436, or possibly, as some writers 
assert, c. 1424. 
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fercnce) he not only gives the value of tt to a higher degree of 
accuracy than any of his predecessors, but he writes it (using 
Arabic characters) as follows: 

sah^hah 

3 1415926535898732, 

the word sah-hah meaning complete, correct, integral.' We 
have, therefore, a fraction which we may express as follows: 

Integer 
3 14159 

the part at the right being the decimal. Manifestly it is, there¬ 
fore, a clear case of a decimal fraction, and it seems to be 
earlier than any similar one to be found in Europe. 

The Invention. The first man who gave evidence of having 
fully comprehended the significance of all this preliminary 
work seems to have been Christoff Rudolff, whose Exempcl- 
Buchlin appeared at Augsburg in 1530. In this work he solved 
an example in compound interest, and used the bar* precisely 
as we should use a decimal point today (see page 241). If any 
particular individual were to be named as having the best rea¬ 
son to be called the inventor of decimal fractions, Rudolff 
would seem to be the man, because he apparently knew how to 
operate with these forms as well as merely to write them, as 
various predecessors had done. His work, however, was not 
appreciated, and apparently was not understood, and it was not 
until 1585 that a book upon the subject appeared. 

The first to show by a special treatise that he understood the 
significance of the decimal fraction was Stevin, who published 
a work* upon the subject in Flemish, followed in the same year 

*The modern Turkish form is sahth. I am indebted for these facts to Pro¬ 
fessor Salih Mourad of Constantinople. 

* 0 n the general question of notation see Gravelaar, ”De Notatie der decimale 
Breuken,” Nieuw Arckief voor Wiskunde, IV (a). 

*De Thiende. A copy of this rare pamphlet was fortunately saved at the time 
of the destruction of the Louvain library, having been borrowed a few days be¬ 
fore by the Reverend H. Bosmans, S. J. See the Revue des Questions Scientifigues, 
January, 1020. There was an Engli^ translation by Robert Norton, London, 
160S. 
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<1585) by a French translation. This work^ entitled in French 
La Dispie^ set forth the method by which all business calcula¬ 
tions involving fractions can be performed as readily as if they 
involved only integers.^ Stevin even went so far as to say that 
the government should adopt and enforce the use of the deci¬ 
mal system^ thus anticipating the modem metric system.^ He 
was th.e first to lay down definite rules for operating with 
decimal fractions., and his treatment of the subject left little 
further to be done ejicept to improve the symbolism. Some 
idea of his treatment of the subject and of his symbols may be 
obtained from the facsimile shown on page 243* 

The Symbolism. The decimal fraction had now reached the 
stage in its progress when the symbolism had to be settled. As 
already stated^ Pellos (1492) had used a period to separate the 
decimal from the integral part, but he had not comprehended 
the nature of the fraction- This^ however^ was hardly more 
strange than that as good a computer as V 3 acq“ (1628) should 
use decimals in his calculations and tables and yet give a result 
in the form Several writers had used the bar 

to mark off the decimal part, and !Rudolff had probably graspe<l 
the significance of the new fraction. Steviu harl fully compre¬ 
hended and clearly expounded the theory^ but his symbols were 
□ot adapted to use. The improvement in the symbolism was 
due largely to Btirgi^ Kepler, and Beyer, and to the English 
followers of Napier. 

Jobst Eurgi (1552-1632) dropped the plan used by Regio¬ 
montanus—that of taking ro,ooo^ooo as the jrwur iotus in 
trigonometry^—and took i instead, the functions therefore be¬ 
coming decimal fractions. He w^as not dear as to the best 
method of representing these fractions, however, and in his 
manuscript of 1392 he used both a period and a comma for the 

. . faritement eEpedier par nombKS mtsera sans rompui toutes c^inptcs 
=4 rentocitrans affaires dcs Homiries." 

"Adriaen van Roenuca telfs us that Bishop Ernst of Bavaria hid 

simiUir ideas as to rneasnres. 

^AriikinUica afiilifffEcfl. pp. ei pasxim (Gouda, t^ 2S), evidently thinkins 

that the tlecjmal form of the result would not be undfirstood by mast reader^, 
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A PAGE FROM STEVIN^S WORKj 1654 EDITION 

Frcrni thfl first wort devotel to dwJmil fractions. Tfie first editfon 
published at Leydenj ijS^ 



DECIJL^L FRACTIONS 


544 

decimAl point,^ and also wrote 1414 for 141.4. In his use of 
these fractions he was followed by Prsetorius, in a mannscript 
of 1599.“ 

In his tables of 1612'’ Pitiscus assumed the radius to be 
100,000 and gave sin 10" as 4.S5. Since this sine for the radius 
I is 0.00004S4S, the point after the 4 is possibly intended as a 
decimal point. Occasionally he used several points, as when 
he gave sin 89® 59' 30^' as 99999. 99894. 23 . In his trigonometry, 
of which the tables are a part, he used a vertical line to mark 
off the decimal.^ In the 1600 edition both the point and the 
vertical line are used for other purposes, the former to separate 
sexagesimals'^ and the latter to separate (as above) a large 
number into periods, usually of five figures each. 

It is unquestionably true that the invention of logarithms 
had more to do with the use of decimal fractions than any 
other single influence. When Napier published bis tables in 
1614 he made no explicit use of decimal fractiODS, the sine 
and the logarithm each being a line of so many units. In the 
1616 translation of this work, however, the translator, Edward 
Wright, made use of the decimal point. One line will serve to 
show the appearance of the table: 


LJcg. <i. + f— 


Min. 1 

i_ - j 

Sinea. J 

1 Log^ritti. 

Pifferen 

1 Logarith. 

Stnes 

30 

8726 

1 47413SS 

4741347 

33 ^ I 

999961 * 9 


In his Riibdoliigiae . . . Libri Dva of 1617 Napier made some 
observations upon the subject and wrote both 1993,373 and 
1993, 2' 7" for the number which we uow, in America, write 
^ 95 ^ 3 -2 73 ‘ In the Leyden edition of this work {1626) the 

LCaJitJor^ GiScJtkktet 11 (?), ^17. ^Ibid., p. 61^. 

^ CaKOft TTiangalffniw^ Evtsndatissimut ti ad ntwm a^commodatmitniis. Pir- 
imens ad Trisanomtiriam Bartholomati Fiiiiai . . ,, Frankfort, 1612. 

^''■Deindfi pro latere AC nupet itivcnto 13I0M24 assuniv 73 fractions suUkct 
3 "rt^;. Frablstaaiitm Cicd. Liber U»m, p, la^ 
this subtraction [p. fi?); 
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Stevin notation is u:s6d, by which the above number would 
appear as 1993, ®2,IS 7, ©3/ In any case it ia evident that 
Napier understood something about the decimal fraction, that 
he did not invent our modern symbolism, and that the practical 
use of logarithms soon made a knowledge of decimals essential. 

In 1616 Kepler wrote a work on mensuration^ in which he 
distinctly took up the decimal fraction, using both a decimal 
point (comma) and the parentheses to separate the fractional 
part."^ He stated it as his opinion that these fractions were due 
to Burgi/ although it seems strange that he was not familiar 
with the work of Stevin. In his edition of Tycho Brahe's 
Tabular Rudolphinas, published at LTm in 1627, he uses (p. 25) 
the period for a decimal point, thus: "29.032 valet 

In the year 1616 Johann Hartmann Beyer (1563-1625) 
wrote to Kepler concerning his work, and in the letter he used 
both the decimal comma and the sexagesimal symbolism for the 
decimal, writing 314, i' 5^ 9^" 2"" 6^"" 5""" + for 314.15926 -h. 
Beyer had before this (1603) published a work on these frac¬ 
tions, Lo^stka decimalU, and on this account had laid claim 
to their invention, although he had long been preceded by 
Stevin. Adriaen Metius (1571-1635) took about the same 
step in symbolism when he wrote both 47S52'’;S^o'^4'''^ and 
47S52/8VV'' for 47S52.SQ4. He also spokeof " 


iC. G. Kn-ott, Nitpier Mefnorial Vsihims, p^p. 'jjt iSa, iBS, 190+ i9K, Edin- 
tiurgli, 1914. 

^Ams£ng auis dtr itraUtn Messs-Ku7t^ Atckimedis- It apfitaiB In Volume V 
of the Frisch edition of Kepler’s TPorts. 1S&4. 

S’" Fur& ander, well ich feurtie Zahlen brauche, dcrohalben es offt Brucbc geberi 
Tirirdt, 50 mercke, dass alle Ziffer, welche nadi dem Zeichen (,) folgien, die gehoren 
au dem Bnich, aU der zehler, der nenaer dazu wErt nidit ge&em.^' He then efves 
an example in Interest: 

ft mal 
fadt 21 {90) 

*"Dj&c Art der Bnadirediiiuiig ist von JoaE Burgoil m der sinusTechnung 

erdAcfit ” . > r , . , 

Omniaf pp. 19? 31^? -Wa SO- When De Morgan {Artlhmettcol 

BoQkj, p. 41) said of a 1640 edition of Metius that '‘sexagrainial fractioiB are 
taught, but not decimal ones ” he may hivt tonfused the symbob. 

11 
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There are numerous examples of writers of the same period 
who used these awkward symbols. Girard^ the editor of Sievin^ 
whose first edition of the latter^s works appeared in 1625^ did 
much to make known the works of his master, but he appar¬ 
ently added nothing to the theory or the symbolism. Even as 
late as 1655 we find the period used to separate an integer and 
common fraction/ as in the case of 1 and in the i 5 edition 
of Casati^s work^ we have 0.0043S represented by 

E00000 

In 1657 Frans van Schooten^ used the symbol 17575625 . . . m 
for 17 5 79,6 25. It had the ad van tage that, in finding the product 
of two decimals, the indices in the circles need only be added 
in order to determine the proper index in the result. 

The use of smaller type for the decimal part was not uncom¬ 
mon/ and it is still seen on the continent of Europe, As to the 
development of these fractions in England, Professor Cajori 
has suggested that Oughtred’s (1631) use of the symbol o[5b 
foe 0,56 was one of the causes for delay in the general adoption 
of the decimal point. 

It should also be said that the symbolism Is by no means 
settled even yet. In England is written23 -45, in the 

United States it appears as 2345^ and on the Continent such 
forms as 23,45 and 23^ are common. Indeed, in America 
we commonly write $23.^-^ or S23i;Yir instead of 32345 j to 
a\Tiid forgery. 


Capra, ef fabri&i ezVewii , . ,p. aj {BologtnSf TKe firat 

editian, bowtver, a^erna ta have hecia 1^07. 

Casatl, faitrica et vio Del Compassa di Prgpartipne, p. BolOfinii 
In the ntat edition (1664), howeveiTf he writes such a number (p, BG) a$ 
a common fraction, with the bar between the terma. 

^ RjrtrcJtati'cnwflj Mathejnaiiciir\ini Ubn ^tungtie, liber primuEi, p. 33. Leyden, 

*E.g., in aome edsticina of Vieta'a tables; aJao In R.. Butler, The Scale ef 
latercit tLonJon, 1630), where i$ uaerf fot 1.1^3. 

“Not always, however. In a MS. At the Wooli^fich Atademy, of date 173G, 
die decimal point is alwaya a comma. Hodder wrote a Dednmi Arithmetielt in 
i 6 G 3 , in which he used both the comma, and the dot. 



THE INVENTION OF DECIMALS 


247 


Summary. The historical st^ps ii> the invention of the decimal 
fraction may be summed up as follows: Pcllos (1492) used a 
decimal point where others had used a bar, but the idea of the 
decimal fraction was not developed by him. Rudolff (1530’) 
worked intelligently with decimal fractions, using a bar for the 
separatrix, but he did not write upon the theory. Stevin (1585) 
wrote upon the theory but had a poor symbolism. About iboo, 
several writers attempted to improve the symbolism, and Burgi, 
in t592, actually used a comma for the decimal point, without 
the common sexagesimal marks, and comprehended the nature 
and advantages of these fractions* Napier knew something of 
the theory of decimals and rendered their use essential, but did 
not himself contribute to the symbolism.' In the mere writing 
of the decimal fraction, at least, all these efforts had been an- 
ticipated by al-Kash! {c. 1430), whose symbolism was quite'as 
good as that of any European writer for the next century and 
a half. 

It is thus difficult to pick out the actual inventor, although 
Rudolff and Stevin are entitled to the most credit for bringing 
the new system to the attention of the world. It should be 
added that these fractions were mentioned by Richard Witt 
in his Antk^elic^l Questions in 1613, and that Henry Lyte 
(r6tp) wrote The Art of TenSt or Decimall Arithmetickej —a 
work which did for England what the work of Stevin had done 
for the Continent 

Percentage. Long before the decimal fraction was invented 
the need for it was felt in computations by tenths, twentieths, 
and hundredths, and this need gave rise to a peculiar notation 
which took the place of the decimal forms and which has per¬ 
sisted to the present time in the symbol 

The computations of the Romans that led up to the subject 
of percentage may be illustrated by the vtcesiTna Ubertatis, a 
tax of on every manumitted slave; by the eentesitna rerum 
venaHum, a tax of levied under Augustus on goods sold at 

lUow Imperfect his kncwScdge Teas rn&y' be seen ciamimns his Di 
pp. 60, 63, 73, ei paisim. 
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auction; and by the quinta mcesima mandphrum, a tax 
of on every slave sold.^ Without recognizing per cents as 
such, the Romans thus made use of fractions ■which easily 
reduce to hundredths. 

In the Middle Ages, boUi in ±e East^ and^in the West, there 
was a gradual recognition of larger denominations of money 
than the ancients had comirionly known, and this led to the 
use of Ioo as a base in computation. In the Italian mariu- 
scripts of the 15th century it is common to find examples in¬ 
volving such expressions as 20P loo, xp cento, and vi pc®, for 
our TO%P and 6^* 

When commercial arithmetics began to be printed, this cus¬ 
tom was well established, and so in Chiarino's work of 1481 
there are numerous expressions like "xs. per .c>" for 20^, and 
"viii in x perceto” for 8 to 10%, Borghi (1484) and Pellos 
(3492) made less use of per cents than one would expect of 
such commercial authorities, although each recognized their 
value.’ The demand was growing, however, and Pncioli (1494)* 
familiar with the large commerce of the giudecca at Venice, 
had much to say of it." Beginning early in the i6th century 
the commercial arithmetics made considerable use of per cents 
in connection with interest and with profit and loss, sometimes 
in relation to the Rule of Three,^ so popular with, merchants 
of that period, but more frequently in relation to isolated 
problems,^ 


^Harptr'a .Diet r CiiUJ. jEjJ,, p. 1634. _ -.i - ii, 

-E.f-K (c. Hits per cents in the inle^est pToblcnis m the 

iifavotj. See Tiylor^ L-Uawati, p. 47 5 CDltbtooltc, iiloUfliJ, p. 59 ^ 

P£.|„ Borgbi; 'L . . fiUAdagno a mon de .3o. per cento”; and FcIIm: 
" li p ICO ” ” P -3. aJi5 a raion de .16. f Cfitit.” 

' *His pritited forma delude etto” (fol. 6s)t «nto” <fol. S6>, and 

*'peT cetfl” {fol. 6&L „ t j ^ j 

»Ttiu£ Orteea (isej; i5^S *^9 Ims a chapter on "Re^vla de tre de cen¬ 
tenary” (foL 5i>. 

*Thu3 Walcfcl (tSJfi): "hi *>hier leihet cinem 200 3 'ir vnd einet jcden 

iats nambt er lofl v5 100 ist dh Iiag wieuil die 3 iac thut gwifi vnd gwifisgwmn ” 
(ffll. B?). So, also, Rudolff 1^40 ed.): ^Weiii man vom hundert zu 

i^dichEia wns eytwm aol s flo . . ” (Er. 71 In the Exemptl-B^chlm). He ‘tiows 
that thy Italian ^ pro cento” waa not yet well known in Geimiiny, for he saya 
(Ei. . vnd wieuil pro cento (veiatee an Hupdert floren) ” 
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In America at present the expression 6 % is identical in 
meaning with 0^06, per cent having come to signify merely 
hundredthst This was not the original meaning^ nor does it 
conform to the present usage in England and certain other 
countries^ where expressions like ^*£6 per cent" are in common 
use. This usage is historically correct, the 15 th and i6th cen¬ 
tury waiters, with whom percentage begins in any large way, 
having always employed it,^ 


c 

He 


,ieLLj“^^ inutiOcvelv ncllo 

cuJ WrHfljneTf A'[^ C QIC lime 

fV ^ ^ ^ ^ Lktj£> in j 

ntjefij Jri djUAnf^ 

ttww ^dalla^ifna. pitthtn iilU Ur^ cac 
nili^u) neiU vnTmeAcii-vJ^lfiLOiriittie 
Hcl ^ Ji.et4 del mmmter 

ftnefi A 

det ^ 


EAXLY PER CE 1 {T SIGN 

Fram an Italian MS. of c. 14^. Notice also the old symbol for poundsK w^hich 
may have suggeated the dollar aiRo 


Chief Use for Per Cents* The chief use for per cents in the 
16th century w'as in relation to the computation of interest, 
and by the beginning of the 17th century the rate was usually 
quoted in hundredths*^ It also appears in computing profit and 
loss, at first indirectly, as in the following addition to Recorde 
by John Mellis (1594): "If one yard cost 6s --Spence: 

^Thua Sfortunati { 1534 ; i 545 ^ 5 ^ "llbrfl per too”; ( 13 = 1 ? 

U5C5 '' ID Tbr von too,” ■' 10 zum loa," 10 fl am tod,” and other aimiiar 
forras; and Albert (1534) has lO fl mlt IM fl.” 

= E-S; Trenchant (1566) hM raiisem de n pour loo'^ with a ra^ Inter¬ 
est table; Petri ( 1567 ) spoalis *f "S ten hondert” and ten too"; Rieta 
(1560) gives the rate as ten hondert” and Wentael (j 55 q) 3 ^ "!&■ ten 100 
tsjaerSf”—ail of which ihows the hish rates of interest prevailing. 
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and the same is sold againe for 8 s—6 pence: the question 
Is^ what is gayned in loo pounds laying out on such commodi- 
tie-^^ Many bookSj however^ stated the problems substantially 
as at present. 

The Per Cent Sigjx. In its primitive form the per cent sign 
(^) is found in the 15th century manuscripts on commercial 
aritimeticj where it appears as ^^per c” or "p a contraction 


iihi 


L 


otgvijvu) 

THE TER CENT S(GN IN TflE l-TH CEl^TURY 
From an angnymous ItiiUan MS. of 


for "per cento As early as the middle of the ryth century 
it had developed into the form "per after which the "per’® 
finally dropped out. The solidus form (%) is modern. 

Pennillage. It is natural to expect that percentage will de¬ 
velop into permillagej and indeed this has not only begun^ 
but it has historic sanction. Bonds are quoted in New York 
"per Mj’^ and so in various other commercial lines. This was 
already common in the i btli century.^ At present, indeed,, the 
symbol 7* is used in certain parts of the world, notably by 
German merchants^ to mean per mill, a curious analogue to 
^ developed without regard to the historic meaning of the 
latter symbol. 


^ Arithmetical pp. ^59, 441^ 458, with facsimilea. 

SThus Cirdan (1559) says that ^'tara coputada est ad loo. vd ad leoo.” 
ATiihffisika, 1539, capp. 57, 59. 
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Ancient Idea of Irrationals. Proclus (c. 4&0) tells us that the 
Pythagoreans discovered the incommensurability of the diag¬ 
onal and the side of a square,^ which is only a geometric view 
of the irrationality of Vl Proclus also states that they were 
led to study the subject of commensurability through their 
work with numbers. Plato says- that Theodorus of Cyrene 
425 E-c.) discovered that ^"oblong numbers, 3, 6 , 7, 

are composed of unequal sides.^’ He also states that '*Theo- 
dorus was writing out for us something about roots, such as the 
roots of three or five, showing that they are incommensurable 
by the unit: he selected other numbers up to seventeen—there 
he stopped,”^ 

With respect to other writers on inco'mmeusurable lines, 
Diogenes Laertius (2d century) tells us that Democritus 
(c. 400 B.Cr) composed a treatise upon the subjectr* 

Summary of Greek Ideas on Irrationals. Summarising the 
work of the Greeks, there seems to be good reason for beheving 
that the immediate followers of Pythagoras knew and demon¬ 
strated the incommensurability of the diagonal and the side of 
a square, but that they looked upon this case of irrationality 
as a peculiarity of the square. Theodorus seems to have car¬ 
ried the investigation farther, recognizing that irrationality of 
square roots was not confined to Vi. Thesetetus (c. 375 e.c.) 
appears to have laid the foundations for a general theory of 
quadratic irrationals' and to have established their leading 

Euclid, Vol. Ill, p. i seq., to the lititcs of which the reader is re- 
fetred. Sac also Cantor, p. loa Tfit pr&of is (tivefi in Eudid^ Ele- 

menlSj numbered X, in ttrly ediiionE, but is now rdegattd lo an appendix. 
See also H. Vogt, "Die Entdediungsgeschichte des Irrationalen nach Plato . . 
BitL Math., X ; Heath, History, I, 9o> ij4- 

147 D; Jowett tfarslaiioni TV, 133; Heath, UkUry, I, 303. 
should be observed that the method of proof for Vs quite diEerent 
from that for y/i, ajid so for other snrda. See Heath, Em-Hd, Vol. Ill, p, 3 ^ and 
History, I, 15J. 

^nept Set F. Huttsdi, A'eue JaHrbiich^r ftir 

PkUolosk t£«4 PMa^ogik, CXXHI, Heath, Historyy 1,156. 

® Heath, Nisiory^ I, 209, 
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properties* Euclid (c, 300 b.c.) took the final important step 
due to the Greek geometers^ classifying square roots and intro¬ 
ducing the idea of biquadratic irrationals.^ 

This discovery, then, was the second noteworthy step in the 
creation of types of artificial numbers. The Greeks showed that 
all magnituides are either rational rheta!) or irrational 

(BXoya, a*lcga)j their idea of an irrational number being such a 
number as cannot be ejcpressed as the ratio of two integers. 

The geometric treatment of incommensurables naturally led 
to the arithmetic and algebraic treatment of irrationals, the 
subject of the present discussion.® 

The Kame "Surd." Al-KhowSriami (c. S25) spoke of rational 
numbers as "audible^’ and of surds as "inaudible/” and it is 
the latter that gave rise to the word "surd" (deaf, mute). So 
far as now knownj the European use of this word begins -with 
Gherardo of Cremona {c. 1150).^ The term was also used by 
Fibonacci (1202 but tp represent a number that has no root.'^ 
The Arabs and Hebrews often called surds " none^rpressible num¬ 
bers/”—a name which may have suggested the "inexplicable 
sides’* of the Renaissance writers/ It is simply a translation 
from the Euclidean term dEXoyci? {a'iogoSy without ratio, irra¬ 
tional, incommensurable). 

As to what constitutes a surd, however, there has never been 
a general agreement. It is admitted that a number like Vi 

loc. fM. On Pro?fl56PT Zcuttn^^ discussion of CDnclusiona, s« 

H, Bci5iii3n&, in the iffuup dss QstpjtiiJnj July, i^ri* See also 

Heath, Riitoryi I,. 402* 

^On the history of ttanscendental numbers scs the statement on page ^63. 

’Rosen ed., p. 19J. Math., I (3), 516. 

'"“Nam quidem numeri habent radices, et uocatur [jicl quadrati; et quidam 
non; quQrum radices, que surde dlcimtur, cum inpossibile s.]t cas in numeric 
inuWLctt . , . ” (liftpr Aboiij p. 353). By '^root^' he refers here, as iisua), to 
square rooL 

al-Karkht fc. roao); sm Hochheim, Kdfi fU- Hadb, n, ja, 

tE. Schoncr, in HEs Z>ff jitrwMnj (1569-; 15S6 td., p. 113)1 fiays: 

"ExpUcabUfc latus est, cujus ad 1. ratiq explicari potest. Ut latua 4 est 2, & 
dicLtur etpLEcabile. * . . laeipilicabilc latus ctmLTa eat, cujus ad 1. ratio esplicari 
non potest. Ut 3. . . 

Stevin (1535) epeais of ^'nombres, comme Vs, & semblables, qii'ils appellent 
absurds, irrationels, Irre^lEcrs, inexplicably, sourds., (1634 ed., p. 9). 
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IS a surdj but there have been promiDent ivriters who have 
not included V6, since v^=Vi x V3 and + is com¬ 
monly escluded.^ 

Approximate Values. An interest in the irrational showed 
itself strongly among the ancients. Here was a mystery to be 
fathomed^ and from the time of Pythagoras to that of Weier- 
strass the nature of irrationals and the ability to work with 
them occupied the attention of a considerable part of the 
mathematical world. Among the noteworthy efforts was the 
one which sought to find an approximate value for an expres¬ 
sion like VT, As already said (p. 144)^ the Greeks found the 
square root of a number in much the same way as that which 
is commonly taught in school today^ but their ignorance of the 
decimal fraction made the process of approximation very dif¬ 
ficult in the case of surds. For this reason the ancient and 
medieval writers resorted to various rules which can best be 
appreciated by first considering the principle involved. 

Let a be an approximation to by defect. Then jl/a 
must be an approximation by excess^ and the arithmetic mean, 

approximation of the second order by 

excess/ and the harmonic mean, is an approximation of 
the second order by defect. This process may evidently be 
carried on indefinitely. If A = r, we have in partlcularj 


^1=^ +“ 

2 a 


A r 

— ; 

"j 3 d + - 

a 


Bcha Eddb (c.iCw), aUKarkhl (s.ioao), and other Arab writers 
included only non-aquaira not divisible by the digits 2,. See Hocii- 

hetm, K 3 ii /ii Rii&b, IT. n n, 

ChiystaJ, Algebra, jd ed., T, aci (Edinbun?li, *^. . . a surd num¬ 

ber is the incommensiULable loot oi a comtuieos.iirfl.blfi number. . . . For e^ampEc 
. . . %/# is not a sund. . . . Neither is V C ^” 

apot —^ = + —► £* that if wc divide by ft number that is » less 

x—fi 

than the square root, we shall have a result that is more thin n in excess of 
the aqusrt toot. 
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and so on. Recc^ni^^ng that 




is an approximation by excess^ the Arabs took 




2 (r + t 


as an approximation by defect, but this rule is not found among 
the Greeks/ 

Of the various rules for approximation to V Ai the one most 
commonly used in the past may be expressed as 

'Ja r=-a + — s 

as in ^ = V 9 n =^5 + ^^ = 3 ;-. 

an approximation by excess. The corresponding approximation 
hy defect is: 

''/a = ViT^+ r-= a H-) 

2 d+ I 

as in VTo^vgTT^ 3 + f = 3^., 

which probably explains why VTo was so often used for tt by 
early writers* Of these approximations, the one by excess is 
found in the works of Heron {c. 50 ?)/ The medieval writers 
used both of these approximations,often with variations. For 

^P* Tannery, "L^estracdon dea racinea carr^ d^apres Nicolas Chuquet/' 
Bibl. I ( 3 ), 17 ; "Du rfile ds la muaique gnecque dans le dfiVEloppennent 

de la matheiaBrUque pure/' 131 ( 3 ), iji. 

fact noted by Clavius, Epitome-^ rjS^; ed., p. 31S, It should oc¬ 
casionally be repeated that, as stated in Volume I, page 135, this date is uncer¬ 
tain, Heron tnay have lived as late as the 3d centuTy. 

"jE'.b:,, al-U&&5lj (e. nUide ise of both the one hy defect and tbq 

is.)' 

?■ ■+ [ f“ \J {if 

one by excess, toaetherwith -and a +--—-^'^for doaer work. 

Iff+ 3 3 A / 

For other cases sm Hochheim, Kd/i /Si II. ri: Wertheim, Eita- Mtsra(;Mi 

p. 21; b. Boncompagni, Atti Ponii^r, XH, 403, 
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example^ Rhabdaj (c. 1341)^ following an Arabic method,^ ob¬ 
tained a first approximation to V1 o by using a rale equivalent 


to 


giving 




a -\- 




2r a 


vn;= 3 +££^= 3 .j=:^ 


Then, since 10 ^ he takes the mean of 3 J and 3^®^, 

which is This he shows to be a dose approximation, 

since 

A somewhat different method, also involving averages, is 
given by Chuquet (1484). Let two approximate values of 

be and the first being too great and the second being too 

small, and let and /= Then p'fq* is a new 

approximation intermediate in value, and whether it is by ex¬ 
cess or defect is found by squaring. In the same way an ap¬ 
proximation is found between and one of the others, and 
so on. This rule was employed by several later writers.^ De 
la Roche (1520), who plagiarized Chuquet, asserted that any 
study of "imperfect roots” was useless, although custom re¬ 
quired it.® Such approximations are common in the works of 
the r6th century, together with similar rules for cube root.^ 
With all this there naturally developed many evidences of 
ignorance, as w'hen Peter Halliman (16SS) gave substantially 
the rule 






ip. Tanntry, fit extraiii disj tfWHttJcriti [a iwii.i XXXlL iSj. 

Ortega (1312): ,s^jbatancSally by Clavtus {Epitome^ 1383; TgSj (mI., 
p, 31S. where he gives VEa = 4iW^''3= appraidraaLely); and syb^tantEally by 
Metius when he ^ClU1fld the value of tt by mtcrpolaUng between stV? 3 
the reauJt being the Chinese value, ^ f jJ. Set P. Tannery, EiW. Math., I 'Cj>h 17- 
^The study cf "racinea inapaTtaite^^' wa^ '^labeur sAtis vtUe,” but ‘'pour U 
pcrfectiiiii de « liure" he gave a method "par la re^e dc mediati&it entre ie 
plus et le moina,"—^an elemeritary method of interpolation. Thia ia described by 
Trcutlcfn in the If 66, 

* Thua Stevin jtives subatantially the ru:]i; that 


■^/~A = 4 ^ + 

(EiiVris, 1634 ed.f p, 3a, 


r 

-I- 1 ) - 1 - I 
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celebrating his discovery by the doggerel verse, > 

Now Logarithms lowre your sail, 

And Algebra give place, 

For here is (ound, that ne’er doth fail, 

A nearer way, to your disgraoe.^ 


It should also be understood that such rules for roots are 
ancient* For ejtample. Heron (tr. 50?) gives what may possibly 
be the equivalent of the formula 


V/; =d-i - 


a (ft “ 6^) 


n + a {71 — 


where a>^7t >b, and a — i = i. By means of this rule we 
should find that '^109 = 477S 5 instead of 47769*^ 


^Criteria for Squares. In order to determine whether or not 
is a surd, those who were interested in number theory de¬ 
veloped from time to time criteria for ascertaining whether a 
number is a square. Such criteria are found in various ancient 
and medieval works, both Arab® and European. A Munich 
manuscript* of the 15th century, for example, states that if a 
square ends in an even number, it is divisible by 4;’’ that if it 
ends in zeros, it ends in an even number of zeros; * that it cannot 
end in 2, 3, 7, or and that every square is of the form 
3tt or 3M + 1*® Such rules, often extended, are found in various 
works of the classical and Renaissance periods.® 


^Ftoib TJk Sijaa^e and Cube Root comphalcd and made ecjip (London, 
i6S3), quoted by A. De Morgan, Arithmtticai Booki^ p. 52 . 

sj. G. Smyly, "Herait^s formula for cube root,." Hermathtna, XLII, C4,. 
correcUng M. Curtze, Zefljcftri/f,HI. Abt (iB97),p. 119,and referring to Heron’s 
Slotricaf HC, ao. See 9I30 the mterpretstiona in Hcatb, History^ II, ^41, 

“Erf., al'Karfehl (c.ioao) and al-Q,aIasadT {£,1475). See Hochheim, Kdfi 
fU fliidb, H, 13. 

^No, t4j9oBi de&CTifaed by Curtze in Bibl. Matk.^ IX (2), jB. 

*■“01111115 qqadratus, cuius prima est pir, est pet 4 divisibilia." 

*"'0mni5 quadratus in piinjis lods babet patem numertiTn dffrsrum.” 

quadratus retipit lU prltno loco 2,3,7 veE B, sed alios btnc” This 
ia a very old rule. 

Omnia quadratua eat aimpliciter vel suhtracte unitate per 3 divisibilis." 
^Tbus Butco { 13 ^ 9 ) adda that a sq'uare nLnnber cannot end in 3 unieas It 
ends in 2^, 
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Surds in Algebra. The placing of the study of surds in the 
books on algebra is a tradition which began with the Renats- 
sance* The books on logistic, used in commercial schools, had 
no need for the subject; it properly belonged in the books on 
the theory of numbers, the ancient arithm^tica. Since, how¬ 
ever, algebra took over a considerable part of the latter in the 
Renaissance period, surds found a place in this science^ Fur¬ 
thermore, since these forms are needed in connection with irra¬ 
tional equations, they were usually considered before that topic 
in the study of algebra* In the 15 th century, however, they 
are often found in the theoretical arithmetics.^ 

5. Negative Numbees 

Early Use of Uegative Ifumbers. No trace of the recognition 
of negative numbers, as distinct from simple subtrahends, has 
yet been found in the writingB of the ancient Egyptians, Baby¬ 
lonians, Hindus, Chinese, or Greeks. Nevertheless the law 
of signs was established, with the aid of such operations as 
(10-4) - (8 ~ 2), and was known long before the negative num¬ 
ber was considered by itself. 

The Chinese made use of such numbers as subtrahends at a 
very early date. They indicated positive coefficients by red 
computing rods, and negative ones by black, and this color 
scheme is also found in their written works.^ The negative 
number is mentioned, at least as a subtrahend, in the /T’im- 
ch^ang Suan-^hn (c. coo e.c,),^ and in various later works, but 
the law of signs is not known to have been definitely stated 
in any Chinese mathematical treatise before 1299, when Chu 
Shi-kie gave it in his elementary algebra, the Smn-hio-kUmong 
{Introduction to Mathematical Studies)* 

iTLus tht Rollaudus MS. (c. ^414) has sucdi iti tha arithmetic just bei'ore 
Algebra is begun, and similarly in PidoH’s Jilma (1494). On the modern prob¬ 
lem consult the der mathematiicfi-fn WU^inscJiaften, I, 4? (Leip¬ 

zig, iG< 3S— ); bcrcattp.r rEfcrntd t o as Encyklupadie. 

iMitami, Chhia, pp. iS, M, 31 , et Cantor, Geschkhit*. 

1 (a), fi 4 a. ^ , T 

Volume I, page 51, for discusEiDci to earlier date for the original work. 
It may have been written before icoo e.c. 
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The first mention of these numbers in an occidental work is 
in ±e AritkniEtka of Diophantus (t. 275)/ where the equation 
4x ^0 = 4 spoken of as absurd (stTo^ro?)^ since it would 
give ^ = — 4* Of the negative number in the abstract^ Dio- 
phantus had apparently no conception. On the other hand, 
the Greeks knew the geometric equivalent of {a — by and of 
{a-hi') b); and hence, without recognizing negative num¬ 

bers, tlrey knew the results of the operations (—&)'(—&} 
and (A- b) ' f— 

In India the negative number is first definitely mentioned in 
the works of Brahmagupta (c* 62S). He speaks of "negative 
and affirmative quantities/’^ using them always as subtrahends 
but giving the usual rules of signs. The next writer to treat of 
these rules is Mahavira fc. 850), and after that time they are 
found in all Hindu works on the subject. 

Tho Arabs contributed nothing new to the theory, but al- 
Khow^i^mi (c. £25) states the usual rules/ and the same is 
true of his successors. 

When Fibonacci wrote his Liber Abaci (1202) he followed 
the Arab custom of paying no attention to negative numbers, 
but in his Fhs fc. 1225) he interpreted a negative root in a 
financial problem to mean a loss instead of a gain/ Little 
further was done with the subject by medieval writers, but 
as we approach the Renaissance period we find the negative 
number as such receiving more and more recognition. For 
esampie, among the problems set by Chuquet (1484) is one'^ 
which leads to an equation with roots and “27*^^,” 

that is, — and 2 

Modern TTsage* The first of the i6th century ’writers to give 
noteworthy treatment to the negative number ’was Cardan* In 

^Neaselmann, Alg. (JraViAdJiif p. f Heath, s-d. efi,, pp. 52, 200 

(Cambridge, ; Cantor, I (j), 441. 

^Colebroolte traitEJation, pp. ^25, ^3^. 

^Rosen traiialatioii, p. 26. 

*“Hanc quEdem qniesUoijem inaolubitcm esse monstrabo, nEsi conccdaEur, 
primum hominem habere debitum."' Scritlif ir, 136. 

^Boncompagni’^ XIV, 415, Ex. xiv. Chuqujet adds, "Ains-i ce catr, 

cule est vriy que aulcuna tiennenL Impo.'"^ 
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his Ars (i 545 ) recognised negative roots of equa¬ 

tions and gave a clear statement of the simple laws of nega¬ 
tive numberSn^ 

Stifel (154,4) distinctly mentioned negative numbers as less 
than aero/ and showed some knowledge of their use. By this 
time the rules of operation with numbers involving negative 
signs were well understood^, even though the precise nature of 
tlie negative number was not always clear. Thus BombcUi 
(1572) gave these rules and applied them intelligently to such 
cases as (+15) + ( — ^o) =— 5.^ It was due to the influence 
of men like Vietaj Harriot, Fermat, Descartes^ and Hudde, 
how'ever, tliat the negative number came to be fully recognized 
and understood. The idea of allowing a letter^ with no sign 
prefixed, to represent either a positive or a negative number 
seems due to Hudde (1659). 

Ham.es and Symbols for Negative Numbers. The Hindu 
writers who mentioned negative numbers^ or numbers used as 
subtrahends^ placed a dot or a sntall circle over or beside each, 
as stated on page 396. The names used were the equivalent of 
our w^ord negative.” The early European usage has already 
been mentioned^ but it remains to speak of the establishing of 
our modern terminology. 

As already stated^ the Chinese wrote positive numbers in red 
and negative numbers in blacky and so indicated them by their 
stick symbolism. They also had another method for indicating 
negative coefficients, one that may have been due to Li Yeh 
(1259L This consisted in drawing a diagonal stroke through 
the right-hand digit figure of a negative numbetj as in the case 
of lOTk^HL for — 10,724, and of fCfKOO for — iOj2ooA 

In the X5th century the names ^'positive” and "affirmative” 
were used to iudicate positive numbers, as also "privative" 

^Thus on fol. D,, speakinfj (jf lie asys’ "At uero quixi taifn. ei 3. 

qulm es m: fit g, q-uon{fljn minus in minyg dnetfi jj-rtucit plua,” 

^"Fmpuiitur numeri tnfra o, id eat, nikft," ArUJi^nslina ioL 3 44, r. 

5 "PiCl via. piii fk piti. Meno vis Tneno fs piu” etc. (p. Jo). Alioi "E p.iS 
■con m,so fk m,;, pcrche ae io mi tronssai scudi ij, -e nc fo5Si debitorc sOf pagiti 
1[ 15 restarei ■debitnrjp (u. ja). 

*Mlkamk Chim. p. Si. 
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and “negative’^ for negative numbers,'—a usage follo’wed by 
Scheubel (1551).® 

Cardan (1545) spoke of "minus in minusas being plus, but 
in general he called positive numbers numcri uerP and negative 
numbers numen fictL^ His symbol for a negative number is 
simply m:, as in the case of m ^3 for — 3 

Stifel (1544) called these numbers " absurd and wrote 0 — 3 
as an illustration.* 

Tartaglia (1556) spoke of a negative number as "the term 
called minus,down the usual rules.® 

Borttbelli (1572) used the word "minus” {mem) as we do 
in such rules as "minus times minus gives plus/^ his symbol for 
— 5 being m.5. Unlike Cardan, he had a definite sign for + 5 
also, writing it p.5. 

Tycho Brahe, the astronomer (1598), spoke of the negative 
number as "privative” and indicated it by the minus sign." 

Napier (c. 1600) used the adjectives ahundantes and defcc- 
tivi to designate positive and negative numbers, Sturm (1707) 
spoke of Sache and Mangel, and various other names and 
symbols have been suggested.^" 

^ H. E. Wappler, Zvr C^scJikhle der deuisuhtn Atgebra im XV. JultThundcrt^ 
Prog, p.gi (2n'ick;aUr rSS^b “Tjropfk?, Gf-ichickle, 11 (j), 7 ?). 

^Or weri He us *4 biitli forms, on foL f., of the Ars Mtigna. 

*So in speaking of the KiCiti of an eiOuation he sayo ” una semper est ret ueca 
aKLiiOiitfo, ci aequalis, 

“So he gives the rootii of af* = 16 thus; "ires tst 4, ucl m: 4.“ 

*Fingimtur numeri mEnores oihilo ut soot 0 — 
fol. 4$^ r.). Later (fol. 340^ v.) he speaks of aero as medial Inter numcrOf; 

veroa et numercK ab^urdos.’^ 

' . . il termiiie chiamito men” {Central Traitaia, Ilf fol. 83, r,), 

"Terio regola, a multiplicare men fra men fa sempre piu" {ibid., 
fol. &$, n.). Hia illuatnition is as follonrs: 

a muLtipUoar 0 ni a 

per -^- - S m 3 

fa 71 men 43 pm b 

che siia 35 a ponto 

'^"^1 . t eorum allE posillvt sunt alii prlvntivl; ppsiUvl ii quibus vcl 
nullutfl aignuctL est additum vd praefigt dehet h(Mi+ ; privativl veri qul prae. 
finjm habere debent signum hoc ■—{Tabtdas Rudolphinae, p. p (Ulm, 1637)). 

the later treatment of the ne^tive npniber ux Cantor,, 

IV, 
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6. Complex Numbers 

Bfirly St^ps in Complex Ifumhers» The first trace of th^ 
square root of a negative number to be found in extant works 
is in the Stcreometria of Heron of Alexandria (c» 50?), where 
Vsr — 144 is taken to be V144 — ^ or S —The prob¬ 
lem involve d is im possible of solutiOHj and this step should have 
been left V— ^3 ot 3 V—7/ bat whether the error is due to 
Heron or to some copyist is uncertain. 

The next known recognition of the difficulty is found in the 
Aritkmetica of Diopbantus® (c. 275). In attempting to com^ 
pute the sides of a right-angled triangle of perimeter ij and 
area 7, Diophantus found it necessary to solve the equation 
3363^^ + 24 = 1723:* He stated that the equation cannot be 
solved unless the square of half the coeHident of x diminished 
by 24 X 336 is a square, not otherwise seeming to notice that 
this equation has complex roots. 

Mah^vlra (c. 350} was the first to state the difiiculty clearly, 
saying, in his treatment of negative numbers, that, ^^as in the 
nature of things a negative [quantity] is not a square [quan¬ 
tity], it has therefore no square root*"^ 

Bhaskara (c. 1150) ^sed about the same language in his 
Bija G<imta: 

The square of an affirmative or of a negative quantity is affirmative; 
and the square root of an affinnative quantity is two-fold, positive 
and negative* There is no square-root of a negative quantity: for it 
is not a square * 

The Jewish scholar Abraham bar Chiia (cr*ii20) set forth 
the same difficulty in discussing the equations xy — 48 and 
JT + y = 14-^ 

this topic see W* tV. Beraan, "A Ctapter in the History of Math- 

etoatica,’^ vice-presidential address in Section A, Free, ef ihe Amsrica-n Assoc, for 
the Adv. of E. Study, in the Encykhpiidic der Math. WUstnsch., L 

A, 4 {Leipzig, I Bps) i H. Hanfcel, VorSesvngin Mcr die complvxm Zchicn, Leip- 
ligt 1^67: G. Ltuis, Scientia, XXI, jai; F, Cajori, Amtr. Maih, Monlh^ XIX, 
167. On Hereui, the Schmidt edition {Leipzig, i$ 34 )i V, 35. 

sHeath, Di^pttanius, ad ed., p. 344 {Cfttohridge, une)* 

5 Canito-SdTO-SflBeriAa, p. 7. 

* CoJebroote’S translation, p. 135* * A bhandiangcji> XH, 46. 
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The Arabs and Persians seem to have paid no special atten¬ 
tion to the subject, and the next step was taken in Italy and 
after the invention of printing. 

Early European Efforts. Pacioli (1494) stated in his Suma 
that the quadratic equation 0^ c = bx cannot be solved un¬ 
less 16 * S so that he recognized the impossibility of finding 
the value of y/—a. About the same time Chuquet (1484) 
seems to have found that V— a represents an impossible case.’ 

Cardan (1545) spoke of the equation + 12 = 6ir as being 
impossible,* referring to the roots of such equations as jicta or 
per in. He was the first to use the square root of a negative 
number in computation, the problem being to divide lo into 
two parts whose pr oduct is 40.* He found the number to be 
5 4-V— 15 and 5 —V—15, spoke of the solution "by the minus 
root,”® and proved by multiplication that his results were 
correct. 

The next to attack the problem was Bombelli (1 572) . In 
his alge bra® he sp)eaks of such quantities as and 

— V— a, but he made no advance upon Cardan’s theory. 

Stevin (1585) noted the difficulty of working with imagi- 
naries, but could only remark that the subject was not yet 
mastered.^ Girard (1629) found it necessary to recognize 
complex roots in order to establish the law as to the number of 
roots of an equation.® 

iFol. 147, r. E.g., af® + 7 = i + s: "Dico ^to essere impossibilc.” As in all 
such cases, the symbolism here shown is modern. 

^Boncompagni’s BuUettino, XIV, 444. 

*''Qudd si caruerit estimative uera, carebit ctlam ea, que cst per m: uelut 
I qd'* qd*" p: 12, aeqtur 6 qd^**, quia non potest aequationfi ueram habere, 
carebit etiam ficta, sic elll uocamus earn, quae debit! est seu minoris'* {Ars 
Magna, fol. 3, n.). 

*Op€ra, TV, 287. Lyons, 1663. Algebra, p. 294 seq. Bologna, 1572. 

»"Pcr radicem in.” ^(Euvres, 1634 ed., pp. 71, 72. 

*”On pourroit dire k quoy sert ces solutions qui sont impossibles, je re¬ 
spond pour trois choises, pour la certitude de la reigle generale, et qu’il ny a 
point d'autre solutions, et pour son utility” {Invention nouvelle en Palgebre, 
fol, F I (Amsterdam, 1629)). The solution of ” r (2) est esgale h 6 (i) — 25,” 
that is, = —25, which gives x = 3 ± V— r6, he calls ”i nexp licable” 
(p. 114). He places in the same category (p. 130) numbers like V— 3. From 
this point on, thr reader may profitably consult the Encyklopadie, I, 148. 
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Approach to a Graphic Representation. Wallis (1673) seems 
to have been the first to have any idea of the graphic repre¬ 
sentation of these quantities. He stated' that the square root 
of a negative number was thought to imply the impossible, but 
that the same might also be said of a negative number, although 
we can easily explain the latter in a physical application: 

These Imaginary Quantities (as they are commonly called), arising 
from the Supposed Root of a Negative Square (when they happen,) 
are reputed to imply that the Case propos^ is Impossible. 

And so indeed it is, as to the first and strict notion of what is pro¬ 
posed. For it is not possible that any Number (Negative or Af&rma- 
tive) Multiplied into itself can produce (for instance) ”“4. Since that 
Like Signs (whether -f or — ) will produce 4-; and therefore not — 4. 

But it is also Impossible that any Quantity (though not a Supposed 
Square) can be Negative. Since that it is not possible that any 
Magnitude can be Less than Nothing or any Number Fewer than 
None. 

Yet is not that Supposition (of N^ative Quantities,) either Unuse¬ 
ful or Absurd; when rightly understood. And though, as to the bare 
Algebraick Notation, it import a Quantity less than nothing: Yet, 
when it comes to a Physical Application, it denotes as Real a Quan¬ 
tity as if the Sign were -h ; but to be interpreted in a contrary sense. 

Having shown that we may have negative lines, he asserts 
that we may also have negative areas and that a negative 
square must have a side, thus: 

Now what is admitted in Lines must, on the same Reason, be 
allowed in Plains also. • • 

But now (supposing this Negative Plain, — i6oo Perches, to be in 
the form of a Square;) must not this Supposed Square be supposed 
to have a Side ? And if so, what shall this Side be ? 

We cannot say it is 40. nor t hat it is — 40 •»• _ ^_ 

But thus rather that it is V— 1600, or • • • loV— 16, or 20^— 4, 
or 40 V— I. 

^Algebra, cap. LXVI; Vol. 11 , p. 286, of the Latin edition; but for his 1673 
statement, differing somewhat from that in his algebra, see Cajori in Amer. Math, 
Month., XIX, 167. See abo G. Enestrhm, Bibl. Math., VII (3), 263. 



264 


COMPLEX NUMBERS 


WT\ere V implies a Mean Proportional between a Positive and a 
Negative Quantity. For like as VZr signifies a Mean Proportion^ 
between 4- b and -H c; or between — b and — c; • • ♦ So doth be 
signify a Mean Proportional between + b and — c, or between — b 
and -f c. 

He therefore reached the position where he would be sup¬ 
posed to draw a line perpendicular to the real axis and say that 
this might be taken as an imaginary axis, but although he 
touched lightly upon this possibility, he did nothing of conse¬ 
quence with the idea. 

Leibniz on Complex Numbers. Leibniz was the next to 
ta ke up th e st udy of imaginaries. He showed (1676) that 
vi-fV^3 -f \/1—V—3 = ''/6 j and (1702) that is equal to 

{x-\-a V—V— i){x — a V—V— OCt'+rt VvC^) {x—ay/V^ ).^ 

He was much impressed by the possibilities of the imaginary, 
but he seems never to have grasped the idea of its graphic 
representation.^ 

Modem Analytic Treatment. In 1702 Jean Bernoulli brought 
the imaginary to the aid of higher analysis by showing the rela¬ 
tion between the tan”*x and the logarithm of an imaginary 
number.® Newton’s work with imaginaries (1685) was con¬ 
fined to the question of the number of roots of an equation,* 
a subject that was continued by Maclaurin® and other English 
algebraists. 


^Werke, Gerhardt ed. (Berlin, 1850), n (3), la; (Halle, 1838), V (3), 3 i 8 , 
360. See Tropfke, Gesckichte, I (1), 171. 

^''Itaque degans et mirabOe efiugium reperit in illo Analyseos miraculo, 
idealis mundi monstro, pene inter Ens et non-£ns Amphibio, quod radicem 
imaginariam appellamus” (Werke, V, 357). 

"Ex irrationalibua oriuntur quantitates impossibiles seu inuginariae, quarum 
mira e&t nature, et tamen non contemnenda utilitas; etsL enim ipsae per ee 
aliquid impossibiie significent, tamen non tantum ostendunt fontem impossibili- 
tatis, et quomodo quaestio corrigi potuerit, ne esset impossibilis, sed etiam in- 
terventu ipsarum exprimi possunt quantitates reaJes” VII, 69). 

•Opera, I, 393 (Lausanne, 1473); Tropfke, Gesd^kie, II (3), 83; Cantor, 
Cescl^kUt in, 348. 

*ArUhmetica Universalis, p. 343 (Cambridge, 1707), the Imaginaries being 
called "radices impossibiles.” 

Trans^ lOQV (1736), 104; XXXVI, 59; Algebra, 1748 ed., p. 375. 
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The first important step in the new theory to be taken by a 
British mathematician was made by Cotes (c. 1710) w'hen he 
stated' that log (cos«/>-h i sin</>)=i<|), corollaries to which are 
the important formula 

= cos <f> + * sin <(>, 

which bears Euler’s name, and the well-known relation 
(cos -f / sin 0)"= cos -h i sin n 4 >, 

suggested by De Moivre in 1730 but possibly known by him 
as early as 1707.* Euler (1743, 1748) was the first to prove 
that this relation holds for all values of n, and also that 

. . 

sin <f> -:— 


COS<f) = 




Graphic Representation. Although some approach to the 
graphic representation of the complex number had been made 
by Wallis, and although the goal had been more nearly at¬ 
tained by H. Kiihn, of Danzig, it was a Norwegian surveyor, 
Caspar Wessel,* who first gave the modem geometric, theory. 
In 1797 he read a paper on the subject before the Royal Acad¬ 
emy of Denmark. This was printed in 1798 and appeared in 
the memoirs of the Academy in 1799.* In this he says: 

1-et us designate by -f-1 the positive rectilinear unit, by -1-1 an¬ 
other unit perpendicular to the first and having the same origin; then 
the angle of direction of -f i will be equal to o“, that of — i to 180®, 
that of e to 90®, and that of — c to —90® or to 270®. 


^Harmonia mensurarum (posthumous), p, 28 (Cambridge, 1722): ’'Si quad- 
rantis circuli quttibet arcus, radio CE descriptus, sinum habeat CX, stnumque 
complementi ad ouadrante m X E: sumendo radium CE pr o M odulo, arcus erit 
rationis inter EX + XC & CE mensura ducta in V— i” See also Bibl. 
Math., n (3), 443 - 

Math., n (3), 97-102. 

•Born at Jonsrud, Jfune 8, i 74 S; died i8i8. 

< See the French translation, Essai sur la reprisentation analytique dt la direc¬ 
tion, Copenhagen, 1897. 
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The plan was therefore the same as the one now used and 
jntil recently attributed to various other writers, including Henri 
Dominique TrueU (1786), A. Q. Buee* (1805), J. R. Argand“ 
11806), Gauss,^ J. F. Francis® (1813), and John Warren.” 
\V. J. G. Karsten (1732-1787), at one time professor at Halle, 
gave a method (1768) of representing imaginary logarithms,' 

Gauss took as his four units the roots of the equation 
jr* — I s= 0. Eisenstein" developed a theory based on the roots 
of the equation a:'* — i = o, and Kummer" based his on the 
roots of the equation x**— 1 = 0.’" 

Terms and Symbols. As already mentioned, Cardan (1545) 
spoke of a solution like 5 + >/—15 as "per radicem m,” 
or "sophistic qu^tities,” and Bombelli called numbers like 
4-V—« and —V—// piu di mcno and mcno di abbre¬ 

viated to p. di in. and m. di m. Descartes (1637) contributed 
the terms "real” and "imaginary.”^* 

Most of the i7tli and i8th century writers spoke of 
n + dy/—i as an imaginary quantity.^* Gauss (1832) sawjhe 
desirability of having different names for a and n-hlf V— i, 

^Cauchy mrntions Ibis fact, but nothing is known of the man. His MSS. arc lost. 

^In a paper Sur les Quantiiis Imaginairfs, read before the Royal Society, 
London, 1805. See the Philosophical Transactions^ London, 1806. 

^Essai sitr une mani^re dr reprhentrr les giiontUis tmaginairrs dans les con¬ 
structions gcomHrigues^ Paris, 1806; sd ed., Paris, 1874. 

*Hc refers to the subject in his Demonslratio nova (i7g8), but docs nothing 
with it In his Theoria residuorum biquadraticorum, Commmtatio seettnda (1831) 
he presents the theory in its present form, evidently ignorant of Wcsscl's work. 

‘Sec Gergonne's Annales, IV, 61. 

Treatise on the Geometrical Representation of the Square Roots of Nega¬ 
tive Quantities, Cambridge, 1828. The general plan is that of Wcssel, but tbe 
treatment of the subject is very abstract. 

Tp. Cajori, Amer, Math. Month., XX, 76. 

"On Gauss's cstinaate of him see Volume I, page 509. 

® See Volume I, pages 507, 508. 

i®Tropfke, Gesckichte, II (a), 88. 

11 "Plus of minus” and "minus of minus.” L*Algebra, p. 294 scq. (Bologna, 

1572). 

22“Au reste tant les vrayes racincs que les fausscs nc sent pas toujours 
relies, mais quclquefois seulcment iroaginaircs.” La Geometric, 170$ ed., p. 117. 

^*Thus d’Alembert (1746): "Une fonction quclconque de tant et de tellcs 
grandeurs imaginaires, qu’on voudra, peut toujours ctre suppose ^ale k 
p + I ” {Bist, de VAcad. d. Berlin. 11 , igs). 
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and so he ga ve to the latter the name "complex number.”^ The 
use of i for V— i is due to Euler (1748) Cauchy* (1821) sug¬ 
gested the name "conjugates” {conjuguies) for a-¥bi and 
a — bi and the name "modulus” for Weierstrass called 

the latter the "absolute value” of the complex number and rep¬ 
resented it by Gauss had already given to a“+6“ the 

name of "norm.”* 

Quaternions and Ausdehnungslehre. The development of com¬ 
plex numbers, with their graphic representation in a plane, nat¬ 
urally led to the consideration of numbers of this type that 
might be graphically represented in a space of three dimen¬ 
sions. Argand (1806) attempted to take this step but found 
himself unable to do so, and Servois (1813) also made the 
attempt and failed. 

In 1843 Sir William Rowan Hamilton® discovered the prin¬ 
ciple of quaternions, and presented his first paper on the 
subject before the Royal Irish Academy. His first complete 
treatment was set forth in his Lectures on Quaternions (1853). 
His discovery necessitated the withdrawal of the commutative 
law of multiplication, the adherence to which had proved to 
be a bar to earlier progress in this field. 

The most active of the British scholars who first recognized 
the power of quaternions was Peter Guthrie Tait. Becoming 
acquainted with Hamilton soon after the latter’s Lectures on 
Quaternions appeared, Tait began with him a correspondence 
l^at was carried on until his death.® Tait had been a classmate 

i"Tales numcros vocabiraus nuracros integros complexes” {Werke, II, 102 
(Gottingen, 1876)). 

s”. . . formulam V “ * Httm i in posterum designabo, ita vl sit « = — 2 ” 
(InstitutfOHum calculi integralis volumcn IV, 184 (Petrograd, 1794)). In his In- 
troductio in Analysin Infinitorum (Lausanne, 174S), he first used the symbol: 
"Cum cnim nuracrorum negativorum Logarilhml sint imagintmi . . . erit 1 .— n 
quantitas imaginaria, quae sit — i.” See also W. W. Bcman in BvlUlin 0} the 
Amer. Math. Soc., IV, 274, SS*. 

^Cours d’Analyse algebrique, p. 180 (Paris, 1831). 

*Tropfke, GescMchle, II (2), 90. For other attempts at explaining the imagi¬ 
nary number see Cantor, Geschickle, IV, 88-qi, 303”3*8, S 73 » 7 ^^~ 7 ^St 729 “ 73 *. 

*A. Macfarlane, Ten Brit. Math., p. 43 (New York, 1916). See abo 
P. G. Tait’s article on "(Quaternions” in the Encyc. Britan., gth cd., XX, 160. 

«A. Macfarlane. " Peter Guthrie Tait," Physical Review, XV, 51- 
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of Clerk Maxwell’s at the Edinburgh Academy and, like him, 
was deeply interested in physical studies. Partly as a result 
of this early training he soon began to apply the theory of 
quaternions to problems in this field, his results appearing in the 
Messenger of Mathematics and the Quarterly Journal of Mathe¬ 
matics. Recognizing Hamilton’s wish, if not at his request, he 
delayed the publication of his work on the theory until after the 
former’s Elements appeared. His own Elementary Treatise on 
Quaternions was therefore not issued until 1866, after which 
he continued to write upon the subject until his death. In 1873 
he published with Professor Kelland a work entitled An Intro¬ 
duction to Quaternions, which did much to make the subject 
known to physicists. The theory has not, however, been as 
favorably received by scientists as had been anticipated by its 
advocates. It should be added that Gauss, about the year 1820, 
gave some attention to the subject but without developing any 
theory of importance.' 

At about the same time that Hamilton published his dis¬ 
covery of quaternions Hermann Giinther Grassmann published 
his great work. Die lineale Ausdehnungslehre (1844), although 
he seems to have developed the theory as early as 1840.“ 

7. Transcendental Numbers 

Transcendental Numbers Considered Elsewhere. Among the 
artificial numbers should, of course, be included not only such 
types as surds but also all such nonalgebraic types as are found 
in connection with the trigonometric functions, logarithms, the 
study of the circle, and the theory of transcendental numbers 
in general. These may, however, be more conveniently consid¬ 
ered in coimection with algebra, geometry, and trigonometry, 
as they are commonly found in the teaching of these subjects. 

^Tropfkc, Gescfdchte, II (2), 88. 

-V. Schlegel, "Die Grassmann’sche Ausdehnungslehre," Schlomilch's Zeit~ 
zcJirijt, XLL For A. Macfarlane's digest of the views of various writers see 
Proceedings of the American Assoc, for the Adv. of 5 ci., 1891. See also 
E. Jahnke, in UEnseignement Mathimaiique, XI (1909), 417; F. Engel, in 
Grassmann’s Cesammelte math, und physiial. Werke, III (Leipzig, 1911). 
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TOPICS FOR DISCUSSION 

1. The sequence of developnnent of artiBcial numbers^ with the 
causes leading to the successive steps. 

2. General nature ql compound numbers at various periods in their 
development. 

3. Nature of fractions among the Egyptians, and the reasons for 
the persistence of the unit fraction. 

4. Greek, symbolism for fractions compared with that which the 
Romans used. 

5. Origin and development of out common fractions. 

6. The etymology of terms used in fractions, with the change in 
these terms from, time to time. 

7. The sequence of operations with fractions in the early printed 
works on arithmetic. 

3 . The development of methods of performing the operations with 
common fractions. 

9. The origin^ development, symbolism, and present status of 
sexagesimal fractions. 

10. The origin and development of decimal fractions, including the 
question of symbolism. 

11. The human needs that led to the development of the various 
types of fraction. 

12. The origin and de^^elopment of the idea of per cent, including 
the question of symbolism. 

13. The reason for the interest of the Greek mathematicians in in¬ 
commensurable numbers. 

14. The development of surd numbers, particularly among the 
Greek and Arab writers. 

15. History of the various methods of approsimating the value of 
a surd number. 

16. The origin and development of negative numbers^ including the 
question of symbolism. 

17. The origin and development of the idea of complex numbers, 
including the question of symbolism. 

1 3 . The origin and development of the graphic representation of 
complex numbers. 

I pH The origin and development of the idea of complex exponents 
in algebra^ 
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I. General Progress of Elementary Geometry 


Intuitive Geometry. All early geometry was intuitive in its 
nature; that is, it sought facts relating to mensuration without 
attempting to demonstrate these facts by any process of deduc¬ 
tive reasoning. The prehistoric geometry sought merely agree¬ 
able forms, as in the plaiting of symmetric figures in a mat. The 
next stage was that of the mensuration of 
rectangles and triangles, and geometry was 
in this stage when the Ahmes Papyrus (c. 
1550 B.c.)^ was written. In this work the area 
of an isosceles triangle of base 6, height A, 
is given as J bh. For the area of a circle of 
diameter d Ahmes used a rule which may be 
expressed in modem symbols as(d — which shows that he 
took 3.1605- as the value of tt,— a value based on experiment.* 
In Babylonia the same conditions existed. The tablets which 
have come down to us contain numerous cases of mensuration,* 
but the rules seem based chiefly on experiment. 



should be recalled that Professor Pcet {Rkind Papyrus, p. 3) puts this date 
as probably before 1580 b.c. 

*On the general history of the development of geometry see G. Loria, 
II Passato ed U Presente delle Prindpali Teorie Ceometriche, Turin, 3d cd., 1007; 
hereafter referred to as Loria, Passato-Presente Geom. This work first appeared 
in the Turin Memorie della R, Acted., XXXVIII (a), and was translated into 
German by F. Schiltte, Leipzig, 1S88. See also Uie Encyklopidie, Vol. Ill; 
R. Klimpert, Geschichte der Geometrie, Stuttgart, 1888; E. F. August, Zur 
Kenntniss der geometriseken Metkode der Alien, Berlin, 1843; and the various 
general histories of mathematics. On the early Egyptian geometry see E. Weyr, 
Ueber die Geometric der alien Aegypter, Vienna, 1884; Eis^ohr, Ahmes 
Papyrus. On a papyrus which may be slightly earlier than that of Ahmes, see 
page 393. ‘Hilprecht, Tablets. 
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The native mathematics of China was also of this type. The 
Nine Sections^ written perhaps c. iioo e,c»j contains statements 
which show that the author knew the relations of the sides of 
certain right-angled triangles,' but there is no evidence of any 
proof of such relations. 

In the later Chinese mathematics there are many ingenious 
examples involving mensuration, but nowhere does there ap¬ 
pear any further idea of geometric demonstration, as we under¬ 
stand the term, than is found in the earliest worts. 

In India the same conditions existed^ the native geometry 
giving us no evidence of any approach to a sequence of derlac¬ 
tive proofs. There was a large amount of mensuration^^ and 
considerable ability was shown in the formulation of rules^ but 
the basis of the work was wholly empirical. 

The Ronians were interested in mathematics only for its im¬ 
mediately practical value. The measurement of land, the lay¬ 
ing out of cities, and the engineering of warfare appealed to 
them, but for demonstrative geometry they had no use. Indeed, 
it may be said that, outside of those lands which were affected 
by the Greek influence, the ancient world knew geometry only 
on its intuitive side. Demonstrative geometry was Greek in its 
origin, and in the Greek civilization it received its only encour¬ 
agement for more than a thousand years. 

Demonstrative Geemetry* The idea of demonstrating the 
truth of a proposition which had been discovered intuitively 
appears first in the teachings of Thales (c. 600 It is 

probable that this pioneer knew and proved about six theo¬ 
rems,^ each of which would have been perfectly obvious to 
anyone without any demonstratlOD whatever^ The contribution 
of Thales did not He in the discovery of the theorems, but in 
their proofs. These proofs are lost, but without them his work 
in geometry would have attracted no attention, either among 
his contemporaries or in the history of thought. 

iSee Volume T, paE« 3J. 

consider BhiVskara-s mtb special sections on ponds, walls, 

timber, heaps, abadowa, and HtcavatiDns- 

3 See Volume I, pajre fir; Heath, I, 130 



2 72 PROGRESS OF ELEMENTARY GEOMETRY 


From the time of Thales until the decay of their ancient 
civilization demonstrative geometry was the central feature of 
the mathematics of the Greeks. The history of the general 
progress of the science has been sufficiently outlined elsewhere 
in this work.^ 

The Arabs recognized the Greek culture more completely 
than any other people until the period of the awakening of 
Western Europe. They translated the Greek classics in geome* 
try as they did also in philosophy and natural science, but they 
never made any additions of real significance to the works of 
Euclid and Apollonius. 

It was chiefly through the paraphrase of Boethius (c. 510) 
that Euclid’s Elements (c. 300 b.c.) was known in the Dark 
Ages of Europe. The study of geometry received some encour¬ 
agement at the hands of Gerbert {c, 1000), Fibonacci (1220), 
and a few other medieval scholars, but no progress was made 
in the advance of the great discipline which had been so nearly 
perfected in Alexandria more than a thousand years earlier. 

With the invention of European printing the work of Euclid 
became widely known, the first printed edition appearing in 
1482.* Little by little new propositions began to be suggested, 
but the invention of analytic geometry early in the xyth cen¬ 
tury took away, for a considerable period, much of the interest 
in improving upon the ancient theory. 

The next advance in the pure field was made in the 17th 
century, when Desargues* (1639) published a work which 
treated of certain phases of projective geometry. The new 
analytic treatment of the subject, however, was so novel and 
powerful as to take the attention of mathematicians from the 
work of Desargues, and it was not until the 19th century that 
pure geometry again began to make great progress. 

The Greek theor>'^ of conics has already been considered suf¬ 
ficiently for our purposes (Vol. I, Chap. IV). The analytic and 
modern synthetic geometries are considered later. 


*Sce Volume I, pages 5^146; Heath, History, I, chap. iv. 

‘Venice, Erhard Ratdolt; the Campanus translation. See Volume I, page 251 
*See Volume I, page 383. 
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2. Name POE Geometry 

Reason for Uniformity, men we consider that onr elemen¬ 
tary geometry is essentially the Elements of Euclid, and that 
the subject never flourished m ancient times outside the Greek 
sphere of Influence, it is apparent that the Greek name would 
be the one generally used to designate the science. It is derived 
from the words for “earth’’ and "measure”’^ and therefore was 
originally, as it is in some languages today^ synonymous with 
the English word "surveying.” Since the latter science was 
well developed in Egypt before the Greeks founded AlexandriUj 
the name is probably a translation of an Egyptian term. It was 
in use In the time of Flato and Aristotle, and doubtless goes 
back at least to Thales. 

Euclid did not call his treatise a geometry, probably because 
the term still related to land measure, but spoke of it merely 
as the Elements Indeed, he did not employ the word “geome¬ 
try” at all, although it was in common use among Greek writers.^ 

When Euclid was translated into Latin in the 12th century, 
the Greek title 'wajs changed to the Latin form Elementa* hut 
the word "geometry” is often found in the title-page, first page, 
or last page of the early printed editions." 

There have been, as would naturally be expected, various 
fanciful names for textbooks on geometry. In the 16th cen¬ 
tury such names were common in all branches of learning. 
Among tlie best’-known of these titles is the one seen in 
Robert Recorders The pathway to Knowledg (London, 1551 
and 1574)^ 


'I’l earth, and {ttielrein'), to meaEurCr 

Ureek, U^oicfutfa). So in the edUie princeps of the GTeek tm 

(Ba&el, 1333) the title appca.T5 ai JiTItjtEIiOT 2T0IXEK!N . 

^Thus Flato 173 E; Mena, 76 A; 546 C, 511 D>, 

Xenophon (Sympasinfn, 6, S, etc.), and Herodotus {II, to?) use the word in, 
some of its forms,, but alwayi te indicate surveyins. 

*So in the ediUa prmcf.ps the first page bcfiinE; "Pteclarissimys Hbet 

elementomm Euclidis penpicacisssmi; in artem j^cocnelrie Lneipit gui foelids- 
sime.” The colophon also Has the name eectHetriu- 

the first English edition (London, 1570) has the title TAe Eierntnis 
of Geovittris of lAe aundent PkUoiopAer E■:^d^de of 
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3. Technical Teems op Euclidean Geometry 

Point- The history of a few typical terms of elementary geom¬ 
etry will now be considered.* The Pythagoreans defined a point 
as "a monad having position/” and this definition was adopted 
by Aristotle (c. 340 b.c.). Plato (c. 380 b.c.) called a point 
"the beginning of a line/’* and Simplicius (6th century) called 
it "the beginning of magnitudes and that from which they 
grow,” adding that it is "the only thing which, having position, 
is not divisible.” Euclid (c. 300 b.c.) gave the definition: 
"A point is that which has no parL’^ Heron (c. 50?) used the 
same words, but added "or a limit without dimension or a limit 
of a line.” When Capella (c. 460) translated the definition 
into Latin, he made it read, "A point is that of which a part is 
nothing,”* which is a different matter. 

Modern writers usually resort to analogy and give only a 
quasi definition, or else they make use of the idea of limit. 

Line. The Platonists defined a line as length without breadth, 
and Euclid* did the same. Aristotle objected to such a negative 
definition, although Proclus (c. 460) observes that it is posi¬ 
tive to the extent that it affirms that a line has length. An un¬ 
known Greek writer® defined it as “magnitude extended one 
way/” a phrase not unlike one used by Aristotle. The latter 
defined it as a magnitude "divisible in one way only/” in con¬ 
trast to a surface, which is divisible in two ways, and to a solid, 
which is divisible in three ways. Proclus suggested defining 
a line as the "flux of a point,”" an idea also going back to 

ipor further discussion see J. H. T. Muller, Beiirage tur Terminologit der 
grieckiscken Math^mcUiker, i860; Heath, EucUd, Vol. I, p. 155; H. G. Zeuthen, 
"Sur Ics d^nitions d’EucHdc," Scientia, XXIV, 257, on the Rencral nature of 
Euclid's definitions. See also Heath, History, on all such details. 
vpe<r\afiov<rcL Oiciv (monad with position added). 

*'Apxi> On this and other de^itions consult Heath, Euclid, Vol. I, 

p. 155; H. Schotten, Inhall tmd Methode des planimetrischen Unterrichts, Vol, I 
(Leipzig, 1890); Vol. II (Leipzig, 1893) 5 hereafter referred to as Schotten,/nAaft. 

♦"Punctum est cuius pars nihil est.” 

^ rp(U9c^ 8^ dvXar^t. 

• Alluded to by al-Nair!zi (c. 910) as one Heromides or Hcrundcs- 

Jv Jidfl-TOTov. •MowixB BuupeT6». fffnelov. 
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Aristotle, ’who remarked that line by Its motion produces 
a surface, and a pciDt by its motion a line." This occasion¬ 
ally appears as "A line is the path of a moving point.” 

Straight Line. It is evident that certain, terms are so elemen¬ 
tary that no simpler terms exist by ^hich to define them. This 
is true of "'point" and "'line," but it is more evidently true of 
terms like "straight line” and "angle." Plato defined a straight 
line as "that of which the middle covers the ends," that is, 
relatively to an eye placed at either end and looking along the 
line. Euclid endeavored to give up the appeal to sight and 
defined it as "a line which lies evenly ’with the points on itself." 
Proclus explains that Euclid "shows by means of this that the 
straight line alone [of all lines] occupies a distance equal to 
that between the points on it ” adding that the distance be¬ 
tween two points cm a circumference or any other hue, and 
measured on this line, is greater than the interval between 
them. Archimedes (c. 235 E.c.) stated this idea more tersely 
by saying that ""of all lines having the same extremities the 
straight line is the shortest," which is the source of the defini¬ 
tion often found in textbooks, "a straight line is the shortest 
distance between two points," although "line” and "distance" 
are tvvo radically different concepts. ""The shortest path be¬ 
tween two points" is an expression that is less objectionable, 
but it merely shifts the difficulty. 

Heron (c. 50?) defined a straight line as "'a line stretched to 
the utmost towand the ends," and Proclus adopted this phrase 
with the exception of "toward the ends.” It is evidently ob- 
jectionable, however, because it appeals to the eye and relates 
to a physical object. Heron also suggested the idea that "all 
its parts fit on all [other parts] in all ways," a definition sub¬ 
stantially adopted by ProclusK Still another definition due to 
Heron is "'that line which, when its ends remain fixed, itself 
remains fixed ’when it is, as it were, turned round in the same 
plane*" ■ This too was used with slight change by Proclus, and 
it appears in ’various modern works as "that which does not 
change its position when it is turned about its extremities (or 
any tw'O points in it) as poles." 
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Surface. The Pythagoreans used a word^ meaning “skin” or 
"color” to designate a surface. Aristotle, like Plato, used other 
words,® and spoke of a surface as extended or continuous or 
divisible in two ways, and as the extremity or the section of a 
solid. Aristotle recognized as common the idea that a line by 
its motion produces a surface.* Euclid defined a surface as 
"that which has only length and breadth.” 

Plane Surface. The same difficulties that the ancients had in 
defining a straight line were met when they attempted to define 
a plane. Euclid stated that "a plane surface is a surface which 
lies evenly with the straight lines on itself.” Heron (c. 50?) 
added that it is "the surface which is stretched to its utmost,” 
this being analogous to his definition of a straight line. He also 
defined it as "a surface all the parts of w'hich have the property 
of fitdng on” [each other], and as "such that if a straight line 
passes through two points on it, the line coincides wholly with 
it at every spot, all ways.” Proclus {c. 460), adopting an as¬ 
sumption stated by Archimedes, defined it as "the least surface 
among adl those which have the same extremities,” and also 
used a modification of Euclid’s definition, "a surface such that 
a straight line fits on all parts of it,” or "such that the straight 
line fits on it all ways.” There was no material improvement 
on these statements until the i8th century, when Robert Sim- 
son (1758) suggested the definition that "a plane superficies 
is that in which any two points being taken, the straight line 
between them lies wholly in that superficies,”* a statement 
which Gauss (c. 1800) characterized as redundant. Fourier 
(c. 1810) gave the definition that a plane is formed by the ag¬ 
gregate of all the straight lines which, passing through one 
point on a straight line in space, are perpendicular to that 

iXpoti (ckroia'). 

*'Eirt^dwio {epipha'neia) and {tpfptdon). From the former, a word 

meaning "appearance," we have our word "epiphany." The latter word, mean¬ 
ing a plane surface, occurs in our word "parallelepiped.” Later Greek writers 
also used ivtpJtvtM to indicate any kind of surface, and Plato used trlwt^ov in the 
same way. 

■On the different kinds of lines and surfaces, consult Heath, Euclid. 

^Compare one of Heron's definitions above. 
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straight line. This is, of course, merely putting into another 
form a well-known theorem of Euclid.^ Crelle (1834) sug¬ 
gested that a plane is the surface containing throughout their 
entire lengths all the straight lines passing through a fixed 
point and also intersecting a straight line in space.* 

Angle. Euclid’s definitions of an angle are as follows: 

\ plane angle is the inclination to one another of two lines in a 
plane which meet one another and do not lie in a straight line. 

And when the lines containing the angle are straight, the angle is 
called rectilineal. 

This excludes the zero angle, straight angle, and in general 
the angle wtt, and defines angle by the substitution of the idea 
of inclination,—in modern form, the difference in direction. 

Even less satisfactory is the definition of Apollonius (c. 225 
B.c.) which asserts that an angle is ^‘a contracting of a surface 
or a solid at one point under a broken line or surface.” Plutarch 
(1st century) and various other writers defined it as "the first 
distance under the point,” which Heath* interprets as "an at¬ 
tempt (though partial and imperfect) to get at the rate of 
divergence between the lines at their point of meeting.” Per¬ 
haps this idea was also in the mind of Carpus of Antioch (ist 
century) when he said that the angle is "a quantity, namely a 
distance between the lines or surfaces containing it.” 

Later writers often return to the qualitative idea of Aristotle, 
as in the definition that an angle is a figure formed by two 
lines which meet. This was refined by Professor Hilbert of 
Gottingen* as follows: 

Let a be any arbitrary plane and A, k any two distinct half-rays 
lying in a and emanating from the point O so as to form a part of 
two different straight lines. We shall call the system formed by these 
two half-rays A, k an angle. 


^Elemenis, XI, s* 

*For further consideration of modem definitions see Heath, Euclid, Vol. I, 
p. 174, and Schotten, Inkalt, II. “Heath, Euclid, Vol. I, p. 177. 

* Foundations of Geometry, translated by E. J. Townsend, p. 13 (Chicago, 

^90J). 

U 
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Circle* The ariderit writers defiaed a circle substantially as 
Euclid did: 

A circle is a plane figure contained by one line such that all the 
straight lines falling upon it from one point among those lying within 
the figure are equal to one another; 

And the point is called the center of the circle. 

Euclid had already defined a figure as "that which is con¬ 
tained by any boundary or boundaries,” so that a circle is, in 
his view, the portion of a plane included in the bounding 
line. This bounding line Euclid usually calls the periphery 
{7rtpi4‘^pita.)j a word translated into the Latin as circumfs- 
re^tia, whence our "circumference.” Euclid is not consistent 
however, for he speaks of a circle as not cutting a circle in 
more than two points,^ the word "circle” here referring to the 
bounding line* 

This uncertain use of the term has been maintained until recent 
times. The influence of analytic geometry has led to defining 
the circle as a line, but there is still no uniformity in the matter* 

Diameter and Radius* Euclid used the word "diameter in 
relation to the line bisecting a circle and also to mean the 
diagonal* of a square, the latter term being also found in the 
works of Heron. 

The term "radius” was not used by Euclid, the term "dis¬ 
tance" being thought sufficient. Boethius (t;. 510) seems to 
have been the first to use the equivalent of our "semidiam¬ 
eter*”* A similar use also appears in India, in the writings 
of Aryabhata* (c* SioV Ramusused the term, saying: 
"Radius est recta a centre ad perimetrum*” 

in, 10, whare the GreeS: circle) \s used. 

{did'', through)-t-t* measure). 

irum Jid (dfd', through) ^ anplc). 

*Thu5 in th.ft At^ ed. Friedlein, p. 434: Conscribitur ape cmitydus 

XXVm in basi et in somc[i[ajnei:ro XIIII ped'esbathcrL'a” {MS.af the iilh century). 

^L. Rodet, ^ Lemons d® Cakul d^Aryabhata.,” Joarti, Xsiaii^nf, XIJI {7), 
reprint {Paris, tS7^)), p. 10: “The diord of the iiith part of the circum¬ 
ference is equal £0 a ceniidkjneter,” 

^On the gefneral question see BibL Maih., II (3), 361, and P. Ramuii, 
5^:Aoia^'^JW MtUhttKSiUiatvTn^ Ubri vnuj el iriginta, p, 155 (Basfil, 1569). 
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From India it seems to have passed over to Arabia and 
thence to Europe. So Plato of Tivoli (c. 1120) used mediatai 
diametri and dimidium diametric Fibonacci (1220) used semi- 
dyameter^^ and Jordanus Nemorarius (r. 1225) preferred the 
form semidiamet&rr 

The early printed books,—such as those of Maurolico 
{i5SS)j Tartaglia (1560), and Pedro Nunes (1564),—com¬ 
monly used the word semidiameter.^ 

The word '‘radius” as used in this sense is modern. It ap¬ 
pears, as above stated, in the Scholarvm MatheTnaticarvm, Librt 
vnvs et triginta of Ramus (1569), and a little later was used 
by Thomas Fincke^ (i 5 ® 3 } liis G^ometria RotundL It was 
then adopted by Vieta’ (c. 1590), and after that time it became 
common. 

Parallel Lines, The word ^"parallel”" means "alongside one 
another." Euclid defined parallel straight lines as “straight 
lines which, being in the same plane and being produced indefi¬ 
nitely in both directions, do not meet one another in either 
direction.^* Rather less satisfactory is the definition of Posei- 
donius (c, 100 n,c.) as those lines "which, in one plane, neither 
converge nor diverge, but have all the perpendiculars equal 
which are drawn from the points of one line to the other This 
definition is substantially that ascribed to Simplicius (6th cen¬ 
tury), that two straight lines are parallel “if* when they are 
produced indefinitely both ways, the distance between them, 
or the perpendicular drawn from either of them to the other, 
is always equal and not different.” The direction theory, one 
of the least ^tisfactory of all, is due to Leibniz 

^Scritti^ IT, SS, S*e also dtatidium Jyoweiri on page 36 . 

= Stc his "De Triartgulis^* in the MUttnurtgen des CQpp^emkv^~Vfreins , , . 
a« VI {rSe?>, 

^Tropfke, CsjcAifftif, IV (a), I'G^. 

^Variously ij>eT[ed. A DaniEli mathematsciftn (1561-1646}. &k Volume I, 
page 34^. 

X radio aeu semidiamctro ctraili." TEoprhe, Gfsckkht-e, IV 

(a), ios. 

^ For further -discLiesion, indudinj the various bases lot a delinUion, see 
Heath, E^ftSid, Vol^ I, p. itii; Sebotten, Inkidt, 11 , iSS. 
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4. Axioms and Postulates 

Distinttion between Ajcioins and Postulates. The Greek writers 
recognized the existence of first principles "the truth of which, 
as Aristotle affirmedj "it is not possible to prove." These, he 
stated, were of two kinds: (i) those which are common to all 
sciences^ and for which the name "axiomwas used by the 
Stoic philosophers and by Aristotle himself' (2) those which 
relate to the particular sciencej and to which the name "postu¬ 
late” was given by later writers.^ The distinction was not com¬ 
pletely recognized^ even by Euclid, for his fourth axiom (see 
page 2S1) is rather a geometric postulate or a definition. 

Aristotle had other names for asiornsj speaking of them as 
"the common [things] or "common opinions,"^ 

Proclus (c. 460) states that Geminus (c. 77 e.c,) taught that 
axioms and postulates "differ from one another lu the same 
w^ay as theorems are also distinguished from problems/’—an 
opinion which is quite at variance with that of Aristotle. 

Euclid seems to have used the term "common notion" to 
designate an axiom^ although he may have used the term 
"axiom" also*^ 

The word "postulate” is from the Latin postulurty a verb 
meaning "to demand." The master demanded of his pupils 
that they agree to certain statements upon which he could 
build. It appears in the early Latin translations of Euclid* 
and was commonly used by the medieval Latin writers^ 

As to the number of these assumptions, Aristotle set forth 
the opinion which has been generally followed ever since, that 
"other things being equal that proof is the better which pro¬ 
ceeds from the fewer postulates or hypotheses or propositionSn" 

£iidid, VoL I, p. 117. On the genefaE questian af fgundjiUon prin¬ 
ciples in geometry, see the EncykhpMiCf II, i. 

^Tffl {ia Jifai (koinai' d&x'ai). 

*But not in his e^^tant writings. On the dioubt tbftt baa been raised aa to hh 
giving a list of imloms at all, see Hcatb, E^tUd, Vo'l. 1, p. aai. 

^"Poatulata. I. Poatiiletyr, ut a qyouls puncto ad qiioduSa pixmctum recta 
linea ducatur.'^ The Greek word for postulates u&ed by Euclid waa nlmJ^iaTa 
{oiie'fBfliiB) (E-adid, «L Heibenj, I, B, 0^, 
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Axioms. Euclid laid down certain a^doms, or "common no¬ 
tions,” probably five in number, as follows: 

1, Things which areequal to the same thing are equal to one another. 

2, If equals be added to equals, the wholes are equal. 

5. If equals be subtracted from equals, the remainders are equal. 

4. Things which coincide with one another are equal to one 
another.^ 

5. The whole is greater than the part 

The axioms of inequality, of doubling, and of halving may 
have been given by Euclid, but we are not certain.^ 

It will be observed that Euclid built up his geometry on a 
smaller number of axioms than many subsequent writers have 
thought to be necessary. 

Postulates. Euclid doe& not use a noun equivalent to the Latin 
postulatuTnr, but says: 

Let the following be postulated: 

1. To draw a straight line from any point to any point. 

2. To produce a finite straight line continuously in a straight line. 

3. To describe a circle with any center and fany] distance. 

4. That all right angles are equal to one another. 

5. That, if a straight line falLing on two straight lines makes the 
interior angles on the same side less than two tight angles, the two 
straight lines, if produced indefinitely, meet on that side on which 
are the angles less than the two tight angles.’ 

Considerable criticism of these postulates developed among 
the later Greeks. 2 eno of Sidon (1st century b.c.) asserted 
that it was necessary to postulate that two [distinct] straight 
lines cannot have a segment in common. If this is not done, he 
claimed, one or more of the proofs in Book t are fallacious. 

Others asserted that postulates 4 and 5 are theorems capable 
of proof. Proclus {c. 460) attempted a proof of postulate a, 

i Essentially a postulate or a dcfitiition. 

-For the evidenceand tforttra. see Heatl!. EucUd-, Vol, I, p. Jij. HeilicTg’i 
edition of Eudid (I, ii) numbers tHcet i, 3. 3, 7. S, giving in Gmlt At 
doubtful asioms. ^Heath. Euffid, Vol. 1, pp- J£S4n 
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hut it was fallacious. He also claimed that the converse is not 
necessarily true which asserts that an angle which is equal to a 
right angle Is also a right angles he said 
thats in the figure giveUj Z^i?C=ZA"J?T 
and yet /^XBY is not a right angle. Sac- 
cheri^ (1753) g^ve a proof of the postulate, 
but he assumed other statements equally 
^ fundamental upon which to base his argu¬ 

ment. Modern writers often adduce a simple proof based upon 
the postulate of the equality of straight angles, but this simply 
substitutes one postulate for another. 

Postulate 5, the “Postulate of Parallels,’^ has been frequently 
attacked,^ Ptolemy attempted to prove it, one of his arguments 
being tliat if a + b Is a 
straight angle, then c + d 
must be a straight angle. 

Hence if the lines meet at 
Z" they also must meet at and in that case the two straight 
lines mclose space. Proclus gave a more seductive argument 
relating tx> the meeting of lines in general, thus: 

Draw the lines AK and CL so that ZZ + Zc< two right 
angles. 

Bisect AC at .S and lay off AF= AE 
and CG = Ea 

Then AF and CG cannot meet on FG, 
as at AT; for If they did we should have 
AM=AE and CH = CEy and so the sum of 
hvo sides of a triangle would be equal to the third side. 

Bisect FG at H, make FK == FH‘= RG = GL. 





cb omni natvo vindicotiiSf p. x (Milan, 173^). 

^Elca-ti, VsT. I, p. 302; Engel and Stadtel, Die Thiorie dtr Pardliel- 

JinMK, Ldpzi^r 1395; G. B. Habted, Sacckeri*! JSudidit Vindteatus (tranatitiQ'ii), 
p. j {ChicagUi G. JEoccardini, ERucUde ^iptndato dil P. Ceroiamo 

Saecheri, MitaHh 1904 (incomplete tratislatijon) j R. Bonola, ** Sulla teorfi dcllc 
parallele e sulle gicometrie itcm-euclideB,'" in F. Enriciiieai, ri^unrdtnzti le 

tti-fit^maUche efEmenturi^ p. 34I (Bnlijgna, jqw), with an En^tish translatioii of 
his La GeonetriQ ntyn-euclidea^ by H, S- Carslawi i?i5. On the modem theory 
an^ treatment of posuilat'es see C. J. Keyserj Maifumaifcid Philonffihy, Lecture II 
(New York, 
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Then and GL cannot meet on for the same reason, 
and so on however far we go. 

Hence the lines described in the postulate cannot meet at all^ 
even though + ZC<i8o''.^ 

Further attempts at a proof of Postulate 5 were made by 
al"ThsL (c. 1200)^ Wallis (c. r66o), Saccheri (1733), Lambert 
(c. r766)j Legendre {17^4 and later), and many others 

As an alternative postulate Proclus stated in substance, and 
Playfair (1795) made well known to the modem world, the 
following: 

Through a given point, only one paralTel can be drawn to a given 
straight line; [or] 

Two straight lines which intersett one another cannot both he 
parallel to one and the same straight line. 

Playfair^s form of the postulate was practically given, how¬ 
ever, somewhat earlier than 1795. Joseph Fenn, in his edition 
of Euclid’s ElementSf published at Dublin in 1769,^ stated it 
as follows: "A straight line which cuts one of two parallel lines 
will necessarily cut the other, provided this cutting line is suf¬ 
ficiently produced.” Substantially the same assumption w^as 
also given by William Ludlam* in 17S5, and, indeed, was given 
by Proclus (t:. 460), as asserted above, in a note to Euclid, 1 ,31. 

It has been observed by various writers that Euclid tacitly 
assumed other postulates, such as one relating to the inter¬ 
section of plane figures and one which asserts that space 
is homogeneous or that a figure may be transposed without 
deformation. 

iFflr the rest of his trottmenl of Postulate 5, set Heath, Eudidy Vol. I, 
p, so 

^Oti the general eiuestion of the valklEty of the postulate, see paije 

Volumf- sf jfjjjfrycO'oTis in th& DfawiRg ^ihabiiihtd 

hy the Dnblin-SiJcUiy . , , ^ndtr tha direetto^i 0/ Jiisepft Fenn, htrdffjars 
JVtf/wJCw of Pkili>si}p}iy hi Ike VniversUy of Dublin, 176?, F. Cajori, 

''On the history of Playfalr^a paiaJlcl-postulate,'’ SdenfE and Mathe¬ 

matics, XVin, ?7S. 

c. r7T&; dfed in Dticestershire, March r$, t^SS. He wrote various 
wflrtis on astronoiny. His Rudimenis of S/fatfienmtios Bret appeared in 
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5. Tvi^icAL PaoposiTroKS of Plane Geometry 

Pons Asinorum* Most of the basic theorems of elementary 
plane geometry are found in Euclid^s Elements. Of these a 
relatively small number have any interesting historyj and only 
a few typical ones need be considered, the first being Proposi¬ 
tion 5 of Book I. As given by Euclid^ this reads as follows; 

In isosceles triangles the angles at the base are equal to one an¬ 
other, and^ if the equal straight lines- be produced further, the angles 
under the base will be equal to one another. 



Produs states that Thales (c. boo n*cO was the first to prove 
this proposition. At any rate it was well known to Aristotle 
(t:. 540 B.c.)j who discusses one of the proofs then possibly 
current. Proclus {c. 460) says that Pap¬ 
pus (c. 300) proved the theorem without 
using any auxiliary lines^ simply taking the 
triangle up, turning it over, and laying it 
down upon itself. The question as to how 
he could lay the triangle itself dowm upon it¬ 
self has caused a change in the phraseology 
on the part of modem writers. 

The proposition represented substantially the limit of in¬ 
struction in many courses in the Middle Ages. It formed a 
bridge across which fools could not hope to pass, and was there¬ 
fore known as the pons or bridge of fools.' It has 

also been suggested that the figure given by Euclid resembles 
the simplest form of a truss bridge, one that even a fool could 
make. The name seems to be medieval 

The proposition was also called ehpuga^ a term which Roger 
Bacon (c, 1250) explains as meaning the flight of the miserable 
ones, because at this point they usually abandoned geometry,^ 


^Tlje term a aometLEnes applied to the Pythafforean Theorem. 

est bic quod latl qul ignorant a]i'Cuj:u& sclentiae, ut ait geomctriae, ni±i 
&mt pu«K qui CQfnntar per vii^m, resiUmit et tepescunt, ut vJx volunt tres vel 
quattior prApAdUones sdr?. Unde ^ hoc sccidit quod quinta propasicio'geomc-' 
triae Eudldis dicitur £ie/vfa. id miserorum) enim Graece didtur, 

Latin* fttijerra; iJen* sunt opus TtrUitm, OV" ''"i* 
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Congruence Theorems. The second of the usual congruence 
theorems relates to the case of two angles and the included side 
of a triangle. Proclus (c. 460) says of this: 

Eudemus (c. 335 b.c.) in his geometrical history refers this theo¬ 
rem to Thales 6 do b.c,). For he says that, in the method by 
which they say that Thales proved the distance of ships in the &ea, 
it was necessary to make use of this theorem. 


How Thales could have used this theorem for the purpose is 
purely a matter of conjecture. He might have stood at Tj the 
^ top of a cliff TF^ and sighted to the ship 

using two hinged rods to hold the angle 
STF^ He could then have turned and 
sighted along the same rod to a point F 
along the shore. If he kept the angle 
constant, he would then merely have to 
measure FF to find the unknown dis¬ 
tance FS, Since in those days the ships were small and remained 
near the shore in good weather^ this plan would have been quite 




EARLY METHODS Or MEASUTtrNO OTSTANCES 

From Eelli^ Libra del Miivrar ccmi h airfa, Venice, 15*9, but reprcMtitins 
essenUally tbe method probabty used by Thales 

feasible. Thales probably had some simple instrument like the 
astrolabe by which he could measure angles when observing the 
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starSj and te could have used this. We shall presently see that 
such instruments^ in primitive form, were known to the Baby¬ 
lonians before his time. 

Euclid stated the proposition in a more complicated form 
than the one now in use, but his proof had the advantage that 
it did not employ superposition. The latter form of proof is 
given by aLNairizi (4:. gio)j who ascribes it to some unknown 
predecessor. 

Renaissance writers often used the theorem in practical men¬ 
suration, as Thales is thought to have done. The illustration 
on page 385, from BeUPs work^ of 1569^ shows two methods of 
using it, and there is a story that one of Napoleon*s engineers 
gained imperial favor by quickly applying it on an occasion 
when the army was held up by a river. 

Areas. The sources of such propositions as those relating to 
the area of the triangle, the rectangle, the trapezium (trape¬ 
zoid), and other rectilinear figures are, of course, unknown. 
The theorems relating to these areas are found in Euclid and 
apparently were common property long before his time. It is 
interesting to know, however, that the Egyptian surveyors, 
even after the time of Euclid, were in the habit of finding the 
area of a field by taking the product of the half-sums of the 
opposite sides. This is correct in the case of a rectangle, but 
in the case of a general convex quadrilateral it gives a result 
that is too large. The error ’was corrected to a certain extent 
by omitting in the calculation all fractions less than of the 
large unit of length.^ 

The rule for the area of an inscribed convex quadrilateral, 
expressed by the formula 

A = V(i _ a) {T^i) (7- 1 ) (J ■- rf), 

was given by both Brahmagupta (c, 63S) and MahavTra (c. 
S50), but ’without the limitation that it holds only for an 

^ S. Be[II, Iziira l/fisvrar con /a visiu, Venice, 3565. 

“This unit was tie {schsi’nas'i, equal to roo cuhlta. Osur inforiaatiom 

mmes from a papyrus iti the British Museum. See H. Maspero, Lts Fimmees de 
i^^^gyple jotff Its LagidtSj p, 1^5 (Paris, 
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inscribed figure. lfd=^o^ the figure becomes a triangle and the 
formula reduces to 

^ =^s{s — il) (j — {s^d}, 


the rule being given b\^ Heron Cc.50?), but being ascribed 
on Arabic authority to Archimedes. Both Brahmagupta and 
Mahavlra"" gave the equivalents of the following formulas, 
without limitations, for the lengths of the diagonals of a 

quadrilateral: ,--. 

^d}{ad cd) ^ 

1 ad -j- be 




(df + hd) {ad + be) 


ah -H cd 


The lirst of these formulas was rediscovered by W. Sneltj who 
gave it in his edition (16x9) of Van Ceulen's works. 

Among the other interesting formulas related to those con¬ 
cerning areas is one discovered by Lhuilier and published in 
17S2. It gives the radius of the circle circumscribing a quad^ 
rilateral and reduces to the following 1 ^ 


r 


1 

'4 


{ab + cd){ac + bd) {adbe) 
a) (j — b){s— £) (j — d) 


Angle Sum. The fact that the sum of the angles of a triangle 
is equal to two right angles has long been recognized as one of 
the most important propositions of plane geometry. Eutocius 
(c. 560) tells us that Geminus {c* 77 B.c.) stated that "the 
ancients investigated the theorem of the two right angles in 
each individual species of trianglej^—first in the equilateral, 
again in the isosceles, and afterwards in the scalene triangle/^ 
Proclus (c. 460) says that Eudemus (t:, 335 p.C.) ascribed the 
theorem to the Pythagoreans. 

There is also a possibility that Thales knew tliis property of 
the triangle, for Diogenes Laertius f^d century) quotes Pam- 
phile (ist century) as saying that he was the first to inscribe 


^See Volume I, page 163- 

am Indetted to Praftssor R. C. Archibald for this information, as for many 
thther valuiblp suggfations. 
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a right-angled triangle in a cirdej the proof of which solution 
requires this proposition, at least in a special case. The theorem 
was certainly well known before Euclid^ for Aristotle refers to 
it several times. 

Pythagorean Theorem, The relation of the sides of a triangle 
when these sides are j?, 4, and 5 (that iSj 3“ -h 4“ = was well 
known long before the time of Pythagoras. We find in the 
iVma Sections of the Chinese, perhaps written before noo b.c.j 
this statemient: Square the first side and the second side and 
add them together; then the square root is the hypotenuse.” 

The Egyptians knew a similar relation for numerical cases, 
for a papyrus of the 12 th dynasty (c, 2000 b.c,), discov¬ 
ered at K^un, refers to lour of these relations, one being 
I*+ (|)* = It was among these people that we first 

hear of the ^'rope stretchers,”^ those surveyors who, it is usually 
thought, were able by the aid of this property to stretch a rope 
so as to draw a line perpendicular to another line, a method still 
in use at the present time. 

Pythagorean ITumhers in India. The Hindus knew the prop¬ 
erty long before the beginning of the Christian era, for it is 
mentioned in the Suivasutras^"^ the sacred poems of the Brah¬ 
mans. The of Apastamba gives rules for construct¬ 

ing right angles by stretching cords of the following lengths: 
3, 4, 5; 12,16, 30; is>20, 25; 5,12,13; 15,35,39; 8, 15, 17; 
and 12, 35, 37< Although the date of these writings is uncer¬ 
tain,“ it is evident that the relations were known rather early 
in India.'* 

Did Pythagoras prove the Theorem ? The proof of the proposi¬ 
tion is attributed to Pythagoras (C.540B. c.) by various writers, 
including Proclus (c. 460), Plutarch (rst century), Cicero 

J■‘^/^^^tS^^ 1 ^Taiiharpedonap*tae) ^Vol, I, p. 3i), See Pett^SAincf Fai>yrus,pr 33. 

^Curlatifily the word is Mmetimes interpTeted to mean ropt-itreuiLtiig, 

^Perhaps the 4th pr 5th centujy b.c. 

^A. Biirt, Apistarnlia-SuTba-SUtta," In the ZsHsciiriJt d?r (kwiicAen 

mirfS^ftlSAdischm LV, 543, and LVI, 3,17; Q. Thibaut, Jowniai 0/ 

the Royal Ailatii Socieiy of XLIV, reprint 1S7S3 and his ardclea in The 

Patidll, Benares, iSjsyfi and iSSo; Heath, Eudidy Vol. t, p- 3^0. 
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(c. 50 E.c.)^ Diogenea Laertius (2d century)j and Athena;us 
(c. 300). No one of these lived ’withiiij say, five centuries of 
Pythagoras* so that we have only a weak tradition on which 
to rest the general belief that Pythagoras was tlie first to prove 
the theorem,^ It would seem as if such an important piece of 
history would have some mention in the works of a man like 
Aristotle; but, on the other hand, it is difficult to see how such 
a tradition should be so generally received unless it were well 
founded* Not only are we not positive that the proof is due to 
Pythagoras at all, but we are still more in doubt as to the line 
of demonstration that he may have followed. 

Hundreds of proofs have been suggested for the proposition, 
but only two are significant enough to be mentioned at this 
time. Of these the first is the one in the Elements^ a proof 
which Proclus tells us was due to Euclid himself. Although 
Schopenhauer, the philosopher, calls it "a proof walking on 
stilts” and mousetrap proof,” it has stood the test of time 
better than any other. 

The second noteworthy proof is that of Pappus (t. 300), 
In this figure we have any triangle with CM and CJV any 
parallelograms on and and with equal to PC Then 
AT=^CM^CN, a re¬ 
lation that reduces to the 
Pythagorean Theorem 
when ABC is a right- 
angled triangle and when 
the parallelograms are 
squares 

The Pythagorean The¬ 
orem is not uncommonly called the pon% asinorufti by modern 
French writers* The Arabs called it the Figure of the Bride," 
possibly because it represents two joined in one. It is also called 
the "B riders Chair/’ possibly because the Euclid figure is not 

^For arRumcntfi agaitist thia btlfef see H. Sffct Afoitfir, ’Vll (3)1. 6. and 
TX (3 )h tS; G* Junje, Warm Aafrcn die Gnirt^hen das Irralitmale rntdeckl, 
HbJIc, 

^ AfathEmoiicae ed. Comtnandinu-Si BoloEnai, i66c, liber quartus, 

p, si t HulEsch ed., IV* i?7. 
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unlike the chair which a slave carries on his back and in which 
tlie Eastern bride is sometirties transported to the ceremony.' 

Of the rules for formins rational right-angled triangles the 
following related ones are among the most important: ■ 


w" -I- ^ ^ ^ ^ ^ 

(2O'+O' Pkito (c.z^OB.c.) 


Proclus (c. 460) 


Recent Geometry of the Triangle. In the igth century the 
geometry of the triangle made noteworthy progress. Crelle 
(IS16) made various discoveries in this field j Feuerbach (1823) 
soon after found the properties of the nine-point circle^ and 
Steiner set forth some of the properties of the triangle, but it 
was many years before the subject attracted much attention. 
Lemoine^ (^^ 73 ) ^he first to take up the subject in a sys¬ 
tematic \vay and to contribute extensively to its development. 
His theory of "transformation continue" and his ^‘geometro- 
graphie” should also be mentioned. Brocard’s contributions to 
the geometry of the triangle began in. 1S77, and certain critical 
points of the triangle bear his name. 

The Pentagon and Decagon. The tenth proposition of 
Book IV of Euclid is the problem: "To construct an isosceles 
triangle having each of the angles at the base double the 
remaining one.” This makes the vertical angle 36* and each 
of the others 7^ and therefore permits of the construction of 


* The Greets are said to have called it the " ihenrem pi the married ivomeh ” 
and Bhaakara to have spoEten of it as the "chaist of the Bttle married ’hvomeit,” 
E. Lucas, Maihimatii]ties, IL 130. 

s fi, NaboT.^ Uffs Tfteoi'em dej Haarlem, i^ioS; Heath, 

Vol. I, p- 3.S0; the names are those of the authors of rules apprasimately repre¬ 
sented by these formulas. The aasertion as to Pythagoiaa is ofhcn to doubt. 

““D. £. .Smithy Lmilja-Micbel-Hyadnthe Lemoine,’’ Amtr, Maik. Monlft., 
Ill, vfl; J. Sr Madtay, vaTinug articles an modem geometry tn the PracetdinE^ 
of l-Ae Edinbyr^k Maihttnoliccd Sifdrtyi E. Vigarie, ^^La babli-agraphie de ti 
geometric du triangle,” XVI, suppl., p. 14, 
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a regular decagon and of a regular pentagon. The problem 
seems to have been known to the Pythagoreans^ for Proclus 
{c, 460) tells tis that they discovered '"the construction of 
the cosmic figures,”—a statement anticipated by Philolaus 
(c. 425 B.c.) and lamblichus (c. 325)^ and this construction 
requires using the problem. Lucian (2d century) and the 
scholiast to the Clouds of Aristophanes tell us that the penta- 
gram^ the star pentagon, was the badge of the Pythagorean 
brotherhood, and the construction of such a figure depends 
upon this proposition.^ 

The solution is related to that of the division of a line in ex¬ 
treme and mean ratio.“ This was referred to by Proclus when 
he said that Eudoxus (<;, 370 b.c.) ^'greatly added to the num¬ 
ber of the theorems which Plato originated regarding the sec¬ 
tion This is the first trace that we have of this name for 
such a cutting of the line. 

In comparatively modern times the section appears first as 
'’divine proportion”® and then, in the 19th century/, as the 
golden section.” 

6, Typical Tjiopositions of Sonn Gt-ometry 

Prism. Since the Greeks were so much more interested in the 
logic of geometry than in Its applications to mensuration^ and 
since they found a sufficient field for their activities in the work 
with plane figures, they did not develop the science of solid 
geometry to any great extent, as witness the Elements of 
Euclid. This is one reason why even the technical ternis were 
not so completely standardized as those of plane geometry. Of 
the special types of prism the right parallelepiped Is naturally 

Vol. n, p. 97. = EucHd, H, ai, and VI, 30. 

Pacloli gave to hia work oJ 1509 tht title De ditiina- propsrtione. Rannun 
M&lM-maticarvm, I^bri vretJj et ingintn., Baself ibidr, 1^75; 

Frankfort, ijflp, p. 191) referred to it in these quibusdam 

divEna quaedam proportio hie animadversa est . . i and Kepler (FriEcb ed. gf 
hJs Opera, I, 377 (Frankfgrt, 185S)) apoke of it in the teiiiis: “Inter 

continuas proportiones untim ain^larc .gcniiE eat propOrtionia divipac ■ - - - 
*Tliie term seems to have come into general nse in tht 19th oentuty. It ia found 
m the Archiv dcf Math, und Fhysik (IV, E5-^2) as earV aa 1S44. 
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the most important. The word "parallelepiped^^'' means parallel 
surfaces. AlQiou^ it is a word that would naturally be used 
by Greek writers^ it is not found before the time of Euclid. 
It appears in the (XI, 25} without definition, in the 

form of "parallelepipidal solid/’ the meaning being left to be 
inferred from that of the word "parallelograminic" as given 
in Book I. 

We have as yet no generally accepted name for a rectangular 
solid or right parallelepiped, nor had the Greeks. The word 

cuboid’^ is significant and in modem times has had some 
sanction. 

Euclid used for cubCj and Heron (c* 50?) did the 

same. Heron also used " hexahedron ” “ for this purpose and 
then applied cubus to any right parallelepiped. 

Although the Greeks knew that t^ di^onal of a ri^t par¬ 
allelepiped of edges u, &, c was strangely enough 

the statement is not found in any of their works. It first ap¬ 
pears, so far as now^ known, in the PracHca geometri^e of 
Fibonacci (r2 2o)/ 

The word "prism” is Greek/ Euclid defines and treats it 
as we do at the present time/ 

Pyratiiid. The Greeks probably obtained the word "pyr- 
aniid”^ from the Egpytian. It appears, for example, in the 
Ahmes Papyrus (c. 1S50 e.c.). Because of the pyramidal form 
of a flame the word was thought by medieval and Renaissance 
writers to come from the Greek word for fire,® and so a pyramid 
was occasionally called a ^^fire-shaped body.”* 

1 Frora iro^xX^f>or (paraVleloSi fuatullel^ + ^ir^iiriSoF {epPpidunt plane surface), 

^ K 6 pot, LaOn cir'ijw. Set ElematlSf XI, del. 15. 

rram (Afjr, 3J^) fifia{hid'Ta, seat). 

. , lit £ti Salido .a*L cuius dyajneter sit linea .tb.” (Scrilff, 11 ^ 36.J), 

{ptis'ma), from irrffny to saw; hence aometbuig sawed ofi. 

XI, de!. ij. 

^ (pyrnfnif), pt. perhaps from the E^gyptian 

ptro-m, but also thou^t to come froiti Tiipii as if a eranary. On 

the uncertainty of the origin see Feet, Ehind Papyrus, p. 98. 

(pyr), as in ''pyrotechnic.” 

*T1jus the. i£th unttiiy writer W. Schmid {Das ersta Buch der Geofn^trie, 
Niimber^K speaks of the "feucrfoniri^e Corper." 
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Euclid’s treatment cf the pyramid has remained substantially 
unchanged, except as to the proposition relating to the equiva¬ 
lence of pyramids of the same height and of equivalent bases. 
Cayalieri (1635) applied to this proposition his method of in¬ 
divisibles, and Legendre‘ (^794) gave a simple proof that is 
now in common use. Aryabhata (c, 510) gave the volume as 
half the produc t of the base and height, or at least it so appears 
in the extant manuscripts.^ 

Frustum of a Pyramid* The method of finding the volume of 
the frustum of a square or a triangular pyramid is set forth in 
Heron’s Slereotneh'yJ^ The modern formula V^) 

first appears, in the form of a rule, in Fibonacci’s geometry 
(t2 2o),* unless we accept a gloss upon an Arabic manuscript 
of the 12th century as evidence that it was known at that time.^ 
The method itself was probably known to the Egyptians, at 
least for a special case, long before the time of Heron; for in a 
hieratic papyrus, apparently a little earlier than that of Ahmes, 
there is a statement which seems to show familiarity with the 
method for the case of a square pyramid.® 

Brahmagupta (c* 62 S) also gave a rule^ for the volume of a 
frustum of a pyramid with square base of sides and sub¬ 
stantially as follows: F= 


^Elitaats, ist ed,, VI, ij tPans, r? 94 >' order diSers slightly in Uie dif- 
fcntnt editions. 

i^Rodetf ^Letona de C&kiil d^Aryabhata-h” ittjurnoi Asialit^ue.^ XIII 35^ i 
reprint, pp. < 3 , 10, JO, 

^ 1 , capp. 33) 34* See Ticptice, Geschkhie, H (i), 3S3,witli teference to the MS. 
erf the discovered recently and published by Schbne, Leipaig, 

10*3- In his-^tproenwetry he considera the pyramid with a eqiiaie tasei in the 
with a tTiangular base. *5criili, n, 174. 

^See the SU^mjiSihtrkhle der pkydkaikcJhmfdkiniich^ Jaueifli lu £r;anjefi, 
sa-3r. Band, p* ajD, hereafter referred to as Erlangen 

^This wai finit published by B. A. TpuraeH (Turajev) in igi?) klV attention 
being called to the fact by Professor K. C. Archibald. The manuscript is now in 
Moscow. See Anciant Esyfi, Part_IIl3 p. loa (London, 

^Colebroote ed., p. 31a, On Aryabhata see Rodet, loc. clL, pp. 9, ro. On 
Bhlskara, see Colebrooke ed., p. 97^ On Mahivlia, see his wort, p. 359. On 
the later treatment of the tetrahedron see Tropfke, Gmhichle, II (i)h 3 ® 5 ' 
the cylinder and cone, which are closely related to the prism, pyramid, and ciide, 
see ib£d., p. 3S.7* 

II 
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Frusttim of a Cone* The late Greeks knew" how to find the 
volume of the frustum of a cone, deriving it from the rule 
that Heron used for the frustum of a pyramidj and thereafter 
the same method appeared in various mathematical treatises. 
Heron, however, used an approximation method which is prob¬ 
ably of Egyptian origin, namely, that of taking the product of 
the altitude and the area of the circle midway between the 
bases*^ An interesting example of the use of this approxima¬ 
tion method has been found among the Greek papyri on arith¬ 
metic, being probably the work of a schoolboy of about the 
4th century. The problems in this papyrus resemble those 
found in the Akhmim Papyrus, which was written somewhat 
later* The first one of these problems relates to finding the 
contents of a circular pit of which the circumference is 20 
cubits at the top and 12 cubits at the bottom, and of which 
the altitude is 12 cubits. The writer makes an error in his 
methods as well as his calculations, but endeavors to use 
Heron’s approximation,^ 

Sphere. The word "sphere” comes to us from the Greek 
through the Latin The pure geometers of Greece had Httle 
interest in its measurement, although Archimedes tells us that 
"earlier geometers . . . have shown , . . that spheres are to 
one another In the triplicate ratio of their diameters.”'* 

Archimedes also states that the volume of any sphere is four 
times that of the cone with base equal to a great circle of the 
sphere and with height equal to the radius of the sphere,—a 
statement that amounts to saying that He also stated 

that a cylinder with base equal to a great circle of the sphere 
and with height equal to the diameter of the sphere is equal 
to times the sphere,—a statement that amounts to the 
same thing/ 

^Stereemeirtef. ed. Hult&ch, p. iS?. 

2J. G. Smyly, “Semae Eisniple of Gfiec^c ArUhmetic,^^ Hsnnaihsna, XLH 
IajUh spita^ra. 

^Allrnan, Greek p, Ar£h]iTij«ie5| ed. Heiberg, 31, Heath, 

ArekwtedeSi ^ 34 , 

® Heiberg ed^ Vd. T, ZJe sphaera et cylinira. 
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Polyhedrons, The word “ polyhedronis not found in tl^ie 
Elevtentsi^ii Euclid; houses "solid/”'octahedron/^and "dodeca. 
hedron/' but does not mention the general solid bounded by 
planes. The chief interest of the Greeks in figures of this type 
related to the five regular polyhedrons. It seems probable that 
Pythagoras (cr. 540 e.c.}" brought his knowledge of the cube, 
tetrahedron, and octahedron from Egypl^ but the icosahedron 
and the dodecahedron seem to have been developed in his own 
school. The Pythagoreans assigned the tetrahedron to fire, 
the octahedron to air, the icosahedron to water, the cube to 
earth, and the dodecahedron, apparently the laat one discov^ 
ered, t£> the universe. They seem to have known that all five 
polyhedrons can be inscribed in a sphere. They passed the 
study of these solids on to the school of Plato (c, 3S0 b.c.), 
where they attracted so much attention as to be known to later 
writers as ‘'Platonic bodies" or "cosmic figures." It is not 
probable, however, that the early Pythagoreans actually con¬ 
structed the figures in the sense that Euclid {c* 300 b.c.)^ and 
Pappus (c. 300) ‘ constructed them. 

We have specimens extant of icosahedral dice that date 
from about the Ptolemaic period in Egypt.There are also a 
number of interesting ancient Celtic bron^ze models of the regu¬ 
lar dodecahedron still extant in various museums. There was 
probably some mystic or religious significance attached to these 
forms. Since a stone dodecahedron found in northern Italy 
dates back to a prehistoric period, it is possible that the Celtic 
people received their idea from the region south of the Alps,'' 
and it is also possible that this form was already known in 
Italy when the Pythagoreans began their teaching in Crotona, 

iFranj irtany)+ IeSas [h^d’ra, sfat), 

SHeatti, Evdidy VoL III, p. 5^5, 

Xlir, ptopa. 13-17. See Heaiiif EucEd, Vol, 111, pp. iij67-5*J] ’wilh 
on the solutiona suggested by Pappus, 

* Pappus, edr CoiPmandinOj. p. 43 b«i. {EoTopia, 3660)1 ed. Hultsth, III, 
143 seq. 

* See the itlustraJSun on page 4^|. 

“SF, Lindcmann, "Zur Geschichte dcr Polyeder und der Zahtzei-chen,” Sk- 
plins^berirMe: der malh.-physik, dsr K. Baytmchen Jtkad. dst Wistejisch. 

m AffiMcAcK, Munich, iXXVI, tag. 
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The five regular polyhedrons attracted attention in the Mid¬ 
dle Ages chiefly on the part of astrologers. At the close of this 
periodj however^ they were carefully studied by various mathe¬ 
maticians. Prominent among the latter was Pietro Franceschij 
whose work De corporibus yegularibns (t;, 1475) was the first to 
treat the subject with any degree of thoroughness. Following 
the custom of the time^ Pacioli (1509) made free use of the 
works of his contemporaries^ and as part of his literary plunder 
he took considerable material from this work and embodied it 
in his De diuina proporlione,^ 

Albrecht Durer^ the Niimberg artist, showed how to con¬ 
struct the figures from a net" in the way commonly set forth 
in modern works. The subject of stellar polyhedrons begins 
with Kepler“ (ibi^) and has attracted considerable attention 
since his time. 

Polyhedron Theorem. Among the most interesting of the 
modern formulas relating to a polyhedro-n is the one connecting 
the faces, vertices, and edges. This formula, often known as 
Euler^s Theorem, may be stated s.s /’^ v = 2. It was pos¬ 

sibly known to Archimedes (c. 12$ n.c,)/ but not until the 17th 
century was it put into writing in a form still extant. Descartes 
(c, 1635) was the first to state it."^ Euler seems to have come 
upon it independently. He announced it in Petrograd in 175a, 
but with simply an inductive proof. General proofs have been 
given by various writers. 

Pappus-Guldin Theorem. Pappus of Alexandria (c. 300) 
Stated, iu substance, the basis of the theorem that the volume 
of a figure formed by the revolution of a plane figure about an 
axis is equal to the area of the figure multiplied by the length 
of the line generated by the center of gravity.® He also con- 

^ Venice, rjofl. 

^Vndirweysiwig d^r tftessutig mii dem ^irckel kS ncAijcftejt, I’n LfKitnj 
e&Jten unnd ge«rtsiK corporeal, Number^:, i 

“Frfech editicm of bis wortcs, V, isfl. where he speak; of such a ^ the 
^"steUa i>entafieiiicaand tarries the discussion “In solido/^ 

^Tnoiifke, IF (l), 55S. 

® But the fact was not made known until his CEuvrej inidHix apjitared in 
iSfia, fthere it appears on paije aifi, ^Hidtscb edition of hia works, p. 
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sidered th& case in whicii there was not a complete revolution. 
The proposition was soon forgotten and so remained until re¬ 
vived by Kepler (1615)/ who extended the theory to include 
the study of the revolution of various plane figures. He gave 
special attention to the torus formed by the revolution of a 
circle or an ellipse, AVhen the axis was tangent to the circle or 
the ellipse, be called the resulting solid an annulus strictus. 
Although he treats of only special cases, he doubtless knew the 
general theorem. 

Various writers made use of the general principle in the 17 th 
century, but It was brought into special prominence by Habakuk 
Guldin^ (1577^1*343)) a Swiss scholar. It appeared in Booh II 
of his C&ntrobaryca (1641). He added nothing to the theory 
except as he stated the general proposition. 

In 1695 Leibniz suggested that the proposition could be ex¬ 
tended to include the case of a plane revolving about an axis 
on any other path than a circle, provided it is always per¬ 
pendicular to path * an idea that was considered also by 
Euler in 1778* 

7 . The Theee Famous Problems 

Nature of the Problems, The Greeks very early found them¬ 
selves confronted by three problems which they could not 
solve, at least by the use of the unmarked ruler and the com¬ 
passes alone.* 

The first was the trisection of any angle* The trisection of 
the right angle was found to be simple, but the trlsection of any 
arbitrary angle whatever attracted the attention and baffled the 
efforts of many of their mathematicians. To this problem may 
be added the related ones of dividing any given angle into any 
required number of equal parts and of inscribing in a circle 
a regular polygon of a given number of sides. 

ijn his Jlepeofrastn'ti ZJoJwrMiH. Sk tbe opera FjfiscVi, 

-Known ^ Paul Quldin after be entered the CatliDlit Church. 

Erjtditorum, 16^^, p. 453. 

" *Sce any of tie hhsthries of Giwk matheniatin. A good sumtaity is given 
in H. a, Zeulhen, dujtf i'AftHquiti- et le Meyen 

Age, French franslatign by J* Maacart, p, 57 (Paris, 1903). 
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The second problem wb the quadrature of die circle, that is, 
the finding of a square whose area is the same as that of a given 
circle. The solution lafould be simple if we could find a straight 
line that is equal in length to the circumference of the circle; 
that is, if we could rectify the circumference. This is easily 
accomplished by rolling the circle along a straight line, but such 
a proceeding makes use of an instrument other than the ruler 
and compasses, namely, of a cylinder with a marked surface. 

The third problem was the duplication of a cube,^ that is, the 
finding of an edge of the cube whose volume is twice tlie volume 
of a given cube^ This was known as the Delian Problem, one 
story of its origin being that the Athenians appealed to the 
oracle at Delos to know how to stay the plague which visited 
their city in 430 e.c. It is said that the oracle replied ±at 
they must double in size the altar of Apollo. This altar being 
a cube, the problem was that of its duplication. Since problems 
about the si^e aud shape of altars appear in the early Hindu 
literature, it is not improbable that this one may have found 
its way, perhaps through Pythagoras, from the East. It was 
already familiar to the Greeks in the Sth century E.C., for we 
are told by Eratosthenes^ that Euripides (c. 4S5-406 e.c.) 
refers to it in one of his tragedies which is no longer extant.'^ 

Trisection Problem; the Coachaid. There are various ways of 
trisecting any plane angle, but It will suffice at this time to give 
only a single one. Probably the best known of the Greek at¬ 
tempts is the one made by Nicomedes (t. iSo e.c.). He used 
a curve known as the conchoid.* We take a fixed point O which 

IN. T. Reijner, Hiiiorla, probltinalis dt fy&i d^plkatinne (GSttingciij i 
C. H. Biering, Hiitcnn proMcmath cuin dupliamdi ^CoptnhastHi 184+); Atthi- 
medes, Operd^ cd. Hcdbcrg, III, loa^ A. Sturm, Delhiht Problstn (LinK, 3 
parts, iSqfi, a critic*! Listorical study with estcusive bsbJiography. 

~ ^ Archittiedtji Operas ed- Heiberg, III, i&j. 

^Too small hajt thou diCiigiiKd the rOy&! tomh- 
DuuHe it; but preserve the cubic toriti, 

*Th[is Produs: “Nicomedes trisected every nectitinoal ang;ie by* mearij of 
the opneJujidaJ lipes, the Luveutor &£ whose particular nature he isi and the 
Origin, constructipTi, properties oi which he, has crplaipc^r OtherFi have 
solved the aanie probkm by meaDs oJ the ouMiratricesof .HippiasandNiconttedca 
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is d distant from a fbted line and we draw OX parallel to 
AB and OY perpendicular to OX. We then take any line OA 
through Of and on OA produced lay off AB = ab* = a con¬ 
stant. Then the locus 
of points r and is a 
conchoid. According as 
we have O a nodcj 
a cuspj or a conju¬ 
gate point. The equa¬ 
tion of the curve is 

In order to trisect a 
given angle we proceed 
as follows: 

Let YOA be the angle 
to be trisected. From A construct AB perpendicular to OY. 
From O as pole, with AB as a fixed strai^t line and 2 t? as a 



o 



TRAMITEL FOE CONSTRUCTING THE COKCH0H> 

Fmin Bettini's Apinria Umv^nas Philos^phia^ Maihemtilicaet Bologna, 1641 

constant distance^ describe a conchoid to nieet OA produced at 
/’and to cut OYs^t Q. At A construct a perpendicular to AB 

. . .; otherss atarlins irom tht spiraiB of Anchjnjede” (Produs, td- 

Fricdltinj p. 3^2 (triQalation b(y AUcnaJs) j ace also G(?Wi Gr^^k p. 

Heath, I, *3^1 ■ 
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meetijig the curve at T. Draw OT and let it cut A£ at *V. Let 
Jf be the mid-point of NT. 

Then mn= ma. 

But NT= 3 OA by construction of the conchoid. 

Hence MA = OA^ 

Hence £A 0M= ZA^fO = 2 ZATM=i z A TOQ. 

That is, ^A0Af= f Z YOA, and Z TOQ = ^ Z VOA. 

The Quadratrix. A Greek geometer named Hippias, probably 
Hippias of Elis^ (c. 425 3i.c.}j invented a curve which he used 
in the trisection of an angle. In this figure^ 
Z is any point on the quadrant A C, As 
the radius OX revolves at a uniform rate 
from the position to the position OA, 
the line J/iVmoves at a uniform rate from 
the position CB to the position OA^ always 
remaining parallel to OA, Then the locus 
of Tj the intersection of OX and MN, is 
a curve CQ. Manifestly, when OX is 
one nth of the way from OC around to OA,MNh one »th of the 
way from down to OA. Ifj therefore, we make iOO, 
MN will cut CQ at a point T such that OT will trisect the right 
angle. In the same way^ by trisecting OM we can find a point 
T' on CQ such that OT' will trisect angle A OX, and so for any 
other angle* The method evidently applies to the multisection 
as well as to the trisection of an angle. 

Other Methods of TrisettioiL The next prominent investiga¬ 
tion of the problem is one that is attributed to Archimedes' 
(c. 235 B*C.), although probably not 
due to him in the form that has come 
down to us. The plan is as follows; 

Produce any chord AT of a circle 
until the part produced, BC^ is equal 
to f, the radius. Join C to the center 
O and produce CO to the circle at T, 

^Eut ttiis has been questioned. For the arguments, see Allman, CrffJfc Geom., 
p. 9S, ScG also Vcrtumc I, patm Ss, n., and Heath, I, 

See He^tb, Archtm^fU^] Ailmiii, Greek Geom.j p. qo. with refereurts. 
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Then arc is three times arc that is, 

This, however, is manifestly no solution of the problem. 

VIeta (c. 1590) was led by this to suggest the following: 

Let ^AOB be the angle to be trisected. Describe any 
circle with center O, Suppose the problem solved and that 
Z AOF= ^^AOB, Through B sup¬ 
pose BRQ drawn parallel to FO. 

T\i^n^RBO=AORB = ^^AOP= 

2Z<^. But j^OBB=AQ+AROQ^ 
and hence A^Q = Zroq^ and so 
OB = QR. The problem is there¬ 
fore reduced to the following: 

From ^ draw BRQ so that the part RQ^ intercepted between 
the circle and the diameter AS produced, shall be equal to the 
radius, a construction involving the use of a marked straightedge. 

Re^lar Polygons. If we can trisect an angle of 360'’ we can 
inscribe a regular polygon of three sides in a circle, and simi¬ 
larly for the inscription of other regular polygons. The trisec- 
tion problem therefore naturally suggests the larger problem of 
the inscription of a polygon of any given number of sides. It 
was for a long time believed that the Greeks had exhausted all 
the possibilities in this line. In 1796, however. Gauss showed 
that it was possible, by the use of the straightedge and com¬ 
passes alone, to inscribe a polygon of 17 sides. He even ex¬ 
tended the solution to include polygons of 357 and 65,537 
sides. The general proposition, as it now appears, is as fol¬ 
lows ; A regular polygon of p sides, where ^ is a prime number 
greater than 2, can he constructed by ruler and compasses if and 
only if p is of the form 2^ + 1. For ^ = o, i, 3, 3, and 4 the 
values of ^ are respectively 3j 5, 17, 257, and 65,53?; hut if 
t p = 641 X 6700417 and hence is not prime.* Gauss has 
left the following interesting record of the discovery: 

The day was March 29, 1796, and chance had nothing to do with 
it. Before this, indeed during the winter of 1796 (my first semester in 



iFor Hit theory see J, W. A. Young, Meno^mphs on Modern Mathematics 
QJtvr York, iflirj, aitidc hy L. E. Dicksoiii p- with relerencca. 
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Gottingen) j I had already discovered everything related to the separa¬ 
tion of the roots oi the equation 

-^ o 

X — t 

into two groups. , . , Alter intensive consideration of the relation of 
ail the roots to one another on arithmetical grounds, I succeeded, dur¬ 
ing a holiday in Eraunschwaigj on the morning of the day alluded to 
(before 1 had got out of bed), m vievi-ing the relation in the clearest 
way^ so that I could immediately make special application to the rj- 
slde and to the numerical verification, ► , ^ I announced this dis¬ 
covery in the LUerntiirzeUuni of Jena, where my advertisement was 
published in May or June, 1796.^ 

Squaring the Circle. The second famous problem of antiquity 
was that of squaring the circle. The first attempts were of 
course empiricah They were made long before the scientific 
period of the Greek civilisation^ and they naturally resulted in 
rude approximations. 

The first definite trace that we have of an approximate value 
of jr is in the Ahmes Papyrus“ (^. 1550 B.c,). There is given 
in that work a problem requiring the finding of the area of a 
circle^ the methodj expressed in modern symbols^ being as 
follows: A^(d--laf, 

which amounts to saying that ^ =3hi6o 5 — ^ a result apparently 
arrived at empirically, as already stated on page 270. 

It is probable that 3 is a much older value of tt, although we 
have no extant literature to prove this fact^ We find such a 
value in early Chinese works/ in the Bible,* in the Tabnud/ 

^R. C. ArchibaJd, "Gauss and the Rf!gu[iir Folyetui of Seventeen Sides,” 
Math. MaMh^ XX\T[, 323, with bibliography. 

®Peet, Rhiftd Papyrtts, p. 90; Eisenlohr, Papyrus, p. 117; G. Vaoca, 

*'Sa 31 a ciLiadratura del ditoln seconda I’ Egijiatio Abiues," Bolleltino di bihtio^ 
I’rafuL e itaria dcBe icicnzt XI, C5. 

in the Chda-pei. See Mtkami, China, pp. 46, 1-5$. It should be. nmn- 
Lioned again that thene atie doubts as tn the reliability of ajidont Chinese tc:cE&. 

^'^And he made a. molten ?ea, ten cubits from tlie one brim tq. the othori it 
W3& it>und aEl about . . . and a liae qf thirty ojbits did compaS!; it round about” 
(i TCineSf vii, 53. See also j Chronicles, iv, 2). 

5 In both Mishna and Talmud the value is always 3, the reason being tradi¬ 
tional, based upon Soluonon^s "molten 
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in the early Hindu “works/ and in the medieval manuscripts, so 
that it was generally accepted in all countries and until rela¬ 
tively modem times. 

The Greeks were not content with results that were merely 
empidcalj howeverj and so the rectification of the circumfer¬ 
ence or the related problem of the squaring of the circle 
attracted the attention of their philosophers. For example, An¬ 
axagoras 440 E.c.) is said by Plutarch" to have been put in 
prison in AthenSj and while there to have first attempted the 
solution. The results of his work are, however, unknown. 

Methods of Attacking the Quadrature. There are three meth¬ 
ods of attacking the problem: first, by the use of the ruler and 
compasses only ; second, by the use of higher plane curves; third, 
by such devices as infinite series, leading to close approxima¬ 
tions. The leading Greek mathematicians seem to have found 
the futility of the first method, although they did not prove that 
it is impossible; with the second method they were successful; 
with the third method they were less skillful.® 

Method of Exhaustion. Antiphon (c. 43° b.c.) attempted the 
quadrature by inscribing a polygon (some early writers say a 
square and others a triangle), and then doubling the number 
of sides successively until he approximately exhausted the area 
between the polygon and the circle. Ey finding the area of 
each polygon he was thus able to approximate the area of 
the circle.^ 

Attempts of Hippocrates. Hippocrates of Chios (c. 460 b.c.) 
attempted the solution and w'as the first to actually square a 
curvilinear figure. He constructed semicircles on the three 


i''Tlie diamiler and tlie squirt of the semSdjamfiter, bebis aeverally multu 
pikd by three, are the practical circumfeMnee and area. The square-reots 
uacted^from ten times the squares the same ate the neat ColebrooU, 

Brahma,, p. :io3. Sec als. Mahavira, p P' 

It JOf e::ci^^e, cap- 17 , edr Dubncr-Dirin-t of tha MordtOi T, 734 paras, i S . 

See also the Leipzig edition of IIL 5^3- j W 

Radio, “Der Bericht des Simplicius fiber die Qyadratut^ des -^titiphon und 

des Hipp^tes ” in Bibl MdK HI (s), 1. 

text (^prig, Aiimsn, CJeow., pp- With respect to Bry^i* 

tac ibid.y pp. J7, aij but compare also Volume L page 64 , 
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sides of aa isosceles right-angled triangle and showed that the 
sum of the two lunes thus formed is equal to the area of the 

triangle itself. Having a triangle 
equal in area to a lunCj he had 
only to construct a square equal 
to the triangle. His proof in¬ 
volves the proposition that the 
areas of circles are proportional 
to the squares of their diametersi 
—a proposition which Eudemus {c* 335 b.c.) tells us that Hip¬ 
pocrates proved.^ To the quadrature problem as such^ however^ 
his contribution was not important. His method of attack was 
substantially as follows: 

In a semicircle ABCD^ center he inscribed half of a regu¬ 
lar hexagonj k. On the three sides and on OB be described 
semicircles as here shown. Then the four small semicircles are 
together equal to the large semicircle. Subtracting the common 
shaded partSj the three lunes together with the semicircle on 
OB are equal to the half 
of the regular hexagon. Now 
take from h a surface equal to 
the sum of the lunes, which 
can be found by the method 
already given (and here is the 
fallacy), and there remains a 
rectilinear figure equal to the 
semicircle on OB, It will be 
observed that Hippocrates asr 
sumed that every lime can be squared^ whereas he has shown, 
as we have seen, that this is possible only in the special case of 
a right triangle.^ 

fragmtntar ed. 5p«ngel, p. uS. The propdsrUqn if true tor 

iny trEangle, but Hippocrates prvved it only for the i^^eles ca». 

See Allman I Gretk Geom., p. 6ej W. Lietemann, Dtr Pytkagarniscftc Lthrsats, 
p. (Leipzig, 1912); £1. W. Hobson, S^jtiarvts Cirdv, p. 16 (Cambridge, 
191J1; Heith, iTtstorj.', I, iS^., with a Eummary of reoent Eiteriture on the -autiiKt. 

^For dataila relating to the work of Hippocrates on Junes in geioeial, »e 
Heath, Eiitcry, I, ife-soi; Allman, Greek Geom., p. 65 
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The Quadratrix. The next notewotthy attempt was made by 
Deinostratus (c. 350 b.c.). Pappus' makes this statement: 

For the quadrature of the circle a certain curve was employed by 
Deinostratus, Nicomedes, and some other more recent geometers, 
which has received its name from the property that belongs to It; 
for it is called by them the quadratrix,® 


This is the curve used by Hippias in the trisection of an angle. 
In the figure given below it can be shown that 


cx^ _ co^ 

CO ~ OQ^ 

and since these terms are all straight lines except the quadrant 
CXA, it is possible to construct a straight line equal in length 
to the quadrant, and hence to rectify 
the circumlerence. 

To prove the proposition Pappus states 
that the reductio ad abst^rdum was em- 
ployed. Jf CO 

CO ^ OQ^ 

then the proportion can be made true 
by increasing or by decreasing OQ\ but it will be shown that 
this cannot be done without leading to an absurdity. 



First, suppose that 

Then, since 
it follows that 


_ CO 
CO OA*' 

CXA ^ ^ CO^ 

d'J^A^~ C‘ 0 ~bA* 
CjPA^ = CO. 


OA' > OQ 


And since, from the 


we have 


property of the curve, 

CXA CO 
XA 

CXA ^ C'I'A* _ CO. 
XA FA* PA** 


^Pappus, IV, rap. xjtx (erf, Hultsdi, I, 2^3) ; HanW, Ci^chichit, 

p, iSi; Cantor, I (ah S33i Hiathj Sisioryt I, 3^6, 

“ T^rt^^w.'ywtEJVHnJa (frflJIflwfJO KJ0). 
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Tvhence arc FA* = FA'\ which is impossible, since an arc cannot 
be equal to its chord, and since their Imlves cannot be equal. 


VT . 

Next, suppose that 


OA'*<OQ 



Hence CO must be equal to if the hypothesis is correct. 

CXA 

MA^* " XA ' 


But 


and because CFQ is a quadratcix we have 

CXA C O . 

FA**' 


whence 


XA 

C'MA** 

MA" 


CO 

FA'*' 


But in the same way as it was shown in the first part of the 
proof that 

on the hypothesis there made* so it may be shown here that 
C"MA**=CO 

on this hypothesis. It then follows from this proportion that 

^fA** = FA*' 

which leads to the absurdity that the circumference of a circle 
is equal to the perinieter of a circumscribed polygon. 

Hence tlie second hypothesis is also untenable. 

CXA CO 

Hence 

and CXA, a quadrant^ can be constructed. 
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Method oi Archimedes. The next ncteworthy contribution 
\va.3 that of Archimedes {c. 225 :b.c,)j who asserted that: 

I. The area of a circle is equal to the area of a right-angled 
triangle one of whose sides forming the right angle is equal to 
the circumference of the circle and the other to the radius.^ 
i. The ratio of the area of a circle to the square on the 
diameter is approximately n :j4.. 

3. The ratio of the circumference of a circle to the diameter 
is less than 3^ and greater than 3|-f, 

To prove the third proposition Archimedes inscribed and 
circumscribed regular polygons, found their areas up to poly¬ 
gons of 96 sideSj and showed that the area of the circle lies 
between these results* These limits* expressed in modern deci¬ 
mal form, are 3,14285714 - - - and 3,14084507 - - '* If our pres¬ 
ent notation and our methods of finding a square root had been 
known, the result would have been closer, since the geomet¬ 
ric method permitted of any desired degree of approximation. 

The Romans were little concerned with accurate results in 
such matters as this, and so it is not surprising that Vitruvius 
(c. 20 B,c.) speaks of the circurnference of a wheel of diameter 
4 feet as being 13^ feet, thus taking as 3^*“ 

Other Greek Approximations of After the time of Archi¬ 
medes the value 3^ became recognized as a satisfactory ap¬ 
proximation and appeared in the works of Heron (c. 50?), 
Dominicus Parisiensis (137&), Albert of Saxony (c. 13&S)) 
Nicholas Cusa (c* i4So)j and others. Since one of the common 
approximations for a square root in the Middle Ages was 

aud since this gives = 3 + --^‘ ^3^= it is natural to 

expect that Vio, which is 3 h 1&23 »- would often have been 
given as the value of ir, and this was in fact the case* 


1 Heath, AmhiTJiEiies, p. Heiberfi, L *59; Heath, Sc^sS. 

2 Df. Arckitectura, X, tip. 14, Rose's edition (iBSg) ijivts the diameter as 
4-iYfeet, which would make tt eqit&l to 3, See £It?L Math., I Q), 
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Ptolemy (c* 150) seema to have taken the Archimedean 
and to have expressed them in sexagesimals^ obtaining sub- 
stantiaJJy = 3 S' 34-and 3 v 5 - — 3 S' 27.04L He then im¬ 
proved upon the mean between these results by taking 3 S' 50'' 
as the approximate value of tt, although a still closer approxi¬ 
mation is 3 S' 3g.73355". Since 3 S' 30''=?= 3.1416^ his result 
was very satisfactory^ 

Hindu Values of The Hindu mathematicians took various 
values of ir, and no writer among them seems to have been uni¬ 
form in his usage, 

Aryabhata {c. $10 )t or possibly Aryabhata the Younger, 
gave the equivalent of 3.14^*, his rule being; 

Add 4 to 100, multiply by add 62,000, and you have for a 
diameter of two the approximate value of the circuniferenoe.' 

Brahmagupta (c. 628) criticized Aryabhata for taking the 
circumference as 3393 for both diameters 1080 and 1050, which 
would make tt cither 3^^^ or 31^^?? that is, 3.1416 or 3.2314, 

A certain astronomer, i^lisa/ to whom Brahmagupta refers, 
gives 3 yV/tF) which is 3,18+, and Ya^qub ibn Tfiriq (c. 775) 
mentions certain Hindu astronomical measurements which give 
the same value* He also states that Puh^ used a value equiva- 
lent to 3,14183, and Brahmagupta a value equivalent to 3.162. 
For himself Ya'qub ibn T^rriq used in one case a value equiva¬ 
lent to 3 ^i4iiA 

In case the value 3*1416 is due to either of the Aryabhatas, 
it may have been obtained from the Alexandrian scholars, 

^ Heath, Histfrry, J, 353. 

^ L, Rodet, " Le(;ona de Calcul d’Aifyabhata,^’ Jaunal Aiiatiqjis 35 ciljed, re¬ 
print, p. ir. There is some doubt as to wfaether this rule Is due to either oi 
the Atyibhatas; see G. R, Kaye, "Notes an IndiEtn Mathematics, No, a, 
Aryabhata,'' in /aum. (i?r 4 Fmc. af tht Aiiafic of Bingai, IV, reprint. 
The word ayutAs means myriads, that is, lojooo’s. Tbt rule is translated more 
simply in Volume I, page 156, 

!JThe name appears as PauliFji, Pylisa, and Paulisa. For a discussion, see 
Sajchi'u’& translation of Allicrflni’s JadEn, H, 304 (London, igio)j hereafter rc- 
reired to M Alhfrani's hidia. On Erahmasnpta^ criticism of Aryabhalja, see 
I, Nothios Itnowh con-cetning the Hie of Fulila, 

^ Aib&ranrs lAdia, II, 67, 
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by whom it was then known and whose works may well have 
reached India, or it may have been found independently, 
Brahmagupta' (c. 62S) used 3 as the ^^practical^^ value and 
Vto as the “exact’' value, and these values are also given by 
MaMvlra^ (c, 850) and Srldhara^ (c. 1020). 

Bhaskara (c. 1x50 used for the “near" value and -V- 
in finding the “gross circumference adapted to practice/'^ the 
former being the same as the value 3 of Puhsa.^ 

Chinese Values of ir. The Chinese found various values of tt, 
but the methods employed by the early calculators are un¬ 
known. The value 3 was used probably as early as the 12 th 
century E.c “ and is given in the Ch6u-pet and the Nine Sec- 
iions.^ Ch’ang Hong (c, 125) used Vro, and Wang Fan 
(^, 265) used which is equivalent to 3.15SS* ^ Hm 

(263) gives us the first intimation of the method used by the 
Chinese in finding the value. He begins with a regular in¬ 
scribed hexagonj doubles the number of sides repeatedly, and 
asserts that “if we proceed until we can no more continue the 
process of doubling, the perimeter ultimately comes to coincide 
with the circle.”^ 

Among O'ther early Chinese values of no high degree of accu¬ 
racy are those of Men (c. 575), who gave 3 hI 4, and W^u 
(c, 450), whose vaiue was 3.1432 
Tsu Ch’ung-chih ((:. 470) was able, by starting with a circle 
of diameter 10 feet, to obtain 3,14x5927 and 3.1415926 for the 
limits of -TT, and from these, by interpolation, he obtained the 
“accurate and inaccurate" values and No closer ap¬ 
proximations were made in China until modern tiroes,® 

^ Colebrooke^s iranalation, p. -Mahivira, pp. iSg, ?qo, 

’’ColebrooJte's Eranslation, p. 6 j- 
^ Colebrooke^a tTanslation, p- £7. 

’^Ou the general aubfect of the Hiiulu ^TUudraturea He C- M. Whish, On the 
Hjtidit Qwtufra^JB'e of tfte ii ]>iiper read before the Madras Literary’ Society, 

Uccember 1$, *^Mikami, ChinHf p, 46 r 

^For discusioji of tbe dates of these works, see I, page 31. 

^For his cdTnpoitatioris, sec MlJtami, p. 4S, 

On the ’Hfnrk of the later ’writers, after the introduction of Fvrapcaji mathe¬ 
matics, ace Mikami, Chinaf p. 135. In none oi these early appiozrimatiana was 
the decimal fraction used. 
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The Japanese did no noteworthy work in this field until the 
17th century. They then developed n kind of native calculus 
and also made use of European methods which gave them fair 
approximations to the required ratio.' 

Later Approximations of tt . The following is a brief snminary 
of some of the later European approximations of tt, with the 
names of those who used them t 

Franco of Liege" (c. 1066), tt^ 3,142857+. 

Fibonacci^ tt = | = 3.141S1S. He also gave the 

limits as 3.1427 and 3,1410. 

Al-Kashi* {c\ i 43 o)j 3,141 Sp 2 6535 S 9 S 733 ^ 

Tycho Brahe(^. X5S0), ir = = 3.1409, 

Simon Duchesne" (c. 15S3), 7r= = (,^!J}- = 3.14256198, 

Vieta (c. 1593), 3.i4i5926s35<^r<3.i4i592bS37. 

Adriaen van Roomen (1561-1615) gave tt to 17 riecimEtl 
places. 

Ludolf van Ceulen (1540-1610) gave to 35 decimal places^ 
and German textbooks still speak of tt as the ^'Ludolphische 
Zahl.” 

Adriaen Anthoniszoon (c, 1600) and his son Adriaen Metius 
(1571-1635)^ = the Chinese value.' 

J, H. Lambert" 1770), 


’r= (D*. (Vf. ( 5 !)’. (| 3 f. (!3 


/a in\ 
VIC T/' 


^ STnilh-'Mik^zni, pp. H passim. 

-Ab!tsndl^jiSE«rt IVf ijcj- The dcdinftl cnwivalcrits art modorn in all these casea, 

^■'Practica geometriae” in his Jcritii, II, qp. Set aUo H. Wessscnbumi "Die 
BerethnuDg des Krtisumianges tei Archimicdts und Leonairdo Pisano/' 

Sludieft fUr iiujiicAt Phiiolo^E ArchdpiegiF., XIV. 

'^Sec Volume If pages 5a?>f 3905 Volutnii 11 , pages sja, 

'‘"Orijonal name, Tyjre Ottesen. It is not known how he tame to give this curi¬ 
ous vaJuc. Ste F, J. Studnickai Esrkiti iibrr die Asiratogiseken SLudirn des .. . 
Tycho BrakEi p, 49 (Prag, igoi). Cantor, GKchichte, ll (a), Ifo?- 

^Thcy took the approidmation added the numeratora 

Ds-|-iV ^3J) and the dcnnn]inator 5 (loe-f-130 ^ 2^&), took the means { t 6 
and 113), and gave =; =^4.1+15919,, a very close apprOKimalion 

for the time. Priority for this ir claimed for Valentinus Otto (c. 1550-1605). 

^Vorldufigi^ Keuninme fUr dw, JO dU Quadroiitr wid Rcktifi'kimoK. dej Circufj 
stichen, 13, I4jO (Berlin, 
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The value of was carried to 140 decimal places (136 cor¬ 
rect) by Georg Vega (1756-1802), to 200 by Zacharias Dase 
(iS2 4-iS6i)j to 500 by Richter (died in 1854), and to 707 by 
William Shanks (c. 1S53). 

Continued Products and Series, Vieta (c. t5Q3) gave an¬ 
other interesting approjcimation for ttj using continued products 
for the purpose. His value may be obtained from the following 
equation; 

^= vj' V ^ ^ ■ ■ ■ ■ 

John Wallis (1655)^ gave the form 

4_ 3 -3 - 5 ■ 5 '7-7 II ■ 11 ■ ■■ 

TT 2 ' 4 ' 4 ‘ 6 - 6 -K-S - 10-10 - I 3 --- 

This is related to Lord Brouncker^s value (c. 1658) in which 
use is made of continued fractionsp as follows: 


l = r + ^ 

TT . 9 

2 4 ^ - 


3 + 


2 4 - 


Leibniz“ (1673), 


4 3 5 7 9 


Abraham Sharp (c* 1717), 


3"-7^3*-9 

from which he found the value of tt to 72 decimal places. 


^Ariihmetica Infiiaiarujyi (1655)1 included in liis Opera, T, 469. 

^Set L. Euler, Opiiscula ftnulyticat Vol. I (Petrogradj sIm ( 1735 ?! 

' aTspecid case of Gr^ory'a (1671) S£n«- t»e Lagny {i6Sa) discovered it 
independentlyr 
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John Machirj^ {c^ 1706!, 


w n I , I I , \ 

4 ““ As 3-5"'^!-S‘ 


_/_i_^ I I 

W 9 S- 239 ' 


7 ‘ 239' 

Matsunaga Ryohitsu- (1739), a Japanese writer, 


I'' 3 ' 


+ 




7T I 

— ” IH-1 

3 4-6 4‘6‘S*io 4 * 6 ' * lO * l2 ■ 14 




Tie Symbol ir. The symbol " was used by Oughtred (^^ 47 ) 

tt 

to represent the ratio of the diameter to the circumference.^ 
Isaac Barrow (from c. 1654) used the same symbolism, and 

David Gregory (1697) used — for the ratio of circumference 
to radius. ^ 

The first to use ir definitely to stand for the ratio of c to d 
was an English writer, William Jones. In his Synopsis Pal- 
tnarwrmn Matkeseos {170(1) he speaks (p. 243) of "Periphery 
(ir)”; but on p. 263 he is more definite, giving 


''3.14139, &C. ^ TT,” 

+ TrjV' 

" ff ^ X TT = X 4 

and " a =IT X 4 tt,” 

Euler adopted the symbol in 1737, and since that time it has 
been in. general use. 


*W. jMKf Sytiilpiis rliw MaihiSE^s^ p, 243 {London, i70&)f eivK 

TT "True to atio^'e s. 100 Fiaces; as Computed ty the Acturttc and Ready Pen 
ot the IViity tneextioua Mr. Johxi Macbiii.’' 

-For a furtiier list of vaJims of tt consult D. E. Smitl], "The HUtotj' and 
Transcendence of on page 39^ of J. W. A. Yonn^, MeTtos^ctphi (jr . . n 

Jlodem iiathetf^atk^ (New York, 1911); Tropfke, GejcAftAte, TV (3), 195^ 
F. Rudio, XrcAwetffii, Muyg^, Lamberlf Legendre. Vier Abhandl-un^ett 

dir AVrijfliejjttBj, Leipzig, 

^'"Si in dn;u 3 a ail 7.22 :: J - w ;; 113.353; erit-J-w :: sR.P; periph.^^ This 
jymboElEm appears fir=t in the 11647 enJition of the Clovis Mathematicoe (iCsiL 
This quotalion ia from the 1^53 editlnn. See Cajori, Oughtred, p. 32. 
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The proof of the transcendence of 37 was first giwn by F. 
Lindemann (iSa2), thus showing the impossibility of squaring 
the circle by the use of ruler and compasses alone.' 

Duplication of the Cube*" Hippocrates of Chios (c*46oe.c.) 
showed that problem of duplicating the cube resolves itself 
into the finding of two mean proportionals between two given 
lines. If a:^=or:y = y:b, then = ay, f ^ hx, and hence 
ac* = or ac® = a^b. If then = 2a\ That 

is, the cube of edge will then have double the volume of a 
given cube with edge a. Since we have the three equations 
~ ay (parabola), (parabola), and {ib = xy (hyper- 

bola), we can evidently solve the problem by finding the inter¬ 
section of two parabolas or of a parabola and a hyperbola. 
These methods are credited to Mensechmus (c* 350 b.c.).^ 
Archytas (r. 400 s.c*) had already found the two mean pro¬ 
portionals, solving the problem by means of three surfaces of 
revolution* Eratosthenes (c. 230 a. c.) tells us that he is said to 
have discovered them by means of his semicylinders.*** It is 
possible that Archytas led Henichmus to discover a solution 
by means of conics* 

Eratosthenes also tells us that Eudotjcus (e* 370 b*c.) solved 
the problem "by means of the so-called curved lines,” but 
what these lines were we do not know,® The two statements 
here attributed to Eratosthenes are contained in a letter 
formerly (but incorrectly) credited to him. In the main, how¬ 
ever, this letter sets for^ facts with which he was familiar, as 
is shown from other sources. 

^D, E. Emithf "The History and Transccndeiiiie of ir** ioc. cUf p. 387! con¬ 
sult this work with respect to transcendental numbers in geneiiat 

®J. S. Matkay, iVtjp. 0/ tfte Eiimbursh Math. 5 m., IV, 1; T. G* Teiieirah 
Obras sabiT Malhtmaiica, VIF 253-415 (Cedmbraj i(ns); C. H. Biering, //iiioi'ia 
Ffobltmatis DupUaindi, Copenhagen, 1844 J Heatlii RiOory, I, 244^ F. En- 
riqueSr Fragen dsr Eletnf.»tar~Geomttrit, II. Tci] ^LeipEigf 1907). 

^On this point sw Heath, Hislpry, I, 251-45.5; Atlman, Gret^ p. r6o. 

^In his letter to Ptoleiny III. See ArchinaedK, Opera, ed. Heibei^, III, io 4 h 
106. Oo the salutioQ. as Eudeir*u& refates It, sec AHman, Greek p. m. 

See UtA P, Tannety, "Snr Ics solutions du probltme de Delos par Archytas et 
par Eudcuxe,^ in his Mimeires Sf^ierttifiqves, I, S3 (PaiiE, 1912) f Heath, Htriory, 
34(5^ * ATchimedes, Opera, ed. Heiberg, 311 , 
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Plato {c. 3Sa b.c,) is said to have solved the problem by 
means of a. mechanical instrument^ but to have rejected this 
method as not being geometric. 

We are told by Joannes Philop'onus" that Apollonius (c. 225 
B.c,) had a method of finding the two mean proportionals. The 
construction, however, assumes a postulate which begs the 
whole question 

Cissold of Diodes. One of the best-known of the ancient 
solutions was that of Diodes (c. iSo e.c,)j who used a curve 
known as the cissoid (from ^tfrcro«£^}? {khsoddes*)^ ivylike). 
In this figure, it OT and JQ is drawn, then -P is a point 

on the curve. Similarly, 
will determine on 'TQ pro¬ 
duced a point on the curve. 
The cissoid evidently passes 
through AW is an asymj^ 
tote, and the curve is symmet¬ 
ric with respect to AK 
By the aid of the curve 
two mean proportionals can be 
found in the following manner: * 
Let OAf = 1 r, determine P 
by producing BAf to the curve, 
and draw AP and produce it 
to A', letting it cut the circle 
at Q. 

Through P and Q respectively draw SL and QT perpen¬ 
dicular to AP. 

Let PL = SL =5 jv AL ^ a\ 

75 ^ ^ ^ 

^For iipuH? and dtstriptioTi, based on 1 ?.ta.tjerni:nt of Eutocius (c. 5^)1 
Tropfke, GeicAiAitc, II (ij, 41 j Allman, Creek Geoni,, p, 173 ^ ArchimcdeSi Opera, 
f'd. Heibere, III, fifi; HcuJtb, JJisiory, I, 353, 

IiuduFTif a ha Ffiiiafsiii}^), also known os i FpaiUiiaTEffij 

{ho GramtitaHkos’)^ an xAltianrfriaTi acholar of tbe 7tli century; not a very reli¬ 
able Murqt. Thft proof appears in Heath, Apalloidas, p, cxw. 

■*For a aoToewhat diflerent proof ms Heath, lliitary, T, 3^14. 
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Because aaLF is Hmilar to Aatq^ which is congruent 
to which is similar to A^Z5, we have 

^ —Z— ^ ^ 

y FI 

We therefore have two mean proportionals between c3 and ^^3. 
Hence 


and 

Also, 

whence 

and 






1 r 

a' 


.1 ,>*= 




it^= zf 


Therefore in the above figure we simply have to make 
FL = ^ which \ve get by having made OM= ^ f . Then SL is 
the side of a cube equal fo or = 2y^. Hence 

_g Z __ 

side of given cube side of required cube 

Later Methods* Several modern writers have suggested 
methods for duplicating fhe cube. Among these are Vieta/ 
Descartes,- Fermat,® da Sluze,^ and Newton."^ Descartes con¬ 
sidered not only the question of finding tw^o mean propor¬ 
tionals, as required in solving the problem, but also that of 
finding four; and Fermat*' went so far as to consider certain 
cases involving n mean proportionals^ a line of work which was 
later followed by Clairaut. 

Viviani' solved the problem by the aid of a hyperbola of the 
second order (^cy'^ = {f). Huygens (^654) gave three methods 


^Opem MMhemiJtiea, ed. Van SchooteTi, p, j+s. Leyden^ 164.6. 

^Suffigeated in La Giomitrie, Bool; lET. 

^In hi^ memoir Ad hcPS p-t soitdoi written before UcHtartes 

published hU work, but JiOt m&de known until after Fermat's dcatb. 
his t663, 

^ ArUhjije^ica Vniver-LaliSf 170?, p. I, iiR- 

"^Ojiaito di Eudide 0 St^hnze dflU prapitsi&ioni spiegate cofla 

dotiri/m (7flW/ee fFlorcncei 1647}. 
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of solving. Newton (1707) suggestetl several methods but pre¬ 
ferred one which made use of the Ijina^on of Pascal. One of 
the compajatively recent methods is that employed by Mon- 
tucci/ who made use of the curve defined by the equation 

y='^{7,v 

S. Analytic Geqmet&y 

Three Principal Steps. There are three principal steps in the 
development of analytic geometry: (i) the invention of a sysr 
tern of coordinates; (2) the recognition of a one-tonine corre¬ 
spondence between algebra and geometry; and (3) the graphic 
representation of the expression y = f(x). Of these^ the first 
is ancient, the second is medieval, and the third is modern. 

Ancient Idea of Coordinates^ The idea of coordinates in the 
laying out of towns and lands seems unquestionably to have 
occurred to the Egyptian surveyors. It is to 
them that Heron was apparently indebted for 
his fundamental principles^ and from them the 

--— Roman surveyors acquired their first knowledge 

— --:-of the science. Indeed, the districts (he^p) into 

which Egypt was divided" were designated in 
hieroglyphics by a symbol derived from a grid, as here show^n, 
quite as we designate a survey today.' 

Latitude and Lcugitude. The first definite literary refer¬ 
ences to the subject appear, however, in the works of the early 
Greek geographers and astronomers. Hipparchus (t. 140 n.c.) 
located points in the heavens and on the earth’s surface by 
means of their longitude^ and latitude,^ the former being reck- 


^Riiolutien de I'etjnaiitm liu cinquUmi Paris, i3e$, 

^Xnown to tbe Giteks as ivpa! nomra) aod to Pliny as preefectjirae 

ffppidofWH. 

^B. W. Bud^ Thf MmKtny, p, S (CaTnbridse, See also Cantor. Ge- 

jcAicftie, I (2)> 67. 

*Mflj£ar len|;th: Latin. distance from east to we^t; so 

caJletl bt?cause the lejngth of the kh^wii Tvorld was alfljtgj the Mediterranean Sea. 

^TTMtoi ipta'ioSt width; Latut, . Le., diatanoj from north to soutJi; 

50 called because the width of the known worfd was north and south. 
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oned from the meridian of Rhodes, where Hipparchns took his 
observations. He also located the stats by means of coordinates. 

In the second century Marinus of Tyre (c* 150) took his 
prime meridian through the Fortumtae Instdac^ and perhaps 
through the most western point, this being the end of the earth 
as then known, and Ptolemy (c. 150) used the same line.^ 

Ancient Surveyors. The ancient surveyors located points in 
much the same way as the geographers. Heron (c. 50?), ap¬ 
parently following the Egyptian surveyors, laid out a held with 
respect to one axis quite as we do at present^ although, strictly 
speaking, two coordinates ate used.^ 

The Romans brought the science of surveying to the highest 
point attained in ancient times.* They laid out their towns with 
respect to two axes, the dedmannSj which was usually from 
east to west, and the cardoj an axis perpendicular to the ded- 
They then arranged the streets on a rectangular co¬ 
ordinate system, much as in most American cities laid out ii 
the 19th century.'^ 

Rectangular Axes in Greet Geometry. In their treatment of 
geometric figures the Greeks made use of what were substan¬ 
tially two rectangular axes. Mensechmtis (c. 350 n.c.}, for 
example, may have used that property of the parabola expressed 
by the equation = pXj and also that property of the rectangu¬ 
lar hyperbola expressed by the equation xy ^ Archimedes 
(c. 225 who no doubt was indebted to the lost work of 

Euclid on conics in general, used the same relation for the pa¬ 
rabola, his results being expressed as usual in the form of a 
proportion.® 


^ Probablyf as stated in VoJuine I. indudirig the Canwy, Madtiia, and Avoirs 
groups. 

edition oi PtolcnDyf VI, 17 (Paris, iSj 3 ). ^ 
sScc his Opefa sHpersiiist ojnaia, V, 5 (LeapEi^;, tS9gi-i?i4h on his 

stereometry and mensuration, 

■<M. Caotur, JJzf rdiHiJc^en igi iiK£f!Sorsn,l^cipiig, 1B75. 

■^As Frontinus sUte it in his Liber 1, '^apr . . . decimanis et mrdinlbus con- 
tinctur”; pet fitrigas [rove's] tt per scamna [steps] diuisus.” He also ueed 

oblique coordinates. See the Lacbmann and Rudorfi edition for dinsrams- 
*0n all this discoaion see Heath, P- TliilorVt IT, 
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Apollonius carried the method much fartheij as may be seen 
by the follomng statement: 

If straight lines are drawn from a point so as to meet at given 
angles two straight lines given in position, and if the former lines are 
in a given ratio, or if die sum of one of them and of such a line ps 
bears a given ratio to the second is given, then the point will be on a 
given straight line.^ 

This is only a nonsymbolic method of stating that the equa¬ 
tion jc = ny — 5 represents a straight line, a and b being positive. 

Sir Thomas Heatli calls attention to another essential dif¬ 
ference between the Apollonian and Cartesian points of view: 

The essential difference between the Greek and tiie modern method 
is that the Creeks did not direct their efforts to making the fixed 
lines of the hgure as few as possible, but rather to expressing their 
equations between areas in as short and simple a form as possil^le. 
AccordingEy they did not hesitate to use a number of audliary fixed 
lines, provided only that by that means the areas cotre^pondinf; to 
the various terms in x\ xy^ . . . forming the Cartesian equation 
could be brought together and combined into a smaller number of 
terms. . , . In the case, then, where two auxiliary lines are used in 
addition to the original axes of coordinates, and it appears that the 
properties of the conic (in the form of equations between areas) can 
be equally well expressed relatively to the two auxiiLaty lines and to 
the two original axes of reference, we have clearly what amounts to 
a transformation of coordinates.^ 

Ordinate and Abscissa. As to technical terms, the Greeks used 
an equivalent of "ordinate.”^ For abscissathey usetl such 
expressions as ”the [portion] cut off by it from, the diameter 
towards the vertex,'^ Apollonius uses the word "asymptote,’*'* 
but the word had a broader meaning than with ns, referring to 
any lines which do not meet, in whatever direction they are 

1 On the work of Apollociiua set Volume I, p&Kc Heath, 

-Heath, p. cxviii. See AlIso his Airfsr;y, IT, lah-ioS. 

^That ia, Tcrav^^pwi (teia^men^ifs, ordinate-wise). The sauit term Ls used for 
the tanpent at the extremity a diaiuetM. p. clsii, 

* Latin ah -j- iciJM., from aif (off) + idttderc (to culL 

Etodi d privalivc + together.. J- p-rt.irfis'. falling). 
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produced. The names '^ellipse,” "parabola,” and "hyperbola” 
are probably due to Apollonius/ although two of 'them are 
found b late manuscripts of the works ci Archimedes. 

Oresme^s Contributioiu In the Middle Ages Nicole Oresme 
(c* 1360) wrote two works= in which he took a decided step in 
advance. He considered a series of points which have uni¬ 
formly changing loH^itudifics and IdtUudineSj the first being 
our abscissas and the second our ordinates.^ The series of 
points determined by the ends of the hlUtidincs was called a 
farma, and the difference between two successive latitudines 
was called a grudus. If the Idtitudines are constant, tlie series 
of points was described as unifiyrmis siti^detn gmdus] but if 
the laihudines varied, the forma of the series of points was 
di§ormh per oppositum. The difference between two succes¬ 
sive latUiidino^ was the excess:ii^ graduum^ and this might or 
might not be constant. In the former case the forma was uni- 
fortniter di^ormis ; in the latter case, di^ormitet di§ormh. The 
formae considered were series of points arranged in rectilinear, 
circularj or parabolic order. Of course only positive latUudines 
were considered. Here, then, w^e find the first decided step in 
the development of a coordinate system, apart from the locat¬ 
ing of points on a map of some kind \ but we also find a lack 
of any idea of continuity in the point systems. The method 
was the subject of university lectures at Cologne as early as 
i^gS,* as witness the statutes of that period.^ Kepler and 
Galileo recognised its value, and the former was influenced to 


^ Heath, ApoHomta-, p. tT%iui Hhtory^ 11, 

^ I'rudatus dc jarmarimi and Tractates de urdfattniLoie dtf- 

formitaie iHipnjJOHH™, See the Zeiiichnfi (HI. Aht.j, Kill, g:. llie first of 
these tractates wras ptitited at Padua in 1433 and again in T43&, in Venice is 1505, 
and in Vienna in igi^. 

sTropIke, G^ckrehu, II (ih 409? H. Vi^ieleitner, BihL Math,, XIV !to. 

*Elanket, GestMckU-, p. gst- 

^"'llem atatuimus quod Bacaiarius temptasduJ debet ludlvisse hbros inira- 
scriptos . . . aliquem tractatnen dc iatitudisibua fortnairiini/^ Se? F, J- vi^n 
Bianco, Die aite Unive^sitUt KiUk, I, AnJagien, p. fCologf*®? ; S- GCnther, 
"Die Anfasfie iind EntwickeiunssstadEcn des Coondinatisprincipes,’’ Abinmd^ 
lungen d. notwrf-, sa Niirnbergi VI (1877); reprint, p. Hi: hcrealti^^" 

referred to as Giinther, Die Anfwige-. 
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make mucli use of it in iiis astronomical work/ Indeed, the 
use of a kind of coordinate paper for the graphic representation 
of the course of the planets is fountl much earlier even than 
Oresme, for Giinther- has called attention to a manuscript of 
the loth century-^ in which the graphs closely resemble similar 
forms of the present dayn 

Relation of Algebra to Geometry^ The second step in the de¬ 
velopment of analytic geometry has to do with the relation of 
algebra to geometry. If we consider such a proposition of 
Euclid (t;. 300 a,C.} as the one relating to the square on the 
sum of two lines/ we see that it is the analogue of the algebraic 
identity {a-b by ^ €^--h 2ab Euclid, however, had no 
algebraic symbolism, and while of course he recognized the 
analogy to the square of the sum of two numbers, it cannot be 
said that he related algebra to geometry in the way that we do 
with our modern symbols. 

When Archimedes U. 225 e.c.)^ Heron (c, 50?), and Theon 
of Alexandria (c- 350) found square roots, they used this propo¬ 
sition of Euclid^ but, again, they can hardly be said to have 
grasped the relation that is so familiar to us today. 

It is among the Arab and Persian writers that we first find 
geometric figures used in works devoted solely to algebra. Thus 
al-KhowirizmS (c. S25) considered numerous cases such as the 
following: "A square and ten Roots are equal 
to thirty-nine Dirhems Here he uses the 
annexed figure, the square having for its 
side one of the roots of the given equation 

39, 

a favorite equation with subsequent writers. 

Omar Khayyam (c. rioo) made continued use of geometric 
figures in his work on algebra/ thus recogniaitig the one-to-one 

amnia^ Fiisdi ed., IV, 6ro se^. (Frankfort a. il., 

2Z>(£1 Aiijdage, p. 19 and Fig. 2 in tJit plates. 

Cod. Lat. 14^6: ^^Macroblis Boetius in Isagoj. Saec. X.” 

*ElEtn^ms, IIh 4. ■"RjOSen'’fi trinsJationfp. rj. 

^UAlgebrE d‘OTntir AlkJieyyami, translated ty F. Woepeke, Parts, 1851. So 
Wsepdit rtmark-'r ^^1 tsL uue partkuUriLfi dt ccttie algidjre qul mfoite d'etre 
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corrCiSpondence between algebra and geometry even more than 
al-Khowarizm? had done before him,^ 

The Hindu algebraists also used geometric figures in their 
work. For example, Bh^kara (c. 1150)" has such problems as 
this: "Tell two numbers, such, that the sum of them, multi- 
plied by four and three, may, added to two, be equal to the 
product,” In such cases he gives two solutions, one algebraic 
and the other geometric. 

Europeans relate Algebra to Geometry- Among the Euro^ 
peans, Fibonacci was the first mathemadciaTi of prominence 
who recognised the value of relating algehra to geometry. In 
his Praetka ge^imetriae (1220) he uses algebra in solving geo¬ 
metric problems relating to the area of a triangle.® 

In the early printed books there was more or less use of 
geometric figures in connection with algebraic work. Thus 
Vieta tells us that Regiomontanus solved algebraically problems 
which he could not solve by geometry. Pacioli (1494) con¬ 
tinually uses geometric figures in his solution of quadratics,’^ 
and Cardan (1545) docs the same.* After the publication of 
Cardan*s work the recognition of the relationship became com¬ 
mon. Vieta, for example, generalised the idea of the ancients 
as to representing points on a line, although adhering to the 
use of proportion in most of his geometric ’work instead of 
using the equation form. 

The first textbook on algebraic geometry was that of Marino 
Ghetaldi (1630),^ who may have been influenced by Vieta.^ 
In his solution of geometric problems he freely brought algebra 

remarquee ct disci^tte d’abord. C'eat que l^auttur se iuit une Iol, pour toules 
les ^uatEons dont il s^occupe, de jotndre la rtsfiliition numerique ou 
a la. qaniLtiJttion g^flmettique^' {Frifacn, p. vlj). 

iRoEtn ed., p. 13 and elsewhere. ^Colehrootyf tratislatson, p. ^70, 

^"•Quarc quadratum liljeris jcg. erit 7 , rci ; fit nmltipHcabo .cf. in dimidium .c^-, 
hoc.est radicem rei in radictro rfu.ueniet radii jL census. .. SerttH, 11,. 233. 
^rnrea, I((q4 ed., ful. 14^, V., ii paiiitii, 

° For the use of gcpmctrit figures in his first sotution of a cubic, see Ars 
fol. ag. It. 

«See E. GedtJeh, “Eint Studie uber die Entdeckung dcr analytischcn Geo- 
inctrie mit Beriickaichtigung ciuis Werkea dcs Mariao Ghetaldi. . . Abhand- 
IV, igi. '^Tnsplke, GiscAi^kta, II {r>, 414. 
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to his aidj but it cannot said that he in any way anticipated 
the work of the makers of analytic geometry. 

Invention of Analytic GeometryJ The invention of analytic 
geometry is commonly attributed to Descartes, he having pub¬ 
lished (1637) the first treatise on the subject. There seenrs 
to be no doubt, however^ that the idea occurred to Fermat at 
about the same time as to Descartes^ In the British IMiiseum 
there are eight volumes of Harriot's manuscripts* and among 
them was supposed to be "a well-formed analytical geometry, 
with rectangular coorthnates and a recognition of the equiva^ 
lence of equations and curves,”^ but it is an interpolation by 
a later hand* 

Fermat oa Analytic Geometry. In a letter to Roberval, written 
September 22, 1636, and hence in the year before Descartes 
published La Geometric^ Fermat shows that he had th^ idea 
of analytic geometry some seven years earlier that is* in 1629. 
The details of this work appear in his /jagogc ad Joe os pla>ios 
c^ ^didas, which was published posthumously*^ He used rec¬ 
tangular axes and followed Vieta in representing the unknowns 
by vowels (in this case only A and E'j and the knowns by con¬ 
sonants. A general point on the curve was represented by L 
and the foot of the ordinate from / to tlie axis of abscissas was 
repriesented by z. The equation of a straight line through the 
origin was indicated by 

L in A aequetur R in £/ 

^ G. Lorja, Pasiafo^Prcsfuts Gftfw.; M. Chasree, Ap^r^it sur 

et ie dh'etopp^ment tics miihodes en s^omilrict jd cd., Pare, ifiSg (hertaFter re¬ 
ferred to as ChajtcsH Aperpti ^ M. Chaslfs, Pappori ijir la Progris dc la- Gi(f- 
utitrie. Pans, lUjo^ A. Cs-yJcy Jind E. B. EtJiott^ '‘Carve,’’ £mc>)c, Britfinfiicut 
TTth edri GutiUii-T, Die .in-Zanjic; E. Picard, Jiullttin oj ike Amur. Math. Joe., 
Xr, 4-3+j H, Wiclcitner, Zeif^chrift fiir math, wid tiaitiTW. Unlerr., XLVII, 414^ 
W'. Dic;ck, Matiittmi!if.r.ha Ij^mburk, 4. Band, Sterkrade, roao. 

-F. V, Mofley, "Thomas HarioL” Th^ SciEr^tidc MojttJdy, XiV, O3. These 
manuscifipta should bt Kireiully stutiaed. The speilliriK " HaTiot ” was used by some 
of his coritemporaries. . .il y a environ sfi.pt an& ctant k BourdeauK.’’ 

^In his Varia Opera, p. 2 (Tou)ouie, 1670); Tropfke, Gischiuhlt^ II (r}, 41®^ 
Giicithcr, ip26 p. 43 5 de Fermat, ed. P* Tannery and Cb, Hfiary, 

Vol. I (Pirfe, 7891}, Vo!. IT (PariEi, 1394). 

D < .4 = E ‘ E, wbkrh we shcultl write 3s aj 5= by. 
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and that of a general straight line was given by the proportion 
ut B ad Z>,ita ^ ad E} 

The equation of a circle appears as 

Bq.^Aq. aequetur Eq/- 

If the ratio of ~ Aq. to Eq. is constantf Fermat asserted 
that the resulting figure Is an ellipse;" and if the ratio of 
Bq.-^Aq. to Eq. is constant, the figure is a. hyperbola* Re 
also knew that xy = a" is the asymptotic equation of a hyper¬ 
bola'^ and that = ay is the equation of a parabola,^ 

Descartes publishes La Geomefrie. Descartes publishe^l his 
Geometry in 1637, although he had been working upon it for 
some yearSj—even as early as 1619,' The treatise formed an 
appendix to his Dlscours de U Methode and was divided into 
three books. The first book treats of the meaning of the prod¬ 
uct of lines/ The second book defines two classes of curvesj the 
geometric and the medianic. We might now define the former 
as curves in which dy/dx is an algebraic function^ and the lab 
ter as curves in which it is a transcendental function. In this 
book there is also much attention given to tangents and nor¬ 
mals to a curve. The third book is largely algebraic, being 
entitledj "On the construction of solid or hypersolid prob¬ 
lems/^ It treats particularly of such topics as the number of 
roots of an equation, "false roots,’^ the increasing or decreasing 
of the roots^ and the transformation of equations. 

i/.fi., a\t = C — = b (C — ir). 

J 5 - — or fS i? = y^. 

3 " . fld Eq. habcat raLiuni;tri daLaiu, puncium I eifit ad elUpsEn." 

= ky'^ 15 the equation of an ellipse. 

B}. t{- Aq. Et ad Eq, in data raCionfij putnitum I e£t ad hyperboien." 
in E aeq. Z pi., i^uo casu punctum / cst ad hyperholeti./' 

""Si Aq. aequatur D in E, punefutn I est ad pambolen/' 

" J. Millet, D^scarLrs. vit, s€s travmx, les iiicQuverlfi, avuni p. loa 
(Paris, 1867) 5 E.S. Haldane, Desairte.^, p- Sq (LtmdoTi, tpos) ^ C. Rabucl, Cc-w- 
m^taira stir ia de Af. Disi^tfries, LyemSf tjjo; ifl varifiiis 

rditions from 16^7. Seo the author^ fstnimile edition ivith transfatinn (CEitcago, 

ProbUmes pent construfre nV emplayant que iks cfircks & its 

lipies droites.” 
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Instead of usmg the name ^"c{>t>Tdinate3/' Descartes spoke 
of roots or unknowns. The name “coordinated^ is flue to 
Leibniz,' as are also the terms “abscissa" and “ordinate," al¬ 
though, as we have seen, the Greeks used terms that were simi¬ 
lar to them. Newton, Luler, Cramer, and various other writers 
used ^^apphoate" to represent an ordinate. 

Descartes had an idea of oblique coordinates, but he used 
only the jc-axis and positive perpendicular ordinates in common 
practice. 

Later Writers. In ^65^ Jan [Johan) de Witt“ wrote a work 
on curve lines ^ in which he set forth a number of typical equa¬ 
tions and gave the geometric character of each. 

Further work was done by Lahirej'* after which the elements 
of plane analytic geometry may be considered as having be¬ 
come established. The most noteworthy single contributor to 
the elements of the subject thereafter was Newton.^ In his 
work on cubic curves he show^ed that a cubic has at least one 
real point at infinity, that any cubic belongs to one of four 
characteristic types, and that there are seventy-two possible 
forms of a cubic, a number since increased by six.** The dis¬ 
cussion of the subject was nearly exhaustive, and was the most 
elaborate one of the kind that hatl been made up to that time. 

The idea of polar coordinates seems due to Gregorio Fontana 
(J735“^8^^3)7 the name was used by various Italian writers 
of the rStb century.^ 

^ Ada ErudiUnm (1^92), p, i ja, 

= at Dordrecht, Siplember ia/24, ^** 5 ; tiisd at Tht H&gut, AuRust ao, 
H^/2, For bioeraplty sec The Insurancf CydofiEdiSi Vol, II (Loodon, 1673 L 

^ Ekvtenla Ct^rfarvnt Linf.iirvm, Lcydon, 3650^ Amsterdam, 3*33. 

Litnjr CiamilTiqnti, Paris, iSjof Cotistruclion dei Attaly^ 

HQHei, Paris, 167^. 

^In hSs(London, and his Ariihineika (Gambtidse, 

370J), butchieSy in his Eftiitnrratiff Unefinim krtU ordiitis, which probably dates 
Irom afrfiS or i66g and which was published as an appendix to his OpUct in 1704. 
Stc also W, W, R. Ball, "On Newton^a classification ol cubic curves,” TVjujjac- 
tians of the London Moihemstkal Society (iSfli), p. ID4. 

"G. Loda, JEbefle Jfitrveit, Thforie liiui GachickUf p. ao (Leipzig, 1902; ad 
edn 1910 ^ 193 1L hereof ter referred to as Loria, Kurvtn. 

■For 9 discussinti oi the l&Lcr types of coordinates see the Eaiykhpddki III, 
396, 056; CaiitoT, Ocidik/iie, IV, 513. 
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Solid Analytic Geometry. Descartes clearly mentioned solid 
analytic geometry, but he did not elaborate it. Frans van 
Schooten the younger suggested the use of coordinates in three- 
dimensional space (16s7), and Lahire (167^) also had it in 
mind. Jean Bernoulli (169S) thought of equations of surfaces 
in terms of three coordinates, but published nothing upon the 
theory at that time. 

The first 'work on analytic geometry of three dimensions 
was written by Antoine Parent and was presented to the French 
Acaddmie in 1700.' C. Clairaut (1729) was the first to 'write 
on curves of double curvature.^ The third great contributor to 
the theory was Euler (174S), with whose work the subject ad¬ 
vanced beyond the elementary stage. 

Euler also laid the foundations for the analytic theory of 
curvature of surfaces, attempting to do for the classification of 
surfaces of the second degree 'what the ancients had done for 
curves of the second order, Monge introduced the notion ol 
families of surfaces and discovered the relation between the 
theory of surfaces and the integration of partial differential 
equations, enabling each to be advantageously 'Viewed from the 
standpoint of the other. 

Modern Theory, Mobius began his contributions to geometry 
in 1823, and four years later published his Barycentriscke 
CalcuL In this great work he introduced homogeneous coordi¬ 
nates, Of modem contributors to analytic geometry, however, 
Pliicker stands easily foremost. In 1S2S he published the first 
volume of his Analyti^ch-gcometri^ke Entwickelungent 
'which there appeared the modern abridged notation. In the 
second volume (1831) he set forth the present analytic form of 
the principle of duality. To him is due (1833) the general 
treatment of foci for curves of higher degree, and the complete 
classification of plane cubic curves (1S35) which had been so 
frequently attempted before him. He also gave (1839) an 

tffeettons des supeifidicg-" TWs appeirs in hts ct Rechercha, 

Paris, and 1713. 

- Rfchirciiits siir Ies conrbf-5 a coutbure, printtd in i7jr. It was pfft- 

sented ti tlie Academic yrhifn. CiaiirauE wm only sixteen years old. 
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enumeration of plane curves of the fourth order. In 2342 he 
gave hia celebrated “six equations/^ by which he showed that 
the characteristics of a curve (order, class, number of double 
points, number of cusps, number of double tangents, and num¬ 
ber of inflections) are known when any three are given. To 
him is also due the first scientific dual definition of a curve, a 
system of tangential coordinates, and an investigation of the 
question of double tangents. The tJieory of ruled surfaces, 
begun by Monge, wa^ also extended by him. Possibly the 
greatest service rendered by Piucker wa^ the introduction of 
the straight line as a space element, his first contribution 
(1365) being followed by his well-known treatise on the subject 
(rS6S“i86p).^ 

Certain “Well-Knowii Curves. There are certain curves that are 
so frequently met in textbooks on analytic geometry as to de¬ 
serve mention in an elementary history. Several of these have 
been considered elsewhere in this work, and a few others ^ with 
additional notes on those already given, will now be men¬ 
tioned,^ and for convenience will be given alphabetically. 

Brachistochrone,^ the curve of quickest descent, was studied 
by Galileo, Leibniz, Newton, and the Bernoullis, and was 
shown to be the cycloid. The name is due to the Bemoullis.* 

Cardioid, the epicycloid (jr + 4a'(x^ 

The name is due to Giovanni Francesco M. M. Salvemini, called 
from his birthplace de Castilian (170S-1791), De curva cardi- 
oide (1741). It had already been studied by O^anam.'^ 


lOn tht Various cooJrdinale av&teius, see the III, ^71, 59*. 

ErocanJ, Nst£s dp BHilioRrafhie dts lith. autog., Ejur-le-Duc, 

1897,' Partie complementairef See also ChaslES, Apsr^'u, anl the 

HI, 1-8^, 4,57; E. Pascal, RepsHoriitm der kdktrtn Afathpmiiik, German 
traiel^tion by A. Schepp^ Leipzig, 1^, HpeciflJly Vol. H, chap, ivii; Lpria, 
Karven; jDafltun de Va^^^a3 y Aguirre, " Cati^o^o General de cuivas,’' 
dc {aRf.oi Acad, de Ckttcias ciaeiM, XXVIj Madrid, igafi; F. G. Teiieira, TraiU 
des spidid&s Tetnartjuables ^Zanc^ ei 5 vols., Coimbra, i^oSj 

i?KJ 9 , 1915. 

*Frtmi (irflcA'tfiojj shortest) and (cAron^jj, time). Formerly 

spelled brnc-bytiockront by 3 tontnsi-cjn of the superlative ivltb its posi¬ 

tive 

■‘Cant&r, Gesckkkte., IIIj chap. 91, 


*lt is 3 special case of the licnaijon. 



CERTAIN SPECIAL CURVES 


32 : 


Cal&nary, the French }irC^=+ e~^). The name 

of the curve (catenaria) and the discovery of the equation and 
its properties are due to Leibiiiz> 

Cissokl of Diodes, the "ivy-shaped" curve, sf/(2a-x)j 
due to Diodes (c. rSo 

Cochlioidf^ r = (a sin &)/^^ a spiral curve discussed by 
J* Perkj PhU. Trms.^ 1700, this form being a late onej due to 
T Neufaergj a Belgian geometer* The name originated (1884) 
with two recent writers, Bentham and Falhetiburg* 

Cocked the French bk&rn&j sc-i- z aV — 

a name also applied to another curve** ^ ^ ^ 

Conchoid of Nkomedes (c. iSo b.c,)^ the ^^shell-shaped 
curve*" The Cartesian equation is (a; — y) - hV ^ 0 

and the polar equation is r = c/cos^ -1- S'* 

Conchoid of de Skize, the cubic curve a (r cos^ —cos^^ 
or n a) {x^ + y^)— = 0^ first constructed by Rea^ de 

Siuze (16S2)* 

Cume of Pursuit j French courhs du chkn as a special case* 
The name Ugne do four suite seems due to Pierre Bouguer" 
(1732)^ althoi^ the curve had been noticed by Leonardo da 
Vinci, 

Cycloidf the transcendental curve 

a arc cos -—^ ^ z ay — y, 

a 

This curve^ sometimes incorrectly attributed to Nicholas Cusa 
(rr* 1450),, was first studied by Charles de Bouelles (1501). It 
then attracted rfie attention of Galileo (^599)^ Mersenne 


^■On the history of this curve see C. A. Laisant, po^ 

I 'ifaj Jiifacej, JLoria, 

^Sfic Volume If page iiS; Voliim& 11 , page 324. 

* From xfljtXfaf (^ocAifaj* snail) and eWor (ei'rfoj, fernn). 

*On this and the other cuirv« s« Archibald, "Curves,” TKcyc* BrU,i 14th ed^ 
^ See Volume If page iifi, 

*Born at Creishif Brittany, February t6, died in Paris, August iTS'S. 
He was one of the French getidesists sent to Pom in ic measure an arc oI 
3 moridlan. See articles by F, V, Morley, R.* C, Ardiibald, H. P. Manning, and 
W. W. Rouse Bail, Awer, Malk. XX\lU* 
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(1638)^ and Roberval (1634). Pascal (165^) called it the 
“roulettej” completely solved the problem of its quadrature, 
and found the center of gravity of a segment cut off by a line 
parallel to the base.^ Jean and Jacques Bernoulli showed that it 
is the brachistochrone curve, and Huygens (1673) showed how 
its property of tautochronism might be applied to the pendulum. 

DevU^s Ciirvej French c our be du diable^ in general repre¬ 
sented by the equation -j- bx~ = o, and in particu¬ 
lar by y'* — ^ 96 + roo a’x- = 0, The polar equation is 

f = 3 aV(2 5 ^ 24tairi^^(T — tan^^). 

It was studied by G. Cramer (1750)^ and Lacrois (iSio)® and 
is given in theiVc?iuef^ej Annales (1858), p, 317. 

Elastic Curve, French courbe il^stique, the differential equa' 
tion of which is 

dy — %"dx/\f¥ — af*. 

It was first studied by Jacques Bernoulli (1703). 

Epicycloid, literally “epicycle-shaped/’ a curve traced by a 
point on a circle which rolls on the convex side of a given circle. 
The equation is = 4^^ [(i “ + 3 ^J ^ 

curve was recognized by Hipparchus (c. 140 b.c,) in his as¬ 
tronomical theory of epicycles. Albrecht Dlirer (15^5) 
the first to describe it in a printed work. It was next studied 
by Desargues (1639), but it first received noteworthy con¬ 
sideration by Lahire (1694) and Euler (E7S1). 

Folium of Descartes, a curve represented by the equation 
+ The problem was proposed to Roberval to 

determine tbe tangent to this curve, and through an error he 
was led to believe that the curve had the foma of a jasmine 
flower, and hence he gave it the name fleur de Jarmin, which 
was afterwards changed. It is also known as the noeud de ruban. 

Dcisiuans, “Pascal et les pnenjiicvcji pages 4 * l"HisLoin: rfe la Roylctlc./ ” 
AKhivts de PhHcsophie, I (192^), cgh- 3- 

^ InirodiKt-ioR a i^esnaiysr 4 ss iisri^s ictyitritti ali^bri^ues, p. 19 (Genc^-a, 3750)- 
^ Traili d« cokvl difirent-ki et , , , inti£T(il, I, 391 (Paris, 1797j iSiO td.). 
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Eelix^ the name given by Archimedes (<j, 225 to a 

spiral already stuched by his friend Conon." It is now kmwn as 
the spiral of Archimedes. The equation is j' ^ ad, or tan = &, 
It is one of the class of which the general equation is r = 

The name is now usually applied to a curve traced upon a 
cylinder and cutting the generatrices under a constant angle. 
There are also the conical ha]ix, the spherical helix (or loxo- 
drome)j and other types. 

L^vtniscate,^ a curve tirst mentioned by Jacques Bernoulli 
(1694).* Its principal properties were discovered by Eagnano 
(1750)* The analytic theory of the curve is due to Euler 
(1751^ ^ 7 S^)- The general lemniscate has for its equation 
(x^ + y^y ^ 3 d" (jc^ ^ y“) + b* ~ a\ while that of Bernoulli is 
represented algebraically by (1:= +/)" = - y-), and is 

called the hyperbolic lemniscate. The general lemniscate is also 
hnown as Cassini’^s oval, after Giovanni Domenico (Jean Domi¬ 
nique) Cassini, who described it in r68o. 

Limagon, French Umagon (a snail), Italian Imtaca, from 
Latin Umax^ called also by the French the conahoide du circle. 
The curve is 

or ^ a b cm 4^. 

Roberval called it the lima^on of Pascal, Etienne Pascal (father 
of Blaise) having discovered it. German writers speak of it 
as the PascaVsche Schncckc* 

Lituus (the Latin word for an augur^s staff)^ the curve 
= a®* The name is due to Cotes (c. 1710)* 

Logarithmic or Equiangular Spiral, the curve f = or 

kB = log™* studied by Jacques Bernoulli (1693), who spoke of 

it as a spira tmrabilis. It is still to be seen, In rude form, upon 
his tomb in BaseL The logarithmic spiral was the first nou- 
algebraic plane curve to be rectified. 

^ But yoSuUtc I, ro^. 

{lemtiis'kos, LAtin a ribban an which s- pend^xn 

IS hung. 

. . formsun refert jacentis notae qctnnarii m, scu wmpticitae in ncKium 
jfasciae, sivt Icmnisd.’’ F. Ca|ot!, a} Math., ad ed., p. aai. 
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Pearls^ a name given by Pascal anti de Sluze to the curves 
^vhuse equation is 

or, in particular, 

De Slu^e proposed their consideration to Huygens (i6sS), and 
the latter made a careful study of them. 

Roseate C^irve^ Rosace^ or Rkodmea, the curve whose gen¬ 
eral polar equation is — d cos m 3 . The name Khodotiea is due 
to Guido Grandi (1713)^ The Rosace a quatre jeullles^ or 
Quadrijolimn^ has for its polar equation 7'=-a sin 2 3 , and for 
the Cartesian form {3^- + y-)''' = 

Semiciibic Pm-ahola^ or Ncila^s Parabola^ = <z3ir* It was 
the second curve to be rectified. William Neile discovered the 
curve in 1657. The method of rectification was published by 
Wallis in 1659, credit being given by him to his pupil. Neile, 
although there is still some dispute as to whether it was due to 
him, to Fermat, or to the Dutch writer Van Heuraet.^ 

Serpentine a name proposed by Newton for the curve 

y = abxlia- -ha:"). 

Spiral of Archimedes, the curve r — a&i mentioned under 
Helix. 

Spiral of Fermat^ the curve r'- 3 , proposed by Fermat in a 

letter to llersenne, June 3, 1636. 

Strophoidy French stropkoldc,- a name propos ed by a modern 
writer, Montucci (1346), for the curve j=4-vr). 
Lehmus had already proposed (1S42) the name kukmrtaeide 
(cucumber seed), and various other names have been used. The 
curve has been studied by Barrow, Jean Bernoulli, Agnesi 
(1748), James Booth (1858), and various others. 

lyaclrix^ the tractoria of Huygens (1693), The differential 
equation is 

d.v 

iHendrib van Heuraet, born at Hairlem in His brief df 

{ncmarjiiii Uncantfli in f'cctiu transmutaihtie was pubbsJicd by Van Sebooten in 
l6S0- 

-Frpno [iirifpJi'nx, a Ewisttd band, ft COrd) + form). 



PERIODS OF GEOAIETRY 


331 


Witch oj Agnesi^ Verstera^ Critique d^Agnesij or Agnisierme, 
the curve 3'"3i;+ ^^(3: —/■) =? o, discussed by Maria Gaetana 
Agnesi in 174S in her htituzhni Analitkhe} 

9. Modern Geo^aetry 

Four Periods of Geometry. In order to appreciate the histori¬ 
cal setting of modern geometry it is well to remember that the 
history of geometry in general may be roughly divided into 
four periods; (i) the synthetic geometry of the Greeks, in¬ 
cluding not merely the geometry of Euclid but the work, on 
conics by Apollonius and the less formal contributions of nu¬ 
merous other writers; (2) the birth of anal^iiic geometryj in 
which the synthetic geometry of Desargues, Kepler, Roberval, 
and other writers of the 17th century merged into the coordi¬ 
nate geometry already set forth by Descartes and Fermat; 

(3) the application of the calculus to geometry,—a period ex¬ 
tending from about 1650 to iSoo, and including the names of 
Cavalier!, Newton, Leibniz:, the Eernoulhs, THospital, Clairaut, 
Eulerj Lagrange, and d’Alembert, each one, especially after 
Cavalieri, being primarily an analyst rather than a geometer; 

(4) the renaissance of pure geometry, beginning with the 
19th century and characterized by the descriptive geometry of 
Monge, the projective geometry of Poncelet, the modern syn¬ 
thetic geometry of Steiner and Von Staudt, the modern analytic 
geometry of Pliicker, the non-Euclidean hypotheses of Lobachev¬ 
sky, Eolyai, and Riemann, and the foundations of geometry, 

Besciiptive Geometry. Descriptive geometry as a separate 
science begins with Mouge. He had been in possession of the 
theory for over thirty years before the publication of the 
Geomitrie Descriptive (1794)3''—a delay due to the jealous 


IG. Loni, Bibl Maih„ XT Stc the English trajis!ation by J. Hellins, 

I, 2 2ir (London, iSoi). See also Voiume I, 5 ^ 9 ■ 

-G. Loria, Storm ddla CtitJKftrm DssrrUtTtm (Milan, 1^21), the leading 
EniUiority on the subject; Clir. Wiener, Likrbuoh daj^tiHendeH. Ceometfie, 
Leipzig, rfi94-ies^[ Gmhfchte dsr darsidlcndim Cfometri^, tbid-y 1SS4. See En^ 
cykiopUdiOt 111, P. J. ObenraycJi, Gsiohichie der d<irildUnden imd pro- 
jeotiven GeotJjpitlf, B^unn, 1S57. 
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desire of the military authorities to keep the valuable secret. 
Certain of its features can be traced back to Frczier, DesargueSj 
Lambertj and other writers of the preceding century^ but it was 
Monge who worked it out in detail as a sciencCj although La¬ 
croix (1795)^ inspired by Mojige’s lectures in the Ecole Poly- 
technique^ published the fiirst work on the subject. After 
Mongers work^ appeared, Hachette (1812, 1S18, iS^i) added 
materially to the theory. 

Period of projective Geometry* It is also in this period that 
projective geometry has had its development, even if its origin 
is more remote. The origin of any branch of science can al¬ 
ways be traced far back in human history, and this fact is 
patent in the case of this phase of geometry. The idea of the 
projection of a line upon a plane is very old. It is involved in 
the treatment of the intersection of certain surfaces, due to 
Archytas (c. 400 b.c.), and appears in various later works by 
Greek writers. Similarly, the invariant property of the an- 
harmonic ratio was essentially recognized both by Menelaus 
(c. JDO) and by Pappus (c. 300)* The notion of infinity was 
also familiar to several Greek geometers and to the Latin writer 
Lucretius (f;. 100), sp that various concepts that enter into the 
study of projective geometry were common property long be¬ 
fore the science was really founded. 

Desargues, Pascal, Mewton, and Carnot. One of the first im¬ 
portant steps to be taken in modern times, in the development 
of this form of geometry, was due to Lesargues. In a work 
published in 1639 Desargues set forth the foundation of the 
theory of four harmonic points, not as done today but based 
on the fact that the product of the distances of two conjugate 
points from the center is constant. He also treated of the theory 
of poles and polars, although not using these terms. In the 
following year (1640) Pascal, then only a youth of sixteen o^r 
seventeen, published a brief essay on conics in which he set 
forth the well-known theorem that bears his name. 

iur Iti pUmj si lirj ijirfitces, Paris, 1795^ CumpiSmint det Siemens da 
GiofttHrie oji fie GiomUrif. rfejrn^iiuf, Paris, i7V®; Essais rfc Gio- 

mitrie sur les flans ci fej suriaces courb^ii Paris, 1S12. 
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In the latter part of the t7th century Newton investigated 
the subject of curves of the third order and showed that ail 
such curves can be derived by central projection from five 
fundamental types. In the iSth century relatively little atten¬ 
tion was given to the subject, but at the close of this period, 
as already stated, the descriptive geometry of Monge was 
brought into prominence,—itself a kind of projective geometry, 
although not what is technically known by this name. 

Inspired by the general activity manifest in the rSth century, 
and following in the footsteps of Desargues and Pascal, Carnot 
treated chiefly of the metric relations of figures. In particular 
he investigated these relations as connected with the theory of 
transversals,—a theory whose fundamental property of a four- 
rayed pencil goes back to Menelaus and Pappus, and which, 
though revived by Desargues, was set forth for the first time 
in its general form by Carnot in his Gioinitrie de Position 
(1B03), and supplemented in his Theorie des Transversales 
(1S06). In these works Carnot introduced negative magni¬ 
tudes, the general quadrilateral, the general quadrangle, and nu¬ 
merous other similar features of value to elementary geometly^ 

Poncelet on Projective Geometry. The origin of projective 
geometry as we know it today is generally ascribed to Ponce- 
let.* A prisoner (1B15-1SX4) in the Russian campaign, con¬ 
fined at Saratoff on the Volga, with no books at hand,® he was 
able in spite of all such discouragement to plan the great work® 
which he published in 1S22. In this work he made prominent 
for the first time the power of central projection in demonstra¬ 
tion and the power of the principle of continuity in research. 
His leading idea was the study of projective properties, and as 
a foundation principle he introduced the anharmonic ratio, a 

^On tHe whole question consult the EficyJtiopadki HI,. 5S9. 

-"Privi de toute espSefi de litres et de sccouri, surlout distrait par Tes msl- 
heurB de mi patrie et Ics rn[ens proprea.” 

5 J, V. Poncelet, TrtnU dsf proptiHAa pro^eciives iigtites, Paris, 1822; ibid., 
Application^ tPunaNtt et de giamitriei ed. Mamnhena and Moutard, 
2 vols.j Paris, iS(52, 1864. On the jrfinera] subject of the deveinpment of ruodern 
Rcumetric methods see J. G. JDarbouj, Bnlktitt of the Amer. Math* Sac*, XT, jr7. 
See also Volnme I. pauB dgU. 
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concept which possibly dates back to the lost porisms of Eadid, 
and which Desargues (1639) had used. The anharmonic polnt- 
and-line properties of conics have since then been furthei' elab¬ 
orated by BrianchoHj Chasles^ Steiner, Pliicker, Von Staudt, 
and other investigators. To Poncelet is also due the theory ol 
"figures homologiques/' the perspective axis and perspective 
center (called by Cbasles the axis and center of homology), an 
extension of Carnot’s theory of transversals, and the cor ties 
ideales" of conics which Plucker applied to curves of all orders. 
Poncelet also considered the circular points at infinity and com^ 
pleted the first great principle of modern geometry, the principle 
of continuity. Following upon the work of Poncelet, Mbbius 
made nruch use of the anharmonic ratio in 2iis Baryce?itrl- 
sche Calctd (1S37), but he gave it the name "Doppelschnitt- 
Verhaltniss (ratio bisectionalis)/* a term now in coinnnon use 
under Steiner’s abbreviated form "Doppelverhaltniss.” The 
name ''anharmonic ratio” or "anharmonic function” ("rap¬ 
port anhatmonique ” or "fonction anharmonique”) is due to 
Chasles, and "cross-ratio” was suggested by Clifford, 

Gergorme, Steiner, and Von Staudt. Joseph-D>ez Gergonne^ 
(iSij) introduced the term "polar” in its modern geometric 
sense, although Servois (i8ir) had used the expression "pole,” 
Gergonne was the first (1825-18^6) to grasp completely the 
principle to which he gave the name of "Principle of Duality,” 
the most important principle, after that of continuity, in modern 
geometry. He used the word "class” in describing a curve, 
explicitly defining class and degree (order) and showing the 
duality between them. He and Chasles were among the first to 
study surfaces of higher order by modern methods. 

Jacob Steiner, the most noted of the Swiss geometers of the 
T9th century, gave the first complete discussion- of the projec¬ 
tive relations between rows, pencils, etc* and laid the founda¬ 
tion for the subsequent development of pure geometry. For 
the present, at lea^t, he may be said to have closed the theory of 
conic sections, of the corresponding figures in three-dimensiotial 

Valumc I, pafie 4^^. 

^SytU^tische M'Viwkkeitingen . . ., Berim, i£;33. See Volume I, jjagt 524, 
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space, and of surfaces of the second order, and hence there 
opens with him the period of the special study of curves and 
surfaces of higher order. 

Between 1847 and iS6o Karl Georg Christian von Staudt 
set forth a complete system of a pure geometry"^ that is inde¬ 
pendent of metrical considerations. All projective properties 
are here established independently of number relations, number 
being drawn from geometry instead of conversely, and im¬ 
aginary elements being systematically introduced from the 
geometric side* A projective geometry, based on the group 
containing all the real projective and dualistie transformations, 
is developed, and imaginary transformations are introduced. 

Kon-Euclideait Geometry* The question of Euclid^s fifth pos¬ 
tulate, relating to parallel lines, has occupied the attention of 
geometers ever since the Elements was written*^ The first 
scientific investigation of this part of the foundation of geome¬ 
try was made by Girolamo Sacchcri^ (1733), a work which was 

Niirnberg, 18+7; FfEVrase sht Gsiivietrk jJfir Lfjgtt 
3 parts, Numbers, ^35^. Stt M. Nottber, Zitr Efinncfun^ ftji G. C* 
von Standty Eriangen, ipoi, and Volume I, pafc 5*5. 

*F, EnECl Hiid Et&cbel, Die Theark der FaralltUifticn vok £uhlid bk anf 
Gausif Leipzig, 1395; G. B. Halsted, various contributtmta. Including ” Bibliog¬ 
raphy of Hj^per'pace and Non-Eudidean Geometry,” Amerkan Journal of 
Matfie-matkst VoE. I, ll; Amer. Math. MontJt.j VoL I; translatioiis of 
LobathevikyE Geometry, Vassilief-g address on Lobachev^liy, SscebtriE Geom¬ 
etry, Bolyai^s ivork and bia Idcf "Nun-Euclidcan and Hyperspices,'' Mallie- 
mattcal Papers of Chicago ConztEss, p. ps ^ G, Loria, Die kaupkHcJiikhsUn 
Thtotitn dcr Geometrk^ Leipzig, p. 106; A. Kirijfiannldea, Dk Nkhteukiidisclie 
Ceofiiilrk vom AUerthum bis aiEi' GeffrtTuart, Berlin, 1S93; E. McClEntnct, "On 
the Early History of Nqn-Eudidein Geometry,"' Bulltim of Nevo York Meihe- 
inatical Societyt II, 144; W. B. Prankiand, Theoria of Paraileiismi Cambridge, 
ifliD tparticularly valuable); H. Potnear^ ”Non-Euclidean Geometry,’" JfoJurc, 
XLVj 404; Pr St^cbtl, Wolfgang vnd Johann Boiyai, GeonteiriseiK i/nter- 
2 vok^ Leipzig, jgii- See also Volume 1 , Chapter X, under the sev¬ 
eral names mentioned. On the general tjuestion of the modem synthetic trcatmenL 
of elementaiy geometry, see the EnoyklopSdkf IH, lor the analytic treat¬ 
ment, iSid., 7^1. See also C. J. Keyscr, Maihetnatical Philosophy^ p. ^42 (Nevif 
Ynrk, 1^13). For an tccellent bibliography up to tbe time it was printed see 
D. M. ¥. SommErvillfi, Bibliography of Nitu-BucUdean Geomoify, London, 1911. 

“Born at San Remo, September 4 or 5, i6&7^ died at Milan, October 25, 1733. 
The work was Baclides ab otTitii itatvo vindkaiust Milan, 1733; EnglEh transla¬ 
tion by G. B. Halsted, Chicago, igsa. Saoheri was a Jesuit and tausbt mathe¬ 
matics in Tnrim PavEsu send Milan. 
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not looked upon as a precursoc of Lobachevsky^ however^ until 
Beltrami (1S89) called attention to the fact. Johann Heinrich 
Lambert (172S-1777) ^ was the next to question the validity of 
Euclid’s postulate j in his Thconc dcr FaraUell'micn (pO'Sthu- 
mouSj Leipzig^ 1786), the most important treatise on the sub¬ 
ject between the publication of Saccheri’s work and the works 
of Lobachevsky and Bolyai. Legendre fi794) ^£0 contrib¬ 
uted to the theory, but failed to make any noteworthy advance. 

Buring the closing years of the i3th century Kant^s^ doc¬ 
trine of absolute space, and his assertion of the necessary pos¬ 
tulates of geometry, were the object of much scrutiny and 
attack. At the same time Gauss waa giving attention to the 
lifdi postulate, although at first on the side of proving it. It 
was at one time surmised that Gauss was the real founder of 
the non-Euclidean geometry, his influence being exerted on 
Lobachevsky through his friend Bartels,^ and on Janos Bolyai 
through the father Farkas, who was a feilow student of Gauss, 
and it will presently be seen that he had some clear ideas of 
the subject before either Lobachevsky or Bolyai committed 
their theories to print, 

Lobachevsky, Bartels went to Kasan in 1S07, and Lobfvehev- 
sky W'as his pupil. The latter’s lecture notes fail to show that 
Bartels ever mentioned the subject of the fifth postulate to 
him, so that his investigations, begun even before 1823, seem 
to have been made on his oivn motion, and his results to have 
been wholly original. Early in 1S26 he set forth the principles 
of his famous doctrine of parallels, based on the assumption 
that through a given point mote than one straight line can be 
drawn which shall never meet a given straight line coplanar 
with it. The theory was published in full In 1829-1830, and 
he contributed to the subject, as well as to other branches of 
mathematics, until his death. 

^D, Huber, Lumbai jiach Jrjjjfjrj- Lfbtit ftriri WiVfecj^, See 

Volutnc I, ptttEC 4S0, - E. Fink, Kant ah MaiAEntaiik^ffi Ltipzig, ESS9. 

^Johann Martin CHristian BartcU, b^rn a.t BKumachweiCf, Auyyst 13, ly&g; 
died at Dorpat, Deoembtr kj. He was professor o£ maOiomatics at Kasan 
and later at Dotpat. 
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The Bolyais and Oau^s^ Jinos BoJyai received^ through his 
father, Fatkas, some of the inspiratioTi to original research 
which the ktter had received from Gauss* When only twenty- 
one he discovered, at about the same time as Lobachevsky, tlie 
principles of non-Euclidean geometry, and he refers to them 
in a letter of November, They were committed to writ¬ 

ing in 1S25 and were published in 1S32* Gauss asserts in his 
correspondence with Schumacher^ (r S3 i-x 83 3) that he had 
thought out a theory along the same lines as Lobachevsky and 
Bolyai, but the pubheatiou of their works seems to have put 
an end to his investigations. His statement on the subject is 
as follows: 

I will add that I have recently received from Hungary a little 
paper on non-Euclidean geometry in which 1 rediscover all my own 
ideas and results worked o-ut with great degance. * * , The writer 
is a very young Austrian officer, the son of one of my early friends, 
w'ith whom I often discussed the subject in 1798, although my ideas 
were at that time far removed from, the development and maturity 
which they have received from the original reflections of this young 
man. I consider the young geometer Von Bolyai a genius of the 
first rank.* 

This ’was not, however, the first statemeut of Gauss upon 
the subject, for in a letter written on November 8 , 1S34, he 
remarked: 

The assumption that the sum of the angles is smaller than iSo*^ 
leads to a new geometry entirely different from ours [the Euclidean] 
—a geometiy which 15 throughout consistent with itself, and ’which 1 
have elaborated in a manner entirely satisfactory to mysdf, so that 
I can solve every problem in it with the exception of the determining 
of a constant which is not n priori obtainable*' 

^Ifeinrich Ctinstian Schumacher the as-trfiiiijtiier, 

^^Sfidgwick and Tyltr, A Sifurl History of ScUnez, 0. 3S3 (New Yorfi, igi?). 

F. StMkri, Wolfgang and TohetUTt I, (Ledp^iSf 1913), The Irttec 

wa3 written to om Taurinus, who, two yearn later, publish^ a Gsofnetriae prima 
m which he jjevk e'Jidcnoe *f havinjf thoupht vpfui a ann- 
SucUdean trigonodietiy. See Volume I, page 527 . 
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Ptolemy (c. 150) is said to have written upon the subject, 
but it i5 not certain that he did The work attributed to 
him contains five books^ the first dealing with the properties of 
light, the second with the nature of vision^ the third with re¬ 
flection, the fourth with concave mirrors aud wi± two or more 
mirrors, and the fifth with refraction. 

The noTct Greek writer on the subject was Hehodorus of 
Larissa,^ whose date is uncertain but who lived after Ptolemy. 
His work is little more than a commentary on Euclid 

Medieval Writers. One of the greatest of the medieval writers 
on perspective was the Arab scholar Albazen {c. 1000).* His 
work was the basis of Peckham^s P^rspcctiva mentioned below► 
The following well-known problem relating to optics bears his 
name: "From two given pwints within a circle to draw to a 
point on the circle two lines which shall make equal angles with 
the tangent at that point.’*'’ 

Of the European writers the first one of importance was 
Roger Bacon (c. 1250). Inhis Opus Majus he devote^Part V 
(D^ sdentia pe-fspsctim} to perspective," dividing it Into three 
parts. Part I explains the general principles of vision. Part 11 
deals with direct vision, and Part III discusses reflection and 
refraction. In the Opus Tettmm there is also a brief ttadaius 

^ There U a MS. in Faria beginning; Li&pr Optids jzVe 

AsptCiibva ab Affindraca fcir SiodOj cOnaJ&ting 

originalty of five books. For a diacugsicin, acc W. Smith, Diet, 0/ GrEEk 
Jfojjfiw Biog., Ill, (London, iS64i. See alao N, G. Poudra, Uisldn df- la 
Fer^peclivE^ p. 2S (Paris, iSGi). 

^PosslWy Lis name wat Damianus. At smy rate aome of the MSS. bear the 
title Tti) intTinSfv j' 

^ La PrfljpettKffi di Mlioduro Tradolio Dai Revarendo Padre 

3 £. E^nalia Dttnii, Florence, 15 ?3, liomid with La Prospettiva di Evdide. There 
are ctbei LrarulaLicns- 

^Ai-Hasaii . , , ibn ai-'I^a^^am. See Volume I, pa^e 17S. A Latin tans- 
lation, under the title Opticae Thgie-ari Ldbri ViJ, wa^ published at Ba^e] In 

^For a diaajs5ion af the pruhlem see ^ntefeco™ Joitrjuil oj MathEmatiai, 
TV, 327. 

Baconis viri emifteKlissbni, PenpEalitia, Frankfort, 1614. This 
is best found, hmvever, in the editions of the OfriJ Afajus by S. Jebb (London, 
^?3S; Venice, 17 $d) and J- H. Bridges (2 vols., Oxford, iS^hj; suppl. vol., Lon¬ 
don, 1^0). Sec also E. 'Wiedfimantij "Roger Bacon und aeiac Verdienste urn dk 
Optik,” In A. G. Little, Roger Bacon E^saySt p. t^s (Oxford, 1514I. 
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dc perspectiva^ Besides this^ Bacon wrote two other brief trea- 
tbes® on the subject, and still others are attributed to him 
without historic sanction.'^ 

The work that had the greatest influence upon the subject of 
perspective in the Middle Ages was the P^sp^ctivci coimnunis 
of John Peckham* (c. 12So). This work was the recognized 
standard for three hundred years. It wa5 edited and published 
by Cardan’s father and went through various editions. As 
already stated, Peckham drew largely upon Alhazen’s work. 
The work Is divided into three parts^ the second containing 
fifty-six propositions on reflection, and the third containing 
twentj^-two on refraction. 

About the same time as Peckham, the German (or possibly 
Polish) scholar Witeb (c. 1270) ^ wa^ called to Rome and there 
became conversant with the works of the ancients as well as 
those of the Arabs in the science of perspective, Georg Tan- 
stetter von Thannau'^ Ci4S<>^i53ci') and Apianus’’ prepared edi- 
lions of his work which were published at Niimberg in 1533 
and 1531. The treatise is divided into ten booksj the first four 
being a. summary of the works of earlier writers; the fifth, a 
treatment of reflection; the sixth, reflection by convex spheric 
mirrors; the seventh^ cylindric and compound mirrors; the 
eighth, concave spheric mirrors; the ninth, concave conic 
mirrors and irregular mirrors; and the tenth, refraction. 

Among the other medieval writfirs on perspective were Wil¬ 
liam of Moerbecke’^ 1250) and Campanus* (c. 1260). 

Renaissance Writers* The first writers of the Renaissance to 
take up the subject were the painters and engravers. Pietro 

iTlii$ in A Paris MS., formerly attributed to Alpctnagius, tlisoovered by Duhem 
and not yet printed. See Little, hcr df-, p. igo. 

5 Da $pei^lk ctyjitltiirenlibifs and Ifotulai; dp both published at Fiank- 

fort (1614) in Combadi's Spec^tda mathptnaiica^ pp. ifle-soj. 

“ See Little, fee. dt., p. 4°9 scq. 

* See Volume I, page 224- It was often printed- Fia editions, aee Kistner, 
GeschkhUi 11 , 3^4; for KasCner'a history of optics in geceraJ, ibid., p. 237. 

^Sec VoluiTu; I, page 23 ^. On his work at see A. Eirkenmajer, WHtle e 

h Studio di Padova, reprint, Padua, 15^2. 

Professor of astronomy at Vienna.. ■ See Volume I, page ^3.3. 

^William Fleming. See Volume I, page 239. Volume I, page Jifi. 

n 
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Franceschi (or Della Francesca) j for example^ who died in 
I4g2j wrote the work De corfiaridus and a work 

persfieciwn pijigeKdtj^ which is stiil extant in mannscriptn 
and in which he takes tip the theory of perspective.^ There 
were also such artists as Leonardo da Vinci ^ (c. 1500), many 
of whose ideas on perspective, and particularly on the nature 
of vision and the camera obscura, were a distinct advance in 
knowledge' Benvenuto Cellini/ whose work on perspective was 
largely taken from Leonardo;/^ and Albrecht Diirer, whose 
work on drawing‘s includes some treatment of perspective. 

One of the first men in this period to write a work of any 
note, devoted solely to optics, was Ramus^ (c. ^SSo). This 
work was published by his pupil, Friedrich Risner*' (died i5So)j 
who also published the works of Alhazen (c. 1000) and Witelo 
(c, 1270)/ The work of Ramus is in four books^ but it con^ 
tains little that Witelo did not give. 

Optics in thfi 17111 Centuiy* In the 17 th century the science of 
optics took a great step forward^ notably through the efforts of 
Kepler. These efforts first appear in his unpretentious work 
of 1604, the ParalipomeKa ad this Vitello (Witelo) 

being the German or Polish scholar already mentioned. In 
this little work Kepler explained the mechanism of the eye^ 
comparing the retina to the cau'-as on which images were de¬ 
picted. He showed that imperfect vision is caused by the failure 
of the rays of light to converge properly on the retina. In 1611 
he published a work on dioptrics in which he set forth his ideas, 

Pittsretl!, “Intorno tI libro 'de peiapectivi pingendE' di Pier dec Frances- 
chi,” Aai dd Cffrefre.sie hit^nadonai^ di jwenie Horicht, XII (Rjornfi, igoi), aCa. 

SH.Wieleitfter, "Z^-irErEndunff d&r ver5cHiedcnenI>i5taiizkcinattuktioneiv in det 
maleristficti Pmprlctivc,” Repsrtorium /iir XLII (1910J, 349. 

^Tratiato deHn Parifi^ Volume T, page 3g4. 

*Barn died e. iS 7 i. VatiouE dates oi hiE death art sivto, ran^g frcun 
Deoember ij, t[> Pebruary 25, ijfi. 

■^P. Dnhem:, Aitidei sur Leonard de Vindf sir, I, p, (Paris, ; G. P. 
Carpani, of B. CrUim, Engbsh translation by Roecoc, LoruJon^ 

CEtivraj comfd^Us de Benvemto CeiUni, jd ed„ a vtuTs., Paris, ifi47. 

'’yntfst'wieyiffKe der fHff.uunj, Niimbcng, 1523; see Vnlyme I, page 336, 

See Voliiirte I, pegc 3^r 

^Opiicae libri ijitaiiiort ex voltr Pftri Jifimi nsvissimet, per Fr. ^iitierufn , . 
Ca&set, i6o4 (pOatbuni'Cius), ® Basel, 157 a. S*? pa|;t 341, 
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imperfect though they were^ upon the law of refraction. He 
also gave a scientific explanation of the telescope, then recen tly 
invented. In the same year (i6ii) Antonio de Dominis, arch¬ 
bishop of Spalato, published his De RadHs Lads in VUrii Per- 
spectlva Iride^ in which he explained more fully than his 



DESCARTESES EXPLAKATION OE THE RAINBOW 
From his M^Uorsy, ed.. p. 214 


predecessors tlie phenomena of the rainbow, basing them upon 
principles of refraction. It was Descartes, however, who in his 
Dioptrica (1637) gave the law that the sine of the angle of 
incidence has a constant ratio to the sine of the angle of refrac¬ 
tion, the ratio being a function of the medium. The law was, 
in fact, known to SneU twenty years earlier, but he had failed 
to set it forth in prmt, although be had taught It Nevertheless, 
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Descartes was living in HoUand at that time^ and there is 
some suspicion that he had there heard of Sneirs discovery. 
In his Dioptficaj Descartes cornpleted the theory of the rain¬ 
bow by giving an explanation of the outer bow. 

Just before Descartes produced his work, Francois Aguillon 
(1566-1617), a Belgian Jesuit published a treatise^ of some 
importance. In this he used the term "stereographic projec¬ 
tion/’ although the idea was known to the Greeks. 

Frans van Schooten the Younger published in 1656-1657 a 
book of mathematical exercises^ in which he treated of perspec¬ 
tive/ but it contained little that was original. 

Kewtoa^s Work. Newton began to work seriously on optics 
about i666* In his treatise'^ of 1704 he states that part of the 
treatise was written in 1675* and in his posthumous work the 
editor states that Newton "first found out his Theory of Light 
and Colours" as early as 1666, lecturing upon it in r66g. By 
this time the elementary theory of optics was well established. 

II. Instruments in Geometry 

Early Instruments. Before the invention of the telescope, 
microscope, and vernier there can hardly be said to have been 
any instruments of precision. For practical land measure, 
however, for leveling, and for the measuring of heights, tlie 
world developed several interesting instruments worthy of 
mention. 

In general, the ancient surveyors measured distances by the 
use of a rope or a wooden rod, the units of measure varying in 
different localities. They laid off right angles by the use of an 

'^France:fd AgttUomi s secietaie Jssv Opiicorwjz- Hbrt VI, Ant^rerp. 1613. 

^Exsrdi^iiionum Mathemiticariim Hbri V, Amslerdam, 1636-1(557; Dutdi edin 
don, ibid.f 

korte verhandetiiig van de Pcmdementen dfir P(2Kpecti\'e,” It was ilao 
separately pidnted, Amsterdam, ififio. 

or, a Treatiie a/ ike Sf/ifLTiooj, Rejraclions, Infi^xiojis, cuad Coheirs 
of lishi . . - , London. 1704, with various kter editions und translations. His 
second woi-t in point of publication, but not ai compositipTi, waa hts Optical 
Lectitrii Reod la . . . jtfdp, published ptiat]iumou5ly, Loudon. 172S. 
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lastrument resemblmg the carpenter’s square of the present 
time, by a kind of cross placed horizontally on a staff, or by 
3 “ 4 “S relation applied to a stretched cord. For finding a 
level they ordinarily used a right-angled isosceles triangle with 
a plumb line. Illustrations of such instrumenfs are found on 
rnonuments to certain ancient sun'eyors.^ 

Early Printed Books. The early printed books give us much 
information as to the nature of the instruments inherited from 
the Middle Ages. Of these there may be mentioned the mirror 
for the measuring of heights by the forming of similar triangles, 
the geometric square {quadmtum the quadrant. 


c 



From Oronce Fine’a Da ft iS- ^totnfirica, Paris, 1536. The hiti trian.i^lo 
being sitnilar, AB is easily founjd irflm the distances AC and AF 

the astrolabe, and the cross-staff (baculumf also called the 
bccttlus). The method of using most of these instruments is 
evident, but a brief description of some of them will be helpfuh^ 

The Square. The simplest of all the instrumenfs of this class 
was the ordinary carpenter’s square, known in some of the 
works on mensuration as the geometric square. Its use in find¬ 
ing short distances by means of the principle of similar tri¬ 
angles will be easily understood from the above illustration. 

^See page 357. 

*W. E. Stark, "Measuring In^tminenEi of Long Ago,^ School Scittice (OiA 
Math^ X, ^S, lad; M, Curtze, “Uehcr die im MitteJaTter zur Feldmessimg 
henuliten IrLStt-unicntje,'” Bibl. AfatA., X (a), 651 M. Cantor, Romischm 
jlffriTjMjupren, Leipzig,. 1S75; E. N. Legnazzi, Dd Catasla Romano, Verorian 
G. Rcfisi, Gronm c dtfvisrjj Sloria delV Agrimemura lialiana dai 

smtichi ai ixcolo XVll'^, Turin, I&77. 
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The Baculum. In its simplest form the baculum, arbalete 
(crossbow)j geometric cross^ cross-staff, or Jacob's staffs was 
a rod about 4 feet long, of rectangular cross section, and having 
a crosspiece that could slide upon it and always remain perpen¬ 
dicular to it. The staff was marked off in sections each equal 
in length to the crosspiece. In actual use the crosspiece was 



PJlACTrCAL ITATirEltATICS IN THE mH CENTURY 
From SJjntin Jacob's work of 3560 ^1^65 sd.) 


first placed at one of the division marks of the staffs the ob¬ 
server then facing approximately the mid-point of a line that 
he wished to measure and standing at a distance such that, 
when he sighted along the staff, the crosspiece should be parallel 
to the line and just cover it. The crosspiece was then moved to 
the next division on the staff, the observer taking a position 
where the first process of covering the Hne with the crosspiece 
could be repeated, as shown in the illustration on page 347, 


'This naitie hid viirioua other uses, howtvttK 
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The length of the line to be measured was then the same as the 
distance between the two positions of the observer. There were 
also various other methods of using the mstrumentd 

Sector Compasses. About the year 1597 Galileo invented the 
proportional compasses/ or sector compasses^ an ingenious de“ 
vice for solving a variety of problems often met by architects, 
engineers, and others who have much to do with applied mathe¬ 
matics. The instrument consists ordinarily of two brass rules 



TI1£ EACULUli, OS CSOSE-SrAFr’ 

From Oronce Fine’s l>t re & praxi geomelrka^ Paris, 1556, showing the naethods 
of measuring distances 


hinged at one end. There are usually six pairs of lines, three 
on each face, radiating from the pivot. One pair might, for 
example, represent equal parts; anotlier, squares; and the 
third, lines of polygons ; but this varied according to the pur¬ 
pose of the particular instrument. 

To give a single illustration of its use, suppose that each line 
of equal parts is divided into 200 equal segments, numbered 
by tens, beginning at the pivot. Then, to divide any given line 

1 Fcr a brief at^e G. Bf^ourdan, L'AsiroTWntie, ivoimion dei idirs et dts 

methodeSy p. iifl (Paris, i$ri; 1510 ed.), hereafter refemed ta &£, BigDurdaun 
Aslrcn^mis. operadQni dtl compamf e milkere, Padua, 1606, 
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segment into arty number of equal parts^ say nine, open a pair 
of ordinary dividers to tbe length of the segmentj then open 
the sector compasses so that one point of the dividers rests on 









ASTROLABE OF CHAL’CEK's TIREE 


Fine piece of medieval ’Hffirkmaiiship how in the British MuseuxBr It may wetl be 
th[it Clnuoer him&eJf made use of thia iti preparing hia treatiac on the aatrolabc 


go on one face and the other point rests on 90 on the other 
face; then the distance from the 10 on one face to the to on 
the other is one ninth of the length of the given line segment. 

Astrolabe. Of all the early astronomico-mathematical instru¬ 
ments none Tivas better known than the astrolabe* The name 




ITALIAN ASTROLABE OE IBoS 

It bears tile in&criptEan "Patavii Eein&rdmvs Sabeva factebat MDLVm.” 
From the autlinr'a collKtiGn 



TUB astrolabe IN SIMRlE MENSURATION 

From Bartoli's Modi) di MU-nrors, Venice, r^S^, showing siinptc wmrii in a 
crude tlnd of tryjonoiaittry 
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is Greek and means the taking of the starsHence any instru¬ 
ment for measuring the angles by ’tvhich a star was " taken 
(as a sailor today speaks of '‘taking” the sun) waSj strictly 

speaking, an astrolabe. 
One of the early forms 
was the armillaTy spherCj 
so called from the armiU 
kte,^ or ringSj which were 
so arranged as to form 
two, or sometimes three, 
circles, ordinarily placed 
at right angles to one 
another^ One ring -usu¬ 
ally corresponded to the 
plane of the equator and 
the other to the plane of 
the meridian. By these 
tvi'O circles the ancients 
determined the two co¬ 
ordinates of a star. The 
astrolabe described by 
Ptolemy the astronomer 
is a kind of armillary 
sphere/ and furthermore 
these spheres are first 
heard of in connection 
with the school with which he was associated* It is asserted 
by early writers that Eratosthenes, through his interest in geod¬ 
esy and astronomy, induced King Ptolemy III to have such 
mstruments made and placed in the museum at Alexandria* 


CHAltPI^N^S ASTRO [^BE 

Found near the Ottawa River about 1870. It 
made, in Paris in 1603, This is the t>^pe of 
astrolabe known as the pianispheie. From the 
collection of Samuel V. Hoffman, New Yoft 


iFrom Jrrpajf (aYifeji, a heiirtnljr body) + (lambafneitit hir- 

ftena', take). PtulcTny spoke of the two circles that be used in iotniing a star as 
[.oiiroiti’bai and! spoltc of the whole itiatrutiient its 

(itfrpoXttjgflj' ifKtroio'bon or, commonly, as i {Jto 

(litraWbos). See J. Fnmk, "^ur Geschichte des AiLrglaba/^ Eriangen 
berickle, S0-51. Band, p- 27^; R, T. Gunther, Early ^Science im Oxford, 11 , rSi. 

^ Armilla means ait armlet, bracidctj boop, or ring. It is probably a diminutive 
of nj'fntii, the shoulder or upper tmt. 

Aimasext. VII, 1 , 4. 
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planisphere* Another ancient and common form of the as¬ 
trolabe consisted simply of a disk upon the rim of which were 
marked the units of angle measure. Such insttuments were 
probably well known in ancient times among all who made any 
scientific study of the stars. That they were familiar in ancient 
Babylon we have definite proofn^ Fragments of several such 
instruments have been found and the inscriptions interpreted^ 
They go back to the 2d millennium a.c., which goes to show that 
the early Greeks undoubtedly knew of their value and made 



THE QUADRANT 

From the oi Oronts Fincj Paris, t53a-rS3i 


use of them in angle measure* These astrolabes are in the form 
of planispheres and are made of clay^ baked like the tablets.* 
A planisphere may be defined aa a stereographic projection of 
the celestial sphere either upon the plane of the equator or 
upon the plane of the meridian* 

Such instruments were used in various practical ways in 
which angle measure was the chief purpose, and this use con^ 
tinued until recent times. Even now they are seen in the 
Orient in the hands of the astrologers. 

^ E. Fr Weldncf, NandiriuA der Babylijnisc&en Astromjjnk, Licfemng If 62; 
urith bibnogtiphy, Leipsig. 

“For a photographic rcproducEioiif see Weidner. ht. p, 107, Iroin A. Jete- 
mtis.| Hatidbtich der altorienttihcAin Gtisiesknititr^ LejpETgi igrS- Then? U A 
good specimen in the Brtrisb Museum. 
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The planisphere in common Tise in later times represents the 
atereographic projection of the celestial sphere upon the plane 
of the equatotj the eye being at the pole* Planispheres of 



BRASS OUAOJiA^rT 

Austrian wort of the iSth century. The ori^nal t 5 39.5 cniu square. From the 

authcr^a conection 


various types were used by early navigators for the purpose 
of finding the elevation of the north star, or for other angle 
measurements^ and ’were often furnished ’with several plates 
which could be so adjusted as to allow the instrument to be 
used in different latitudes. 
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TLfl Astrolabe in the East* Froni Babylon^ the astrolabe 
may have passed to China and india^ or vice versa. At any 
rate, Mesopotamia seems to have been the source iToni which 
the Greeks derived their knowledge of the instruments It is 
probable that Thales use d 

it in measuring the dis- ^ 

tances of ships, since 
the Babylonian astron- 

omy was already becom- ^■ : 

ing known ^ in the Greek 

Tlmmus that some such 

in his day, but in any 
case an astrolabe of some ' \j: 

type was known to Era- i' 
tosthenes, Hipparchus, 
and other 


Greek as- 

tronomers even before ■ mjt -f-, 

Ptolemy described the ' ^jp ■■ •■ ■ ' 

arm ill ary sphere.- ' - - ^- 

SMAUIi IVOKV QUADIUNT 

Arab Treatises on the 

T/l'K+ri^ ItaJian wort flf th? iStti ctntur^', Ii wt sight 
Astrotaoe* Leo oy their through holes in the two projectlans on the 
study of Greek astron- uppor right-hand edge, the anjiJe ol elevation is 
omy the Arabs be-gin- by' the plumb line and tht arc. The 

4.U ^ * 4L^ orlgmal Is 5 cm. hy g.g dn. From the authnr’i 
mng in the 9th century, ^ collection 

wrote numerous works 

upon the astrolabe, and these, in turn, influenced the medieval 
scholars of Europe. Thus we find !MeSiSahala (n. 800) compos¬ 
ing a work upon the subject, which formed the basis of two 
manuscripts by Rabbi ben E^ira (t:* 1140)- From one of these 
manuscripts Chaucer f^:* ijSo) seems to have drawn his in¬ 
formation for his treatise upon the astrolabe. 

lA. H. Sayce and R. H. M. Boaanquet, "BabylotiSan. Aatronomy,” Monthly 
Notkes iff ikt Royal Astron. Society, XL 1 ^°. Si i»lth illustrations. 

= k. U'otf, Geschichu dfr Ast-ronaftae^ p. i(ia ^Munieh, 1377). 




] 



rfjt^iosxi Ttfntrs‘, 9 ^ Jfik 

ilwrV rt iniHin; ji? it, if4 Ji AffWrJ^ 

4J-fiati9ntJ iliier^ mi 

Cita. 
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CAPVT XIL 

OVA RATIONS ELldENDA SJT AL* 

^rimtoi^LTcrm x^r. stab ^ccLssm JtdJr 

ddmittit tVtfsmf \Mfmttnft 


EXPLANATION OF THE QUAI>RANT 

From Dc Qitaciriatite G^omttrico, usually reftrned to Cornelius dt Judiiisn Nijrii- 
bct^, r574j but in iact written try Leuiniii Hubiua. Comeliua made the dEawing.'i 
with the help of Martin Gttf, 
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Quadrant Closely rekited to the astrolabe is the quadrant^ 
an instrument in which only a quarter of a circle is used. It 


USE OE THE QUAU^^ANT 

From Ottavio Fabrics U dcllu. Squadra Mobile, Trentj i j 

appears in various forms^ sometimes without an arc, the angles 
being read on the sides of a square. The earliest description 
that we have is given in the Almagest, and on this account the 


DEUAtHEAC TEICONOMETEY 

A common metlitKl of trianguliLfng In tbe t6Ui cenLuty. From BeUi’s Libro de^ 
Misvrar, Vcjiicb, 1569 

















TLAHI^Y APPROACH TO THE PIjANE TABLE 

The plane table in various forms ivar prabably developed from such an instrument 
ai Lfsc one here shown. Tn this case the table was used merely for taking horisonxal 
aitgles. Prpni Cofiitno BartoU, Mode di MUvrartt Venice, r^Ro 



USE or THE SHADOW AND THE MIREOR IN MEASURING HEIGHTS 
From Giovanni Pomodoro's La GEOmutria Prallka, Rome* 1624 
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honor of its invention is usiuilly awarded to Ptolemy, He used 
a stone cube^ on one of the faces of which the quadrant wag cut. 
On this was mounted a. small cylindrio pipe, as we should mount 
a telescope, and by this device he was able to take the height of 
the sun, evidently by means of the ray of light which shone 
through the cylinder. There is no 
indication of the size of Ptolemy^s 
quadrant, but if we judge by 
later specimeus in use in the East, 
and by the incomplete records, it 
w'as probably a large one^ He says 
that he used his quadrant in taking 
many astronomical observations; 
but he gives no results, and it is 
rather doubtful whether he did 
more than suggest the instrument, 
depending upon the results se¬ 
cured by Eratosthenes and others 
of his predecessors. 

The quadrant is described in 
many works of the 16th, 17th, and 
iSth centuries, but with the inven¬ 
tion of the telescope all devices of 
this kind gradually gave way to the 
transit in astronomical work. The 
sextant was invented by Thomas 
Godfrey, of Philadelphia, in 1730. 

Drumhead Trigonometry, The 
continual warfare of the Renais¬ 
sance period shows itself in many ways in the history of mathe" 
matics. Some of these manifestations are mentioned from time 


MAEBVMMt ■' 
MACEDOB«R 
M-A£EVTIVS-M-L 
aLLlSTRATVSf; 
V'MAEBVMM 
VIVLM-tBERM 
IVUAtlHES'CHlW 
POMPONlftttSELffl 
CLDDItotAN'IOcii. 

" ■ ■ — ■ ..-i 
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ancient levet^ and squaee 

From the tomb of Maifcua jEbu- 
tius Mstcedo- Like the tamb of 
Lticius jEbutiua Faostus (pa^fe 
3611, it is of uciccrt&Lin date 


to time in this work, and one of them is related to the subject 
now under consideration. Several writers of the i6th century 
give illustrations of the use of the drumhead as a simple means 
of measuring angles of elevation in computing distances to a 
castle or in finding the height of a tower. Such an illustration 
is shown on page 355 and is self-explanatory. 

II 
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Somewhat related to 
this crude instrumeat is 
one for taldng horizontal 
angleSj as illustrated on 
page 356. From this de¬ 
vice the plane table was 
probably developed. 

The Mirror, In ■ the 
early printed works on 
applied geometry there 
are frequent references 
to the speculunij a hori¬ 
zontal mirror used in 


measuring heights by the 
aid of similar triangles- 
The method is still in use 
for certain purposes, but 
in the 16th and 17th cen¬ 
turies it seems to have 
been extensively employed. On account of the difficulty of 
obtaining a satisfactory levelj and the fact that one triangle was 


EAXLY METHODS OF DEVELINO 

Fram Pomodoro^s L& GciJinttrh Pnttii^djRofnCf 
i^?4. Tbis waa in early E|!ypUan incthi^d and 
was transmitted throueh the Greek and Rtw 
man survey 



JAPANESE LEVELTNC INSTRUMENT 
From Mnrai Masahiro^s Ry^chi Sfdnnn, a wdTk on survey [tig, s^botit 1732 
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sinall and not easily measured with accuracyj the method was 
not of much value. The plan of using the speculum was based 
upon the principle of similar triangles and is illustrated on 
page 356, 

LeYeling Instruments. The common leveling instrument of 
ancient times was the isosceles triangle with a plumb line from 
the vertex. This is found in Egyptian remains^ is represented 
on the monuments of Roman surveyors/ 
is referred to by medieval writers^ and 
is still in general use in various parts of 
the world. Until the invention of the 
telescope^ and the consequent increase 
in accuracy of observation, it satisfied 
all ordinary needs. There are many 
reasons for believing that the early 
Egyptian surveyors who laid out the 
pyramids made use of tliis instrument 
for establishing their levels. An inter¬ 
esting variant of this instrument is seen 
in the quadrilateral which tlie Japanese 
scholars developed before the free in¬ 
flux of Western mathematics^ Such a 
device is shown on page 358^ 

The principles underlying the later 
forms of leveling instruments were not J^pawese sue- 

numerous; in fact, the fundamental ones veying instrument 

were only two in number,^ the older From a drawing k a manu- 
. .. T I 1* script of a worK (acc 

one depending upon the plunib Ime^ ssS) by M^uraf Uiss- 
and the later one upon the state of iiiro, about 17^2 

'On thfi leveling instruinents of tins Romans see C. G. de Montauzan, Essai ttsf 
la JCMjtce eJ i'ari de aujc pnmitrs siichs de i’Enipir£ pp, 46, 

$2, 74 (Paris, On Greek and Roman engineering instrumients sec Pau!y- 

WiBsowa; R. C. Skyring Walters, J'raiuflciipny of the NEiocorntn Secieiy, II, 45, 
and T. East Jones, p. 61, E. N. Icgnazzi, Del Cat^isto Rfnaono^ Verona, iSS?. 

i*For a discussion of the subject N. Bion, TroUi de ta nJ des 

prindpaux Usages drs Imtmfncns de Mathemaii^iuei p- iSj (Paris, 1713 j ed. of 
The Hague, i7Z3). This is the best of the early dasstcal treatises upon the suh- 
ject ol mathematical instniiuents, ajid is profusdy illustrated. 
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equilibrium or some kind of liquid. The former Wtia used in 
the ancient triangle illustrated on page 3 58, and in related types^ 
while the latter is still seen in the ordinary level used by car¬ 
penters and in the leveling instrument used by engineers,—tire 
nheau a l^cau described by Bion (1713), The triangle level 
had various special forms, such as an inverted T (that is, J_ f 
with a plumb line along the vertical arm. In this form it was 
called by French writers the niveau d*air. The horizontal part 
was usually a tube through, which the observer could sight 
when running a level line. 

After the telescope was invented the tube was fitted with 
lenses,' and the instrument became, either with the plumb line 
or with the water level attached, not unlike the instrument in 
common use today. Sometimes the plumb line and the level 
were attached to the same instrument. Huygens invented a 
level in the form of a cross on which an inverted T was hung 
by a ring at the top, the telescope being kept horizontal by 
means of a weight.® 

Until the advent of a new type of engineering, made possible 
by the commercial use of structural steel, the level was used 
chiefly for two purposes- The first of these was the construc¬ 
tion of canals for purposes of irriga.tion, particularly in Meso¬ 
potamia and Egypt, and of aqueducts as a result of the Roman 
demand for pure water. The second use was seen in the build¬ 
ing of fortifications, particularly during and as a result of the 
w^ars of the 17th century. The textbooks of that century on 
applied geometry (mensuration) gave much attention to the 
subject. The general practice in leveling w^as not unlike that 
of the present time, the chief difference being in the degree 
of precision of the instruments used. It is evudent that in con- 
structiou work of any ejttent the level was always necessary, but 
its elaborate use in modern engineering—as in. railway gradi¬ 
ents, tunnels, and bridges, and as in the erecting of modern 
office buildings of great height—surpasses anything conceived 
of in ancient times. 

'Tht nhfeav d^'fxir d Ittneile of Biun^ treatise ol 1713. 
lot. p. tto. 


ROMAN SURVEYING INSTRUMENTS 




Otlier Surveying Instruments. 
It is not possible j in the limited 
space that should be allowed the 
subject in a work of this kind^ to 
mention all the simple surveying 
instruments and devices that have 
come down to us from the Egyp- 
tiaUj Greekj and Roman civiliza¬ 
tions, The simple staff, with a 
crude diopter through which to 
sight in running a lincj 13 found 
in all parts of the world and 13 
probably very ancient. 

From such a humble origin 
sprang the groma used by the 
Roman surveyors and here illus¬ 
trated from the tomb of Lucius 
jEbutius Faustus. He is men¬ 
tioned in the third line as a 
SOT) but the term more commonly 
used in the case of a land sur¬ 
veyor was agrimensor (field meas¬ 
urer) or gromaticus (one who 
used the gr^^ma)* The groma 
{cruma, grurn^a) consisted of the 
Stella (the star-shaped part) and 
the ponder a (the plumb lines’). 
Surveyors in the time of the em¬ 
pire often spoke of the machina 
or machinvla which they used 
and which consisted of two parts, 
the groma or stella and the Jer- 
ramentum (the iron standard). 
Hence Hyginus fc. 120) says 
"ferramento groma superpona- 
tur” (let the groma be placed 
upon the iron standard). 
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From ttie toinb oi Luciua ;5^butiu5 
Fau&tus-j a mensor (agrjjwfftjp r, sur¬ 
veyor^ Or perhaps a incaEuier for 
fl-rchiticcts and buiJdersl. The entire 
inscription was as foUowsi Tribv 
Clavdia Lvtlve Aitbvtivs Lvcii 
libtrtvfi Ffl-vstvs merisor sevir stbi 
tt Aririae Qvinti Uhettac avclae 
VKOii et avia et Zepyre Uh^rtat 
vrvvsi ftcil. The instrument Eh&wn 
is tht jTflma 



INSTRUMENTS IN GEOMETRY 


362 

In the 17 th and iSth centuTies, stimulated by the metal work 
of the Italian artists, the iustniment-makers of France and 
Italy produced many beautiful pieces of workmanship designed 
with much ingenuity. These pieces'are occasionally seen in 
museums, and one is shown in the following illustration^ 



ELABOHATR MATUEMATICAU INSTRUMENT 

Showing artisLid metal wurk of tkfl iSth centuiy. Now in the MeU&polilan 
MilficLJm of Art, New York 


Such instruments were often elaborately engraved and some 
of those apparently made for the noble patrons of the sciences 
were even gold-plated. One of the elaborate forerunners of the 
range finder is shown on page 363, 

’■R, T. Guntler, Eariy Seknee in Oxford {VoR. I and H, Oiford, iqia, 
with a calalogut of the eaxTy mathematical inatrumenta belonging to the Univer¬ 
sity and colleges of Oxford. See ptrLkularly 11,152^33. 




EARty EOEM OF RATTCE FIKDES 

From Danfrifi^s de l^Vsage dv Gf'aphi^meirBj Paris, ; ippendix cm 

tiigCMiamtiryj p. II 
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Other Astronomical Instruments. While this work is only 
indirectly concerned with astronomy^ many astronomical instru¬ 
ments are distinctly mathematicalj and some of them are partic- 

______ ularly interesting as works 

I I of art. Such are the elab- 

orate bronze pieces on the 
of the city of Peking, 
T\ mostly due to the Jesuit in- 

, iluence which began about 

^ i 6 oOj but partly native in 

tf|V ^ their desig: 


:n and general 
plan. It was through the 
devising and use of instru¬ 
ments like these that such 
missionaries as F. Verbiest 
and J. A. Schall von Bell {c. 
i6i5qJ were able to make 
observations that demon¬ 
strated, even to the hostile 
critics, the superiority of 
European astronomy over 
that of the Chinese. One 
of these pieces is shown in 
the illustration.^ 

In Persia and India there 


URONZE QUADRANT ON ITIE -WAC.I.S 
OP PEK,IJvG 

One of several elaborate bronze inatru- 
tticnts, mosL of theta tnade under the 
influence of Jesuit missiuTiaries 


are still to be found celes¬ 
tial spheres of great beauty, 
generally dating from the 
17 th century. These are 
usually of bronse, some¬ 


times with silver stars. 

The Hindus, Persians, and Arabs have also left many astro¬ 
labes of beautiful workmanship, some of them with constella¬ 
tions or particular stars iiepresented in silver. Until the 
invention of the telescope their smaller types of astronomical 
instruments were unsurpassed both in beauty and in accuracy. 


^ See Volume I, page 27 a, 
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TJie most interesting of the Hindu instruments are found in 
the five observatories built by the Maharajah Jai Singh be¬ 
tween and i734^^ These observatories were located at 
Delhi, Jaipur, Benares, Ujjain, and Mathura, and represent 
the Arab astronomico-astrological science instead of the native 
Hindu or the European. Jai Singh was a Sikh by birth and 
was so interested in astronomy that he translated Ulugh Beg^s 



This piece is ol bronze, the stars being inlaid in silver. It wsta made f. 

From the author's oolloction 

catalogue of the stars (c. 1435). He was of the opinion that 
the small brass instruments used in Samarkand were not accu¬ 
rate enough, and hence he determined to construct pieces so 
large and substantial as to leave no doubt about the validity of 
the observations* The results ’were monumental and are still 
the object of admiration to those interested m the science 
of India, An illustration showing one of the most elaborate 
and carefully preserved of these observatories (the one at 
Jaipur) will be found on page 366. 

^G. R. Ksiye, The Astratiomii^ Observatories cf 7oj Calcutta, 

&ec &!=o tbe review iii the Joumcl 0} ihe Royal Asiatic So£., July] P' 4^^- 
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The Jaipur observatory wa.s constructed by the Maharajah 
Jai Singh about 1734. The Jesuit missionary Joseph TieEfen* 
thaler. In a work published in 1785, speaks of it as foDows: 


OBSERVATORY AT JACPUEj INDIA 

Shon'in^ rbe kiiid& at instrumenta generaSEy used before the days of the Lelesixipe. 
Tbis obaervatoiy, aJthougb lelitively modecn, is based upon ancient models 

It is such a work as is never seen in this part of the world and, by 
the novelty and grandeur of the instrumentSj strikes one with astonish¬ 
ment, H + . What attracts most attention is a gnomon (flads ntundi)^ 
remarkable for its height of 70 Paris feet. . . . There are three very 
large astrolabes, cast in copper, suspended by iron rings. 

This is all quite as impressive to the visitor now as it was 
then. The instruments^ which had become damaged through 
age and neglect, were restored in 3po2. 













JAPANESE CELESTLAL SPHEltE 
From a wood engraving in Baba Nobutake'? Shogakit Tinman 
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The Chinese influence shows itself in the Japanese works of 
the i7tli and i8th centuries, as is seen in the illustration from 
Baba Nobutake’s work of 1706. We also find in Japan in this 
same period the use of the pierced sphere in astronomical ob¬ 
servations and in the work of the astrologers. This device w^as 

-- -common in Europe in the latter 

part of the Middle Ages and is 
j found in various printed works 
i ii I century. 


12. The Problem E.aRTi-i 
Measure 


ITeed. for Instruments of Pre¬ 
cision, The need for instru¬ 
ments of a high degree of 
precision was first felt in con¬ 
nection with astronomy and the 
measure of the earth. The 
subject is too extensive to be 
considered at length in a -work 
of this kindj hut its general 
nature wall be understood by 
a brief reference to the history 
of the measure of the earth’s 
circumference and density. 

Circumference determined 
from Arc. It should first be 
understood that the solution of 


JAPANESE PEGUEE OF AN 
ASTRONOMER 

Caricature in ivory. From the author^ 
calCection 


this problem did not involve the ratio of the circumference to 
the diameter; it required the finding of the circumference when 
the diameter was unknown. When first undertaken it had 


nothing to do with navigation, economics, or milita.ry conquest; 
it developed as a purely abstract contribution to human knowl¬ 
edge. The plan adopted by the Greeks was the same, in basic 
principle^ as the one used today, namely, that of measuring the 
amplitude and the length of an arc of a great circle (generally 
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a meridian) and from these data computing the circumference. 
This led to one of the many branches of geodesy^ a subject into 
the history of which we cannot enter at length in this work* 

Application of Circk Measure to Geodesy. Pythagoras (c* 540 
E.c*) was the first, so tradition asserts, to teach that the earth 
is a sphere and that it is situated in the center of the universe.^ 
This idea was accepted by various Greek philosophers, and 
Aristotle (c, 340 b^c.) states that ^‘the mathematicians who 
have attempted to calculate the circumference of the earth say 
that it may be forty myriads of stadia/’^ that is, 400,000 stadia. 
The stadium varied so much with ancient writers that this does 
not give us any very satisfactory information.* Taking a rough 
approximation^ how ever, say ten stadia to an Anglo-American 
mile^ this makes the circumference 40,000 miles. Aristotle 
gives us no information as to the names of the mathematicians 
who made the calculations, and none as to the method em¬ 
ployed, but it has been thought that the approximation is due 
to Eudoxus (c* 370 E*c.). It is evident, however, that the cir¬ 
cumference was found by multiplying the length of a known 
arc, and not by using the ratio of the circumference to the 
diameter. 

Four Greek Computations of the Earth^s Circumference. From 
the time of Aristotle to that of Ptolemy (c. 150) there were 
four noteworthy attempts at measuring the earth’s circum¬ 
ference* Of these the first is referred to by Archimedes 
(c. E.c.)j who speaks of certain writers as having stated 
that the circumfereuce is 30 myriads of stadia, say about 
30,000 miles. He does not mention the writers, and it is pos¬ 
sible that he may have referred to some of the earlier attempts 
made by his friend Eratosthenes (c ^3^ b. c,). In his com¬ 
putation of the number of grains of sand in the imiverse, how¬ 
ever, he takes the circumference as ten times this distance, so 
as to be on the safe side** 


lOn this entirt subject sec SigDUrdau, p. 144 

30ae of the stadia was 123 jiaces (daubte steps), or, (5^ Roman 
equal to AnRlo-Amcrican tcet. Archm^des, ed. HciberE, I, a si. 
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The third important attempt at the measure of the earth's 
circumfer ence is definitely known to have been made by Eratos¬ 
thenes^ and the fourth by Poseidomus (c. loo b*c,)* 

Eratosthenes on the Measure of the Earth* The first attempt 
of which we have any details is this third one^—the one briefly 
described as due to Eratosthenes. Supplementing the descrip¬ 
tion given in Volume I, page i it may be said that Eratos¬ 
thenes used the arc of a great circle e^ttending from Syene 
(the modern Assouan) to Alexandria, He took the length of 
this arc as 5000 stadia^ but how this length was ascertained 
is not stated in any ancient writings* It is probable that the 
official pacers,^ employed by Alexander and other military 
leaders in planning their campaigns, had made reports of all 
such standard distances^ and Eratosthenes^ as librarian at Alex¬ 
andria, doubtless had access to their records. 

It was well known that on the day of the summer solstice the 
sun^s rays lighted up completely the wells of Syene at noon- 
timcj and that a body Hke an obelisk cast no shadow. On the 
other hand, Eratosthenes found that the zenith distance of the 
sun on this day, as measured at Alexandria, was tV of the cir¬ 
cumference. It is not known how' this angle was found, but it 
has been thought that Eratosthenes used certain armiliary 
spheres which tradition says were furnished by the king, 
Ptolemy Euergetes. We are told by Cleomedes {c. 40 b.c.), 
however, who wrote on the Circidar Theory of the Heaventy 
Bodies, that he used the sca'phef^ a concave sundiah and this 
may easily have been the case. Since the ;5enith distance of 
the sun changed of the circumference in 5000 stadiaj Eratos^ 
thenes conclnded that the circumference ■was 50 X 5000 stadia, 
or 550,000 stadia^ roughly equivalent to 35,000 miles, ot 40^000 
kilometers. This would make 694-^ stadia to a degree; and 
since Eratosthenes waa naturally aware that his measurements 
were merely approximate, he felt it allowable to take 700 

^ nir^iarurTfflJ (btmaiticti '), from 

a. atep. 

Drig[n3ll7 Brnytlinsr duff out; hence a bowl, and then lie bowl ol a 
htmEs.phEricaT sundial. 
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stadia as a more convenient measure for i*. He had crude in¬ 
struments with which to work, he did not take into considera¬ 
tion the difference of longitude of his two stations, and the 
stadium was a varying unit at best, so that his assumption of 
700 stadia was not an unreasonable one. 

Poseidonius on the Measure of the Earth* Poseidonius (c. 100 
E.c*) was, as we have seen,^ a Stoic philosopher, welt known as 
an asttonomer, a geographer, a historian, and a statesman. 
After having traveled extensively in all the Mediterranean 
countries, he opened a school at Rhodes and had among his 
pupils both Cicero and PompeyK Although his works are lost, 
Cleomedes (c. 40 b.c*) has given us a certain amount of in¬ 
formation as to his method of measuring the circumference of 
the earth* Like Eratosthenes be took a known arc, selecting 
the one from Rhodes to Alexandria and estimating its length 
as 5000 stadia. He then observed that when the star Canopus 
was on the horizon at Rhodes, it was ^ of a sign (that is, 

of 30“, or iV of 360^) above the horizon at Ale^candria. He 
concluded that the circumference is 48 x 5000 stadia, or 240,000 
stadia* This made the length of the degree 666| stadia. 

It is hardly probable that Poseidonius considered these re- 
suits as close approximations, since neither the length of his 
arc nor the elevation of the star could be measured with any 
approach to accuracy by iustrumeiits then available. 

Ptolemy on the Measure of the Earth* The last of the note¬ 
worthy attempts of the ancient Greeks to find the circumfer¬ 
ence of the earth was made by Ptolemy (c. 150). He took a 
degree as 500 stadia, thus finding the circumference to be 
iSopoo stadia. He asse'ted that it was unnecessary to take 
the arc of a meridian, an arc of any other great circle being 
sufficient. We are without information, howiever, as to his 
method of measuring the arc selected. It will be noticed that 
his result is to that of Poseidonius as 3 '4 j since this is the 
ratio between two of the stadia employed by the ancients, it 
is possible that he simply used the latter^s computations. 

iVoL I, p. iifi. See O. VJtdefcantt, "PgstidomuS," Kli£>, XVI, ^14.. 
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The theory has been advanced that all thcBc results set forth 
by the Gre^s were due to Egyptian or other measurements 
which are no longer ejttantj but there is no scientific basis for 
the conjecture. 

Arab Measure of the Earth. It was some seven centuries after 
the last of the Greek geodesists that the Arabs engaged in the 
work of measuring the circumference of the earth. By order 
of al-Mamun certain mathematicians of Bagdad undertook, the 
necessary surveys on the plain of Sinjar in Mesopotamia. They 
formed two groups, one party going to the north and one to 
the south, each proceeding to a point at which the elevation of 
the pole changed from that of the base station. They then 
measured the respective distances, one being found to be 57 
miles and the other miles; this mile was given as 4000 
"black cubits,” but the length of this cubit is now unknown. 
The difference in the two measurements illustrates the lack of 
the necessary instruments of precision, even among a people 
who had brought the construction of such instruments to the 
highest degree of perfection known at that time* 

Invention of the Tele scope. With respect to instruments used 
in astronomy and geodesy the greatest improvement is due to 
the invention of the telescope, although much is also due to 
modern technique in manufacture and to the use of such de¬ 
vices as the vernier and the micrometer. 

Roger Bacon (c. 1250} stated that it was possible to con¬ 
struct tubes by means of ivhich distant objects could be seen 
as if they were near at hand/ but we have no evidence that this 
was other than a prophetic statement by a mao who seemed 
peculiarly gifted in this respect. Possibly he was led to this 
prophecy by a knowledge of spectacles, which appeared some¬ 
time in the 13th century, for they were certainly known in 
E299, and a certain SaJvino degli Armati, a Florentine (died 
in 1317), is mentioned as their inventor. 


Ita ut in mcEedibili dialintia, vide:ttnn.y5 arenas et KUens mitisa? mLnulaa, et 
ut ahissima vidtantur inflmi tL e contrario," Sloattc Ms,, fol, S4, a, 2. d. Opjis 
(ed. BridgK)! i&4^ Opus Tertitfm {eel. LitUe). ii. 
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The possibility af the telescope is also mentioned by Fra^ 
castorius, who^ in his HomocentricoruTH seu de stellis Liber 
^(1558 )j speaks of using two superposed lenses in looking 
at a distant object. Some^vhat similar statements were made by 
Giambattista della Porta in his Magta Notufitlis (Naples^ 1558) 
and by Kepler in his Paralipomens (Frankfort, 1604). 

The invention seems due, however, not to the work of scien¬ 
tists like those mentioned, but largely to chance. It is uncer¬ 
tain who was the actual inventor, the claims of three artisans 
being about equal. These men are Zacharias Janszoon (Jan¬ 
sen), Johann Lippersheim (Lippershey, Lipperseim, Laprey, 
c. 160S), and Jacob Metius Adriaenszoon^ (c. 160S). 

Janszoon lived at Middelburg, was a grinder of knses, and, 
apparently with the aid of hig father, improved the microscope 
in 1590 and Is known to have had a telescope in 1610. 

Lippersheim was also a kns grinder of Middelburg. He is 
known to have asked for a patent in 160S for an instrument 
intended to see distant objects, the lenses being of rock crystal. 

Descartes and oUiers attributed the invention to Jacob 
Metius Adriaenszoon ((:. 1608), who happened to make the 
necessary combination of certain lenses and burning mirrors. 
He also asked for a patent in i6oS, a few days after Lip¬ 
persheim had made his request.^ 

The invention is known to have been made public in October, 
1608, and the knowledge of the instrument spread all through 
Europe with astonishing rapidity. Even in 1608, and still more 
in I bog, instruments were made in France, England, Italy, 
and Germany. Hearing of the new device, Galileo, In 1609, 
invented an instrument of his own and by its aid at once made 
remarkable discoveries in astronomy; and from this time on a 
precision of observation unknown to earlier scientists, although 
the instrument was not accepted by all astronomers, became 
possible. It was only after the invention of achromatic lenses, 
however, that satisfactory results were obtained. 


iHc vi-BJ m framer of the AdriacJi M^Liua him tinned in Volume I, 

page 340.. He was born at .Alkmaar and was intsrefi.tet[ in tiie ^indinp of lenses. 
3 Bigourdati, p. 124. 

Ll 
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Modem Measures of tie Earth. The first noteworthy modern 
attempt at measuring the earth was made by Jean Femel 
1558); physician to Henri II of France. Fernel took the 
arc determined by Paris and Amiens, two Etations being taken 
on the same meridian. Knowing the altitude of the sun at Paris, 
he proceeded northward to a point where the altitude was 30' 
less than that at Paris. He then measured the arc by taking 
the number of revolutions of a wheel of known circumference* 
No record is available as to his method of allowing for errors, 
but certain compensations were made and the conclusion was 
readied that i" = 57,ogp toiseSj looo toises being a little more 
than a geographic mile. This result is remarkable, the mean 
afterwards obtained by Lacaille^ and Delambre in the latter 
part of the iSth century being 57,068 toises. 

In 1617 Sndl undertook the measurement of an arc by an 
elaborate system of tdangulation, and although his results 
were satisfactory as to length of arc, they were not so as to 
amplitude. 

Further French Attempts. In 1669 and 1670 Jean Picard^ car¬ 
ried on an elaborate system of triangulation, measured an arc 
from a point near Corbeh to one near Amiens, and found that 
corresponded to 68,347 toises 3 pieds, which gave 
57,060 toises to i". He estimated that the amplitude was cor¬ 
rect to within i*"' or 

In 16S6 Newton proved that the earth is an oblate spheroid, 
a result not genemlly accepted by French scientists, chiefly 
owing to the conclusions reached by Jacques Cassini (Cassini II) 
as mentioned below* It was therefore decided that France 
should undertake a more elaborate and careful survey, not con¬ 
fined to that country alone, but including arcs nearer to and 
more remote from the eguator. 


^NJcolas Ldms <Ie LacaiUe tLa Ciiille); bom at [Rumii^nY, May 15, died 
in Paris, Much a1762. He wrote upon mathematics and nbyaii^, but cilc^v 
upon aatroQomy. 

^ Born at La Flcchc, Anjou, July 31, died in Paris^ July 12, 1682. He 
wrote upon phyaics and astronomy and was particularly well known for hia work 
on the measure of the earth. 
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The degree of accuracy reached by Picard was increased 
through the efforts of Giovanni Domenico (Jean Dominique > 
Cassini (Cassini I)^ who extended Picard’s meridian in i70t 
southward to the; Pyrenees. It was afterwards extended north¬ 
ward to Dunkirk (Dunkerque), although the results, pub¬ 
lished by Jacques Cassini (Cassini II) in 1720^ provoked 
great opposition because of their lack of precision and the 
incorrect conclusions reached with respect to the elongated 
form of the earth. In 1735 France sent a mission to Peru^ and 
an elaborate survey was made for the purpose of measuring an 
arc. This work was carried on under the direction of Bouguer,^ 
Condamine,® and Godin.^ By 1745 they had completed the 
measurement of an arc of 3°. D^Alembert spoke of the work 
as the greatest scientific enterprise that had thus far been under¬ 
taken. In the following year another mission, including such 
French scientists as Maupertuis and Clairaut, and the Swedish 
scientist Celsius * began a similar work in Lapland. The result 
of this survey was the measurement of an arc of 1°', The con- 
elusions reached in Peru and Lapland confumed Newton^s 
assertion of the flattening of the earth at the poles and led to 
Voltaire’s reference to Maupertuis, against whom he had a 
personal grudge^ as the “great flattcner” {gr^ind apluthseur). 
The form of tlie earth appears from the fact that degrees of lati¬ 
tude increase in length as we approach the poles. 

In 1739 and 1740, owing chiefly to the work of Ibacaille, an 
arc of the meridian was again measured in France, the result 
being a correction of the errors published in 1720 and a new 
confirmation of Newton^s theory of the shape of the earth. 

Towvird the close of the iSth century France undertook a 
third great survey^ this time for the purpose of determining the 

iSee p^age 317. 

= Charles Marie de Ta CondainSne, bom in Paris, Jamiajy aB, died in 

Paris, February 4, 1774. lie wrote aiLcnsively on gieodcay. 

5 Louis Gndin, bom in Paris, February sS. 1704; died at Cadir, SepEcmber ii, 
i7&Or He TiTOle chiefly nn astronomy. 

* Anders Celsiua; bom at Upsala, November 2 7,1701; died at UpsaJa, April 35, 
1744. He ’Bi'as professor of astrondtpy at Upsala., hut spent some years fn Frjnce. 
Germany, and Italy. 
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length of the standard meter. In this undertaking a number of 
the greatest French scientists were engaged, but for tlie geodetic 
work Delambre and Mechain were chiefly responsible. 

In tlie 15th and 20th centuries extensive triangulations have 
been made, and with the methods employed there have been 
connected such prominent names as those of Biot, Arago_, 
Schumacherj Legendrej Laplace, Gauss, and Bessel. The Ord¬ 
nance Survey of Great Britain, begun in 17S3 and completed 
in 1S58J resulted in the measurement of an arc of 10° 13", ex¬ 
tending from the Isle of Wight to one of the Shetland group; 
the trianguiation of India (1790-1S84) gave an arc of about 
24“; and the Russo-Scandinavian measurements, begun in 1S17, 
resulted in an arc of 25° 20". The arc recently measured in 
Africa, extending over a distance of about 65", will, joined to the 
Russo-Scandinavian arc, give an arc of about Eofi*. 

Mass of the Earth. The determination of the earth’s density 
depends on the law of gravitation, and so it began in the work of 
Newton, who estimated it as five or six times that of watern 

The first of the later methods depends upon the deflection of 
a plumb line due to the attraction of a mountain. This was first 
used by Pierre Bouguetj in Peru {c, 1740)^ By this plan Maske- 
leyne^ (i774-J£776) placed the density between 4*5 and 5. 

The second method is based upon a comparison of the vibra¬ 
tions of a pendulum at sea level with those at the top of a high 
mountain, Francesco Carlini, the Italian astronomer, used the 
method in 1S21 and obtained a density of 4.84. 

The third method is due to Henry Cavendish^ (^798) and is 
based upon the mutual attraction of known masses. Francis 
Baily^ (1S43) obtained the result of 5,67 by this method. 

The fourth method uses a finely graduated balance to de¬ 
termine the attraction of known masses. By its use results of 
5.59 were obtained by Von Jolly in ifiSi, and 5.49 by Poynting 
in iSgi. The latest experiments give the result as about 5,53. 


^NeviJ Maskfclcynci tom in London, October g [O. S.), 1732 j died at Green¬ 
wich, February ifiii. He becatne aslrunoraer royal in 17^5. 

^Btnm at Nice, October to, 1731; died 3n L&udon, February 14, i&io. 

SBom at Newbury, Berkshire, April 2 &, 1774; died iu Lyndon, August 30,1844, 
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TOPICS FOR L> 1 SCUSSI 0 N 

1. Intuitive ijeometry as it shgws itself in the primitive decoration 
tised by various peoples. 

2. Intuitive geometry as it shows itself in the early stages of 
mathematics in various countries. 

The rise of demonstrative geometry and the she most impor¬ 
tant contributors to the science in andeiif Greece. 

4., The various names used for geometry and the special signifi¬ 
cance of each. 

5. The developmeriit of the terminology of elementary geometry, 
especially among the Greeks. 

6^ The development of the postulates and axioms of elementary 
geometry before the ipth century* 

7. Propositions of elementary geometrjr of which the origin is 
kno™ or which have any history of special interest. 

S* The various methods of solving each of the Three Famous 
Problems of antiquity. 

5* The historical development of methods for finding the ap¬ 
proximate value of 'IT. 

10* The principal steps taken by the Greeks in the development 
of geometric conics. 

IE* The principal steps in the development of plane analytic geomew 
try, with special reference to the 17th century. 

12. A discussion of the history of solid analytic geometry. 

13. Tlie history of the most important higher plane curves com¬ 
monly found in the study of elementaiy analytic geometry^ together 
with the applications of these curves* 

14. The nature, purpose, and history of descriptive geometry. 

15. The relation of the fine arts to geometry in the r^th century* 

1 6. The development of projective geometry. 

17. The development of the non-EucHdean geometries, with special 
reference to the work of Bolyai, Lobachevsky, and Riemann. 

iS* The development of perspective and optics considered as 
mathematical subjects* 

rp. A study of the most interesting of the primitive instruments. 

20. The general development of geodesy, particularly among the 
Greeks and in modern times, and with reference to the measure of the 
circumference of the earth* 



CHAPTER VI 


ALGEER.\ 

I* General PrjOGEESS or Algebra 

Mature of Algebra. When we speak of the early history qf 
algebra it is necessary to consider first of all the meaning of 
the term. If by algebra we mean the science which allows us 
to solve the equation expressed in these sym¬ 

bols, then the history begins in the 17th century; if we remove 
the restriction as to these particular signs^ and allow for other 
and less convenient symbols^ we might properly begin the his¬ 
tory in the 3d century; If we allow for the solution of the above 
equation by geometric methods^ without algebraic symbols of 
any kind, we might say that algebra begins with the Alexandrian 
School or a little earlier; an d if we say that we should class as 
algebra any problem that we should now solve by algebra (even 
though it was at first solved by mere guessing or by some cum¬ 
bersome arithmetic process)^ then the science was known about 
I a 00 B.C., and probably still earlier.^ 

A Brief Survey proposed. It is first proposed to give a brief 
survey of the development of algebra, recalling the names of 
those who helped to set the problems that were later solved by 
the aid of equations, as well as those who assisted in establishing 
the science itseif. These names have been mentioned in Vol¬ 
ume I and some of them will be referred to wlien we consider 
the development of the special topics of algebra and their appli¬ 
cation to the solution of elementary problems. 

iFor 2. brlfii study of ttc early hlstoify see H. G. Zeuthen, "Sur l^orlglnc dc 
fte K£h Ifartike FidcHjiifl&crrtffj M<^h.-fysiski; MeddileinTt 

Ilf 4, Copenhagen, M. Chasles, ^'HistoLre de rAlgtbre,” Camptei rendust 

Stptcmbtt 6,1S41; but the satjeet is treated of in any ge^itraj history of matte- 
naatlca and in the leading ehcycloj^diaa. 
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It should also be staled as a preliminary to this discussion 
that Nesselmann^ (iS4a-) has divided the history of algebra 
into three periods: the rhetorical, in ’which the words ’were 
written out in full; the syncopated, in which abbreviations were 
used; and the symbolic, in which the abbreviations gave place 
to such symbols as occur in statements like — = 

There are no exact lines of demarcation by which to establish 
these divisions, Diophantus, for example, having made use of 
certain features of all three; hut the classification has some 
advantages and the student will occasionally find the terms 
convenient. 

It should be borne in mind that most ancient writers outside 
of Greece included in their mathematical works a wide range 
of subjects, Ahmes (o. ^550 for ei^cample, combines his 

algebra with arithmetic and mensuration, and even shows 
some evidence that trigonometry was making a feeble start. 
There was no distinct treatise on algebra before the time of 
Diophantus (c. 275), 

Algebra in Egypt, The first writer on algebra ’Whose works 
have come down to us is Ahmes. He has certain problems in 
linear equations and in serieSj and these form the essentially 
new feature in his work. His treatment of the subject is largely 
rhetorical, although, as we shall see later, he made use of a 
small number of symbols. 

There are several other references to what may be called 
algebra in the Egyptian papyri, these references consisting 
merely of problems invol’uing linear or quadratic equations. 
There is no good symbolism in any of this work and no evidence 
that algebra existed as a science. 

Algebra in India. There are only four Hindu writers on alge¬ 
bra whose names are particularly noteworthy. These are 
Aryabhata,® whose (c. gio) included problems in 

»G. H. F. NeEseluiannf Alg. GriecJien, [j. ^02. 

^As already stated, the period may tave beer f. 160* b.C. or twUer. 

'^See Votunie I, page 153, and rcinembcr that there two Aryabhata^ aod 
that wc arc not certain whii* one at them ia entitkd to the credit for varioita 
contrlbutiom. 
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series^ permutations, and lmea.r and quadratic equations; 
Brahmagupta, whose Brahmaiiddhanta (f. 638) contains a 
aatisfactxjry rule for solving the quadratic, and whose problems 
include the subjects treated by Aryabhata; Mahavira, whose 
C<inHii-Sdra Sangraha (c. S50) contains a large number of 
problems involving series^ radicals, and equations; and Bh^s- 
'kara, whose Bija Ganita (c. 1150) contains nine chapters and 
extends the work through quadratic equations.^ 

Algebra in China. It is difficult to say when algebra as a 
science began in China. Problems which we should solve by 
equations appear in works as early as the Nine Sectkms" and 
£0 may have been known by the year 1000 e*C, In Liu Hui’s 
commentary on this work (c. 250) there are problems of pur¬ 
suit, the Rule of False Position, explained later in this chapter, 
and an arrangement of terms in a kind of determinant notation.^ 
The rules given by Liu Hui form a kind of rhetorical algebra. 

The work of Sun-tzi* (perhaps of the ist century, but the 
date is very uncertain and may be several centuries earlier! 
contains various problems which would today be considered 
algebraic. These include questions involving indeterminate 
equations of which the following is a type: 

There are certain things whose number is untnovm. If they are 
divided by 3 the remainder is s; by 5, the remainder is 3; and by 7, 
the remainder is 2. Find the number. 

Sun-tzT solved such problems by analysis and was content 
with a single result^ even where several results are admissible. 

The Chinese certainly knew how to solve quadratics as early 
as the I St century b.c.j and rules given even as early as the 
K^iu-ch^ang Suan-shu above mentioned involve the solution of 
such equations. 

T. Colebrooke, Al^^bra with Arithmtik and snsaratinfft, frQjn the Son- 
jciii, pp. 12^!76 (L&iyjfin, iSiy). For the varLflus spellin^ia tif Ganiia sec 
Vfllyme I, page 27S. 

^ K’iu-ckms 

*Mikaini, China, pp, 19, 23. 

Sttan-king. 
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Liu Hui (c. 250) gave various rules which would now be 
stated as algebraic formulas and seems to have deduced these 
from other rules in much the same way as we should deduce 
formulas at the present time.^ 

By the 7 th century the cubic equation had begun to attract 
attentiouj as is evident from the Ch^i-ku Suan-khig of Wang 
Hsdao-t*ung (c. ^25), 

The culmination of Chinese algebra is found in the 13 th cen¬ 
tury. At this time numerical higher equations attracted the 
special attention of scholars Hke Ch’in Kiii-shao (c. 1250), 
Li Yeh (c. i25o)j and Chu Shf-kie (c. 1300)/ the result be¬ 
ing the perfecting of an ancient method which resembles the 
one later developed by W. G. Horner (iSip). 

With the coming of the Jesuits in the 16th century^ and the 
consequent introduction of Western science, China lost interest 
in her native algebra and never fully regained it. 

Algebra in Greece. Algebra in the modern sense can hardly 
be said to have es:isted in the golden age of Greek mathematics.^ 
The Greeks of the classical period could solve many algebraic 
problems of considerable difficulty^ but the solutions were all 
geometric* Hippocrates (c, 460 b.c.), for example, assumed 
a construction which is equivalent to solving the equation 

4, ‘ and Euclid (c* 300 B.c,), in his Dstay 

solved problems equivalent to the following: 

r, .r —^ =a (Frob, 84), 

2* -T-\-r — fT (Prob. 85). 

3* jty = -r' = .7= (Frob. 86). 

In his Elemefits (IIj ii) Euclid solved the equivalent of 
<iy: — <1, and even of + ai = b'\ substantially by com¬ 
pleting the geometric square and neglecting negative roots. 

After Euclid there came a transition period from the geo¬ 
metric to the analytic method. Heron (c. 50who certainly 

^ Mikamt, CAwa, np. China, jjp. 6s, 69 . 

aN'Kselnwnn, 4%. Grieckun; Heath, DhphaatKir On the "application of 
areas" bce Heath, Hisiory, and K. W. LEviiiE^tone, The Ltiocy of CrsK£, p. m 
(Os ford, 1912L 
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solved the equation 144 jc (14 — s) = 6720, may possibly have 
used the analytic method for the purpose of finding the roots of 

■t] 312, 

w I 

With Diophantus (c* 275) there first enters an algebraic 
symbolism worthy of the name^ and also a series of purely 
algebraic problems treated by analytic methods, llany of his 
equations being indeterminate^ equations of this type are often 
cdled Diophantine Equations* His was the first work devoted 
chiefly to algebra, and on this account he is ofteiij and with 
much justice, called the father of the science* 

Algebra among the Arabs and Persians, The algebraists of 
special prominence among the Arabs and Persians were hlo- 
hammed ibn Musa, al-Khowarizmi, whose nl-jabr w'ai fiiuqih 
bulak (0* 825) gave the name to the science and contained the 
first systematic treatment of the general subject as rlistinct 
from the theory of numbers; Almahani {c, 860)^ whose name 
will be mentioned in connection with the cubic; Abu Kamil 
(c. geo), who drew extensively from al-Khowarizmi, and from 
whom Fibonacci (1202) drew in turn; al-Karkhl (c* 1020)^ 
ivhose Fakkrt contains various problems which still form part 
of the general stock material of algebra; and Omar Khayyam 
(c* iiQo)j whose algebra was the best that the Persian w'tIters 
produced. 

Medieval Writers* Most of the medieval Western scholars 
who helped in the progress of algebra were translators from the 
Arabic. Among these were Johannes Hispaiensis (c* 1140), 
who may have translated al-KhowS,rizmi's algebra; Gherardo 
of Cremona (^. 3(150}^ to whom is also attributed a translation 
of the same work; Adelard of Bath (f^* T120), who probably 
translated an astronomical w'ork of al-Khowariami^ and who 
certainly helped to make this writer known; and Robert of 
Chester, whose translation of al-Khowarismi^s algebra is now 
available in English.^ 

^ir. C. Karjymskij ilpbert of CheHer's JltiUfi TronslaHott . . . p/ iii- 
Kkowaritmi. New York, 1515, 
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From a MS. pi 1456. It begins, Liber maliucTneti dc ASgebra et almucihabal;!.'^ 
In Mr. PlEmpton^si liijraty 
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The greatest writer oa algebra in the Middle Ages was 
Fibonaccij whose Liber Q^iodratoru^ (c. 1225) and Flo^ both 
relate to the subject. The former work includes the treatment 
of such problems as a:’ -f-3'^ =a" and other well-known types, 
and shows great ingenuity in the solution of equations- 

Of the German algebraists in the Middle Ages the leading 
writer was Jordanus Nemoranus (c. 1:^25). His De NntJicris 
Dalis, already described (VoL p. 227), contains a number of 
problems in linear and quadratic equations of the type still 
familiar in our textbooks. In general, however, die medieval 
writers were more interested in mathematics as related to as¬ 
tronomy than in mathematics for its own sake/ 

The Renaissance^ Algebra in the Renaissance period received 
its first serious consideration in Pacioli's Sitma (1494), a work 
which summarized in a careless way the knowledge of the sub¬ 
ject thus far accumulated. By the aid of the crude symbolism 
then in use it gave a considerable amount of work in equationsn 

The next noteworthy work on algebra, and the first to be 
devoted entirely to the subject, was Rudolff^s Cajj (1525). 
This work made no decided advance in the theory, but it im¬ 
proved the sji'mbolism for radicals and made the science better 
known in Germany. Stifeks edition of this work (15S3-T554') 
gave the snbject still more prominence. 

The first epoch-making algebra to appear in print was the 
Ars Magna, of Cardan (1545}^ This was devoted primarily to 
the solution of algebraic equations. It contained the solution 
of the cubic and biquadratic equations,^ made use of complex 
numbers, and in general may be said to have been the first 
step toward modern algebra. 

The next great work on algebra to appear in print was the 
General Traitato of Tartaglia (1556’! 560), although his side 
of the controversy with Cardan over the solution of the cubic 
equation had already been given in his ed invensieni 

diverse (1546). 

1 On the general topk we P. Cossill. Orfjgttie, trasfurU} m /fulii, primi pro- 
gressi in tiia.dell' A.lgebrat 2 vela., Piima, 1797-17$^, 
chaptei^ xi iind et aeq. 
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Algelira in tte New World. As already stated,' tte fiicst mathe- 
matical work published in the New World was the Sumario 
Compcndioso of Juan Diez. This appeared in the City of 
Mexico in 1556 and contains six pages on algebra. Some idea 
of its general nature may be obtained from two of the prob¬ 
lems relating to the subject. Of these the first, literally trans¬ 
lated and requiring the solution of the quadratic equation 
is tts follows: 

Find a square from which if 15^ is subtracted the result is its own 
root. 

Let the number be coja [jr]. The square of half a coja is equal to 

of a zenso [x-]. Adding 15 and ^ to i makes 16, of which the 
rciot is 4, and this plus ^ is the root of the required number. 

Proof: Square the square root of 16 plu^ half a com-, which is four 
and a half, giving 30 and i, which is the square number required. 
From 20^ subtract and ^ and you have 4 and which is the root 
of the number Itself. 

The second problem, also literally translated, requires the 
solution of the quadratic equation jv^ + jr = i2 6o: 

A man takes passage in a ship and asks the master what be has to 
pay. The master says that it will not be any more than for the others. 
Tlie passenger on again asking how much it would be, the master 
relies: will be the number of pesos which, multiplied by itself 

and added to the number^ gives 1260.^' Requited to know how much 
the master agked. 

Let the cost be a cosa of pesos. Then liaU of a com squared makes- 
J of a aenjiJj and this added to ia6o makes ribo and a quarter, the 
root of which iess ^ of a cosa is the number required. Reduce 1260 
and I to fourths ; this is equal to -root of which 33 71 halves ; 
subtract frorn it half a cosa and there remains halves, iftbich is 
equal to 35 pesos, and this is what was asked for the passage;. 

Proof: Multiply 35 by itself and you have 1325 ; adding to it 35^ 
you have rafio, the required number. 


iSte Volume I, pipe 553. D. E. Smith, Ths Sumano of Brothtr 

Jnan Dir.s. Boston, rgai. 
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First Teachable Textbooks ia Algebra. The first noteworthy 
attempt to write an algebra in England was made by Robert 
Recorde, whose Whetst&ne 0/ witte (1557) was an excellent 
textbook for its time» The next important contribution was 
Masterson^S incomplete treatise of 1592-1 595 ^ but the work was 
not up to the standard set by Recorde. 

The first Italian textbook to bear the title of algebra was 
Bomhelli's work of 1572. In this book the material is arranged 
with some attention to the teaching of the subject.* 

By this time elementarj" algebra was fairly wed perfected, 
and it only remained to develop a good symbolism. As will be 
shown later^ this symbolism was worked out largely by Vieta 
(f. 1590)5 Harriot (c. idio), Oughtred (c. Descartes 

(i6j 7), and the British school of Newton’s time 1675). 

So far as the great body of elementary algebra is concerned^ 
therefore^ it was completed in the 17th century. 

2, Name tor Algeura 

Early TTames. The history of a few of the most familiar terms 
of algebra not elsewhere discussed will now be considered^ and 
of these the first is naturally the name of the science itself. 

Ahmes (c. 1550 e.c.) called his treatise Rules for inquiring 
into nature,, and for knowing all that exists^ [every] mys¬ 
tery, , . * every secret and this idea is not infrequently ex¬ 
pressed by later writers. Thus Seki (c. 16So) called a certain 
part of algebra the kigeti seiho^ meaning a mediod for revealing 
the true and buried origin of things, and we find the same idea 
in the titles of algebras by Follinus (1632)^ and Gosselln 
(1577) * and in a note on Ramus written by Schoner in 1586.^ 


^ L^Aisebra parit m&£gii>TS dr.^i^ ariintlica- - . . t Bologna, 1572. Thert la a 
stcond editiou, dilleriiig only in ihe tiOe-pagCi Eoiogn^ 

^He adds: ''Behold, this rollivas written , . „ Iqndcr , , , the King of Upper] 
and Lower Egypt, Aajjserre. ... It was the Ectibe AtmSse who wrote this copy,'^ 
Peet, Rfdad Fapyrin-, p. 53. Professor Feet gives iho prohaBlc date as betwetn 
and a.c. 

'•^Algebra- Sibenit rebut oecifliis. 

*, , . rfe oecuita paHe tfamerariftn. 

. . AtmucabsLlam, hoc est, librum de rebut occulUs'^ (p. 35^). 
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Since the Greeks gave the name "arithmetic” to all the 
theory of numbers, they naturally included their algebra under 
that title^"" and this explains why the algebra of Diophantus 
went by the name of arithmetic. 

The Hindu writers had no uniform name for the sciencGr 
Aryabhata (c. 510) included algebra in his general treatise, the 
Aryabhatiyam-y Brahmagupta {c. 62 S) placed it in his large 
treatise, giving a special name {kutaka, the pulverizer)^ to his 
chap ter on indeterminate e quations. Mahavlra (. 8 50) included 
it in his Goj^ita-Sara-SangrOrhaj a title meaning a brief exposi¬ 
tion of the compendium of calculation. Bh^kara (c. 1150} had a 
name for general arithmetic, Bija Gaafic,* meaning the calcula¬ 
tion of seeds, that is, of original or primary elements,and a 
special name for algebra, Avyakta ganita,^ or Avyakta-kriyd, 
the former referring to the calculation with knowns and the 
latter to that with unknowns. 

The Chinese used various fanciful titles for their books con¬ 
taining algebra and spoke of the method of the fien-yuen 
(celestial element},^ meaning the algebra that made use of cal¬ 
culating rods (the Japanese sangt)f to indicate coefficients.' 
Similar fanciful names were used in Japan, as also the name 
yefjdan jutsu (method of analysis), and the name kigm seiho 
already mentioned* 

1 So Euclld'e Elemen-tt, II, devoted to arithmetic, include^ a conEideiable part 
of aJgebta, such as the geometric proofs about {a ± and (0 -I- b> (a — 

The fact was r^cognued by Ramus when he staled that ^'Algebra est pars 

arithmeticaje'' (15^6 ed., p. 32! >, 

^ColebrootO (pp. 112, 3S5:> Erin&UteJTitcs this as catidedra, culla, c^itaca, 
cutiaca^vyavfihdrut and citilacdd' hydra, meaning the detenmnation ol a pulveriz¬ 
ing muUipHer P such that, i£ and arc given numbeta, then pn^ + fij 

bhall be divisible by 

f Or Ganiia, Bee? GnnniL The spelling as given m the first printed tdE- 
tioft (Calcutta, 18463 ia Bee? Citnita. The namt Vija^krtyd, meaning sted analy¬ 
sis, is also used. 

*Sir M. Monier-WiUiams, Indian Wkdem, 4tb edu, p, ij'4 (London, iSps^. 

= IvesBelniann, Jdc. cit-> p. 44 ^ ColtbtMke translation, p, 12^. Bh&skara also 
used efl jnfl-jocfonnjft (transposiLicn) to include the two terms which had been used 
by al-KhowIrizml. 

° cetwtial-element method. The Japanese called it iengew ?K(!frf. 

^Mikami, China, p. 15?- 
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Algebra at one time stood a fair chance of being called 
Fakhri^ since this was the name given to the work of aFKarkhi 
(c. I020)j one of the greatest of the Arab mathematicians. Had 
his work been translated into Latin, as al-KhowariKmi’s was, 
the title might easily have caught the fancy of the European 
w'orld, AI-Karklii relates that he was long and sorely hindered 
in his attempts to complete his work, because of the tyranny 
and violence endured by the people, until *'God, may his name 
be hallowed and exalted, sent to their aid our protector, the 
vizir, the iUustriotis lord, the perfect one in governn^ent, the 
vizir of vizirs^ clothed with double authority, Abu Galib/^ 
whose familiar name was Fakhr abhlulk. In honor of this 
patron the name Fakhr gave rise to the title of the book, 
al-Fakhrl. 

The Ifame Algebra.” Our real interest in the name centers 
around the word algebr^j a word appearing, as we have seeu^ 
in the title of one of the works by al-Khowarizmi fr. £251,— 
al-jabr ai-m%tqd.balah^ It also appears in the early Ladn trans¬ 
lations under such titles as Ludus (ligebrae. ai^ucgrabixkicqnc 
and Gkba muiabilm* In the i 5 th century it is found in English 
as dlgicbar and (dmachabd., and in various other forms, but 
was finally shortened to (dgcbfti} The words mean restoration 
and oppositionand one of the clearest explanations of their 
use is given by BehS. Eddin (c. t6oo) in his Khold^t al-llis&b 
{Essence of Atithmetic '): 

The member which is affected by a minus sign will he increiised and 
the same added to the other member, this being algebra ; the homoge¬ 
neous and equal terms will then he cancelfidj this being al-m.}iqdhula. 

That is, given = -i- hx — y, 

al-jahr gives ^.r -h 3 ^ + y = 

and d-muq&balah gives — 

^An English translation of al^KhowdnsmJIa work hy Ros^n appeared in 
I.ondo-n in rS^r. A Latin version was puliUshed by Lihti in his VnL I 

fParia, and by Karpinaki (1^15) from a Scheubd tScheybl} SJS. at 

CalurnbSa University, as already stated. 

redintepration and equation. Jabf is from (to reunite or con- 

splidate), possibly aUied to the Hebrew sibar (make strong). 
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This statement was put into verse, as was usual in the East, 
and thus became generally known in the Arab schools. It may 
be crudely translated thus: 

Cancel minus terms and then 
Restore to make your aigebra\ 

Combine your homogeoeous terms 
And this is caJled muqdbala.h?- 

In a general way we may say that al-Jabr or al-jebr bas as 
the fundamental idea the transposition of a negative quantityj 
and ntuqdbdldh the transposition of a positive quantity and the 
simplification of each member.“ Al-Khowarizmi's title was 
adopted by European scholars,^ appearing both in the Arabic, 
with many curious variants, and in Eatin. The Moors took the 
word al-jabr into Spainj an algebrista being a restorerj one who 
resets broken bones.* At one time it was not unusual to sec 
over the entrance to a barber shop the words "Algebrista y 
Sangrador” (bonesetter and blood letter )j and both the striped 
pole which is used in America as a bartaer^s sign and the metal 
basin used for the same purpose in Europe today are relics 
of the latter phase of the haircutter’s work. From Spain the 
^yord passed over to Italy, where, in the i6th century, algebra 
was used to mean the art of bonesetting.^ Thence it found its 
way into France as aig&bref and so on to England, where one 
writer (X541) speaks of "the helpes of Algebra & dislocations,” 


^From B Persian algebra written probably aftcT tbe 12th century. Kes&elmaTin 
(p- 50) put it into German vcrs^i and the above English ijuatrain^ taken from his 
EranslatioTi, gives only a grneral ideB fli the wording. 

-RoDandLia (c. 1424) Has De flr(p dolfindi, the art of chipping oCf or cutting 
with an ii, probably meaning the chipping oH or subtracting of equals from 
both members. 

Robert of Cbester’ls tranalation (f. ri4D> begins his Liber Atgebme pi 
AlmjKobQia thus: ''In nomine Dei xp'f] et mbcricordis Inctpit liber Rcstaum- 
tionis et Oppositionis numeri . . . filing Mnai Algobirfzim dbrit Mahometh.^ 

*So in Don Qitixaie < 11 , chap. J.S)t ’nfhete mention is made of '^urt atgebfism 
who attended to the luckless SamaGn.” 

“Libri, Hitloire, 1838 cd., II, So. The question of the connection of ai-jabf 
with tlie Hebrew root (from which comes ttjAhcffpiA, frac±ure>, and with 

the Hindu word for pulveriiert 15 war thy of study. 
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and another (1561) says: "This Araby worde Algebra sygni- 
fyeth as well fractures of the bones^ etc. as soiuetyme the 
restauration of the same.”^ 

As already said^ the name was much distorted by the Latin 
translators. Thus Guglielmo de Lunis (t. 1250?) gives it iis 
gkba mutabUia, and Roger Bacon 1250) speaks of the 
science as . . . et alntockabala.- A r 5th century manu¬ 

script testifies both to the mystery of the subject and to the 
uncertainty of name when it speaks of the subtleties of largibra.^ 
In the early printed books it appeared in equally curious forms, 
such as Gebra vnd Almuthaboln.* 

Some of the late Latin writers attributed the name to one 
Geber,“ an Arab philosopher^ whom they supposed to be the 
inventor of the science;'^ and certain Arab writers speak of a 
Hindu named Argebahr or Arjabahr, a name which may have 
influenced the Latin translators/ Even as good a scholar as 
Schoner went far astray in his interpretation of the tit]e.“ 


OTfard Dictifln&Ty under 

£St Di£^Liatlo^ ct a1 mciclialnAla qudit t!;t Opsti 

ed. Bridges, I, p. Ivii. 

*Anon. MS. in BoTic^mpagni-ls libtaiy. " , . , d[ subtili. R. di laxyibrji,^' 
NarduccL OajdJpjjp (sdcd.i ifiga), No. ^$'7 (2) + 

*A, KeJnnreijch, cd.l. 

'^Thcne an Arab scholar, Jabit ibn Aftalin Abd Mohammed, of Scvillt; 

(c-T145L whose flstranoiity was iranslatfid by Glieicardo of Cremona, his con- 
teroporaiy, md was printed !n IJ34. 

“The name appears u Grtber in Hcilbroianer's MiUh.f p. 340 (1742 S. 
Ghaltgai (1531) spoke of it as ^'composta da uuo home Arabo di pr^e intclli- 
gentia," adding that “akuni dteono esserc stato uno ii <lLiid npinc era Gcbcr.” 

^Libri, Htstairc (I, thinks tbiLt thB writer ivas Aiyabhafa, 

®Thu3 in a note cm Ramos ed., p. 323} he says: '’Notnen AJgebrae 

Syriatum putatur significans ariem £c doctrmam hominis excelletitSs, Nam gofjrr 
Sy^is fitgniEicat viram ... ut apud ntra Magister aut Doctor . . . & ab IndL 
barum artLiim peratudiosis dicitar Ali'.ibm item Albprsty tameCsi propiiuTTi autori^ 
jdomen i^noretur.” 

A& an cictmple of itili mote unCttirtain history, A. Helmneich {Jieihenbilck., ■ 
1561; 15^5 od., fol. b 2, r.| of the VoTrfde) asserts tbai algebra w'as due to " Ylem/ 
der grosse fleometer in Egypten/zur ieit desa Aleiaindri Magni, der da ivar ciu 
Praeceptor oder vetrfahrer Euclidia, deaa Euiistcn zu Megarien” We ako find 
such lorrn>i as mucimbih, Heghala dellitraibr^ maehfibiln^'iT^^oh 

del iu:^br£vf^\ gbnAiie, delJact^ra e tiiiwcfts&ik, ioNhm linnarAflbTiie, all in MSS. ot 
the isth centufys and in the i6tb century such forms as arcibra. 
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Other Names* Because the unknown quantity was called res 
by the Lite Latin writers j which was translated into Italian as 
cosa,^ the early Italian writers called algebra the Rcgola de la 
Casa, whence the German Die Coss and the English cossike 
arte.- 

The Italians of the r5th and 16th centuries often called 
algebra the greater art, to distinguish it from commercial arith¬ 
metic, which was the lesser art, just as we speak of higher 
arithmetic and elementary arithmetic. This distinction may 
have been suggested by the seven arti maggiori and the fourteen 
arti mmori retognited by the merchants of medieval Florence*^ 
Thus we have such names as Ars Magna, used by Cardan 
(1545),^ VArte Maggiore, used by various other Italian writers, 
and I’arte mayor, used by Juan Bie^, whose book has been 
mentioned as having appeared in Me>:ico in 1556* The title 
as given in the Mexican book is as follows: 

l^^utllfoneeoctartetnairoj tocantcsalatse'b:^* 

Vieta (c. 1590) rejected the name "algebraas having 
no signincance in the European languageSj and proposed to 
use the term "analysis/' and it is probably to his influence 
that the popularity of this term in connection with higher 
algebra is due* 

Of the other names for algebra the only one that we need 
consider is "logistic.^’ Since the term had dropped out of use 
as a name for computation about 1500, it was employed to 


^ Fi’orn the Lattu ; Mmpare the French cftojc. 

^Thus Flado]i £i4'p4 ed., ^ol. 67^ f.): "Per loperaTc dm larte maRiore; dilti 
da] vulpo ta rcRQla de la ctvsa ouer algebra e atuucabak." It win be recalled that 
Hudolff's tUTa for his book (1535) on algebra was Die Cojj. HeTmretch saya; 
” . . . \Tid wild hey den Welachen [ihc Italians] gcncnt das buchDffati?i£j.ywe[chs 
wir Deutsche die Cos Oder Aisebra nennen.” JEficAejifrucA, 1561 [i;B| cd.l, 

fo], b i, 

“E, G- Gardner, Thf. Story of Floream, p. 42. London, 19M. 

+ Also by GM£*lin, Dr orte stu dt occuita poriE jiumerorittM gnoE iSr 

Algebra & Almiscabaifi vjiigo didtur, libri ?V, Paris, is77* The name was used, 
however, for various purposes, a$ in Kirch ex's An Magna Lucis el l/jitbros, 
Amsterdam I 1671, and numerous other warts. 
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designate a Mgher brandi, just as “calculus" was appropriated 
a century or so later. Thus we find it used by Buteo and 
others' to cover advanced arithmetic and algebra^ although it 
never became popular 

3 - Technical Teiims 

Coefficient* Of the terms commonly used in algebra, it is pos¬ 
sible at this time to mention only a few typical ones. 

The coefficient was called by Diophantus (c. 575) the 
pie-'ihos^ (multitude), and by Brahmagupta {c. 6iS) the afica, 
or prakriti* but most early writers used no special name. The 
term ^'coefficient" and the use of literal coefficients are late 
developments, the former being due to Vieta. 

irnknowu Quantity. The unknown quantity was callerl by 
Ahmes (c. 155c b*^.} ahe'^ or hau (“mass" "quantity" or 
'' heap ”) * Diophantus called it" an undefined number of units. ’' 
Brahmagupta called it the yavut-tdvat," and possibly this sug¬ 
gested to the Arabs the use of shd (iei, chai, meaning "thing” or 
"anything"), whence the medieval use of r&s (thing) for this 
purpose.'' The Chinese used yuen (element),'^ as already stated, 
but they also used a word meaning “thing.”''^ 

Powers. Before the invention of a satisfactory symbol like 

it became necessary to have a special name for the square of 
the unknown, and in the Greek geometric algebra it was called 

VitalESij LexiconAfathsvmiiivm, p. 35 tRvme, f Nesselniajin,iof, rEt.j 

P- 57- 

^Ttcre are inany other names Li3ed for this puTpose. E.s^ 'Ali jtui Vefi ibh 
Hamza, a wratem Arab, then hving in Mecea, ^rofcc & work eotillcd 

TuLfet at-a’dad H-do^vi al-rosM sa^d (The Gift of -Vum&ef'j /or lha Pojifj- 
jorj of J^tasoM imd Correct I 7 ^diht'i■^ relating to elcmentaiy aJgebra. &« 
E, L. W, M. Curtze, Abliundhmgen^ XIV, 1B4. The name remincis one of 
Rjecorde’s Wlietsto^ie of liitte, London, 1557. 

5 ■* Cp^ebTocke’s translation, pp, 54C1, 

“By ^ffyptologists, ^^'w. See Peet, Rhind Papyrus ^ p. 61. 

(pJe'thtTi mOltO-'don a'legiin). 

^Alsn given as jabtii inimly literally tbe "so much as,” "as far, so fat,” "as 
much, 50 much,” or "however mudi.” Compam BomlielEj’s use of much}. 

^'fhe Arabs also used jidr (dyisr^ root), wheutt the Latin radhe. 

f Mlkami, CftEuo, pp- ^li, ^i* Compare res and eofa, page 
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a ^'tetragon' number” or a '"povrer*"® Diophantus called the 
third power a cube^^ the fourth power a "power-power/’* the 
fifth power a power-cube/’' and the sixth power a "cube- 
cube/’^ using the additive instead of the multiplicative principle. 

The Arab writers called the square of the unknown a mdi a 
word meaning ^Vealth,” whence the medieval Latin census 
(evaluation of wealthy tax) was used for the same purpose^ 
appearing in the early Italian algebras as cemo, sometimes in¬ 
correctly written as zenso. Therefore algebra was not uncom¬ 
monly called Ar^ tei ei census as well as Ar^ and Regoln o 
l^arts deUa. cosa^ 

Equation. The word *^equation," while generally used as at 
present ever since the medieval writers set the standard, has 
not always had this meaning* It is used by Ramus in his 
arithmetic and by his commentator Schoner to denote a con¬ 
tinued proportion, although in speaking of algebra Ramus 
(1567)“ and Gosselin (1577) follow the ordinary usage. 

Absolute Term. In the equation 

-f- + . . . _i.r -H = o 

wc speak of as the absolute term. There have been various 
names for it, Diophantus (c.2js) calling it monads.® The 


1 Trtpdywrvi {tEtra'gvnai faui'-anglcd number). So in Eudid 

vir, dct. is, 

-Auwttid {tij'wjrttjEj), fTom tbe same root as "dynamo,” "dynamic,” aiid 
"dynamite.^' So in Plato 31] ■ but be also uses [be term (TkEatetiti, 

14? D) to meari tlie fii^uane root of a iion“5quare number. Whtn Diophantus 
speaks of any particular i^quaTo numbor, he uses 7-*rp<i'i'wp0! but otherwise 

ffupcijui'j. Heath, Diophantm, ad ed,, p. 38. 

(dynflMtOdy'ffatHir). (frfffto'iferii'Oj). 

^ KesfitTmann, Alg. Gnicherit pp, ss, s*. 

^Thus Ramus, in his arithmetic says: "AEquatie est quando con- 

tinuatae rationes curitinuaTitur iterum,” Schoner giving as an example 

10. IS' t2. 

30 . 30. 14. 

meaniui! 10:15 : r^ = co; 30:24 (rsg^ cd., p, ifiS). 

, with the abbreviation Hiath^Dicipkaniut, 3d ed., p. 3^. 
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Hindus called it tupd or and tlie Chinese gave it the name 
an abbreviation ol t<ii-kieh (extreme limit) ^ 

Co Ennutative and DistributiTe Laws^ The use of the terms 
"commutative” and "distributive” in the usual algebraic sense 
is due to the French mathematician Servois (i H14). The use of 
the term "associative” fn this sense is due to Sir William Rowan 
Hamilton.^ 

4. Symbols oy 

Symbols of Operation. The symbols of elementary arithmetic 
are almost wholly algebraic^ most of them being transferred to 
the numerical field only in the 19th century,^ partly to aid the 
printer in setting np a page and partly because of the educa- 
tional fashion then dominant of demanding a written analysis ior 
every problem. When we study the genesis and development 
of the algebraic symbols of operation^ thereforej we include tlie 
study of the symbols used in arithmetic. Some idea of the 
status of the latter subject in this respect may be obtained 
by Looking at almost any of the textbooks of the 17th and 
18th centuries. Hodder,“ for example, gives no symbols before 
page ^01/' then remarking: "Note that a -h thus, doth signihe 
Addition, and two lines thus ^ Equality, or Equation, but a 
X thus. Multiplication,” no other symbols being used. Even 
Recorde, who invented the modem sign of equality^ did not use 
it in his arithmetic, the Ground of Artes (c, 1542), but only in 
his algebra, the Whotstone of (1557)- 

Earliest Symbols, The earliest symbols of operation that 
have come down to us’' are Egyptian. In the Ahmes Papyrus 
(c. 1350 E.c,) addition and subtraction are indicated by 

^Colebrooke'5 Ga^uta, p. iS6n.; E. StrHclle7^ Bija GamiSi p- 117 {Lpn- 
dort, n.d.), where it is piven as rttop. 

= Mikami, loc. dt-, p- Si- The word is also tnTialitcT&tCtl ifls. 

3 Cajori, JVhL of MalK ad ed., p. 273^ T^ew York, 3^19. 

iThere are^ oJ course, exceptions. The Greenwood arithmetit: (1719), for ex¬ 
ample, used the algebraic symbols. 

» Ht& was the first Enshsb aiithmetlc to be reprinted in the American colonees 

(Boston, ed. . . 1 ^ 

Excepting those connected with notatioiif as in the subtractive pruicipte nf 
the Eabylcjiiians, already mentioned. 
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special symbols, but these are simply hieratic forms from the 
hieroglyphics and are not symbols in the sense in which we use 
the term. The symbol ^ was used to designate addition. It 
appears in the Ahmes Papyrus as K ' The symbol A. was 
used to designate subtraction. It appears in the Ahmes Papyrus 

Diophautus (c. 275) represented addition by simple juxta¬ 
position, as in for 4r*+i3J.^ For subtraction he 

seems to have used the symbol , although we are not certain 
as to its precise form. Since we have no manuscript of his 
Arithmetka earlier than the Madrid copy of the r^th century, 
we are also uncertain as to the authenticity of the following 
passage: 

"Minus multiplied by minus makes plus, and minus by plus 
makes minus. The sign of negation is turned upside down^^J’ ’ 
It is fully as probable that the symbol is a deformed A 
(lambda), the Greek letter L and the initial for a word indi¬ 
cating subtraction/ 

The Hindus at one time used a cross placed beside a number 
to indicate a negative quantity, as in the Bakhghali manuscript 
of possibly the loth century. With this exception it was not 
until the 12th century that they made much use of symbols 
of operation/ In the manuscripts of Ehajkara. (c, 1150) a 
small circle or a dot is placed above a subtrahend, as in 6 or 6 
for —6/ or the subtrahend is inclosed in a circle, just as 
children, in scoring a game, indicate 6 less than zero’' hy the 
symbol d 

T-Abmes wrote, as usual, from riflliE La left, but sentences ire 

generatty printed from left to right. See the Brit, Mus. facaimile, PI. IX, row g. 

a Feet, Ji/iifid Pafiyrtti, p. 64; Eiscnlohr, .d/tmej Papyrus, p. 4?, 

"Tannery, Diofihanltis, 1, 13, and Bibl. jVaih., V 51 Heath, Dhp/muius, 
ad ed., p. 130, On the relation of this symbol to the symbol [Ti, which is used in 
the Ayer Papyrus (c. 200-^400), see jJjjrfF'. JAarfl. p/ XIX, 15. 

‘Ajirfiin-Bj diminished by), or (fei'pfEff, to be missingl. 

Of ccarsc a further eTcepticn is also to be made of the represent^ cE sums 
hy juxtaposition and of diviaiori by means of fracdons. For the Bakhsh^U MS. 
SL'e Volume I, page 164. 

^^See Colcbrooke^ edition, p. 131; Taylor's edition, Introduction, p. ii. 

' C-1, fierhardt, jSswciei kisti^riQUis, p. 6, EerlLn, 1^36. 
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European Symbols for Plus and Minus. The early European 
symbol for plus, used in connection with the Rule of False 
Position, was p,^ P,^ or p, the last being the most common of 
tlie three,“ The word plus, used in connection both with addi¬ 
tion and with the Rule of False Position, was also employed; 
but, strange to say, it is much later than the word fninas as 
indicating an operation. The latter is found in the works of 
Fibonacci (1202)5 while the use of plus to indicate addition is 
not known before the latter part of the 15th century.'' 

Since p or p was used for plus, m or m was naturally used 
for mwus, and this usage is found in many works of the 15th 
and i6th centuries. As usual, the bar simply indicated an 
omission, as in for SuittTfm, in the title of Pacioli's work.‘‘ 
In the 15th century the symbol 7^ was often used for minus, 
but most writers preferred the rh. 

Racial Preferences. We now come to one of the many cases of 
racial habit in determining mathematical custom. In die i6th 
century the Latiu races generally followed the Italian School, 
using p and m or their equivalents/ while the German School 

1 Sft in ihc RoTtandus MS- (c- T4S4l, Tvhcre the terras are so artariEcd □& tn 
require HO mhius algn. The Rule oi Fake Position ts expiained on papes 

= Cfavius CisSa) itees P and M for fhts and ftihui in his Rule oi False Fftsi- 
tlon, which he givts in his arithmetic; but in hip. algebra (i 6 aS) he usiea tlie croaSi 
aaymp: "Pkriqnc auttoris pro siEno -|- ponunt JUetmi P, . . . std placet nobia 
uti noslins sipnis,” It must he remembered that the symbols in the Rule of Fslse 
Positiori are hardly symbols of operation in. tho ordinary sense of the term. 

Chqqi4c,t (1434) and Padoli the latter hrsL using it in his Rule 

of FuIevO Position (fob 106). 

XIII (2), p. io|. Fibonacci used it, howeifet,. in the Rule t>I 

False Position. 

^ Compare the French koiel for hastfi or hospttslf and the German iiber for 
TitbfT. See also Cajorif "Varielic.'i of Minus Si^ns,^^ J'eacAeJ', XVT, 255. 

*' This is the case in Mr. Plimpton's MS. of al-Khowldiml, written in 1456. 
See also the Re^^ioTuontantis-BianchEnL correspondence (c. 14^4! in tbe Abhand- 
fu-Figctt, XII, 153, 2^9 5 and CurtEc in the Btbl. I 

^£,£.1 PacioH (^404) Writes in for in his alEfehri, but he follows the 

general custom of t!5Mi|_de_Jo cases like '^7. de 9"; Cardan (1539) writa-s 
li.V.7rpR,4 for- y/j Feliciano Lasesra writes 6, pin. li. 16 

for 6 4- 16 I, and lo. mR. 4 for 10 ^ 41; Tartaglk (1556) and Cataneo (i^ 4 &l 
write pin- and tnfB for pi^ts and ■jffiniiJ in the Rule of False Position ; Santa- 
Cruz (1^94) uses the equivalent Spanish words i«flj and fftenoj; and PdeUer 
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preferred the symbols -f- and neither of which is found 
for this purpose, however, before the 15th century,' 

Origia of our Plus and Minus Signs* In a manuscript of 1456^ 
written in Germany,^ the word ci is used for addition and is 
generally written so that it closely resembles the symbol +. 
The ct is also found in many other manuscriptSj as in '‘5 et 7 “ 
for 5 -I- 7, written in the same contracted form/ as when we 
write the ligature & rapidly. There seems, therefore^ little 
doubt tliat this sign is merely a ligature for ct. 

The origin of the minus sign has been more of a subject of 
dispute. Some have thought that it is a survival of the bar in 
To or in w 7 , but it is more probable that it comes from the habit 
of early scribes of using it as the equivalent of xjj, as in Sumit 
for Summa. Indeed, it is quite probable that the use of X for 
10 thousand (X millc) is an illustration of the same tendency^ 
the bar (—) simply standing for w (wiiffij). In tlie uncial 
writing w^e commonly hnd — for and in the Visigothic we 
find for the same purpose. It is quite reasonable^ therefore, 
to think of the dash ( —) as a symbol for m (minus), just as 
the cross (+ ) is a symbol for et. It is also possible that its 
use in this sense may have come from the habit of merchants in 
indicating a missing number in a case like 2 yd. — 3 in., where 
the number of feet is missing. We have the same habit in writ¬ 
ing certain words today, using either a dash or a series of dots. 


(i5‘4jg'l USDS the French plus atid fnoasri, while fiS??) uses ? ani hf. 

There are^ -tjf ctiyrsc, Eiwptkina, aa when Tienchant (isfl(5) uses - 1 - uitl — Iti hts 
work in the Ryle of False PogJtion, and when Ramus (156^) writes: "At si fklsa 
tonjccRira sit, nohatur eicessus cum sigTio plus aic f, ved defectus cum f.ijjnQ 
minus {Srhot. Math., 15611, p. 15S). When he cnTine5 tc? alsi^f^Ta. tht plus 
takes the form — (ibik., p. sUgL Vieta, {c. wrote i**. Jn-rx* + px-, 
frequentty nsin* the dot as a sign of addition. He aisiO ustd = fm subtraction in 
Certain cases. The aateriat tlenoled an absence of some power of i. 

1 Libri^s surmise that they are due te Lccmardn da Vinci is not warranted. See 
Bibt. Math., XIII (iL 5 5 ? ^tnd his MSS. as puhlislicd by E&ncompapni. Simtiarlv, 
Treutlein^ uIki that they are due to Peiirbach [.ibkandlvKg^ni TT, eijJ is not 
substantiated. ^Thc al-KbowjiriKml MS. in Mr, Plinipton's library. 

tiie RegiQmcnitamjs..Hianchini correspondetmc, Abhandlungeu^ XII, 
PP- 2^9; Bibl. Math; 1 (3), 506. Sec aho I. Taylor, rke Alphabet^ I, 3 
(London, 1S83); J. W, L, Glaisher, Messeugsr &/ Jtfaiil,, LI, 1-143. 
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The signs + attd — first appeared in print in an arithmetic^ 
but they were not employed as symbols of operation. In the 
latter sense they appear in algebra 
long before they do in arithmetic. 

Their first appearance in print is 
in Widman's arithmetic (1489), the 
author saying: "Was™ ist / das ist 
minus . , . \md das+ dasist mer,”^ 

He then speaks of "4 centner + 5 
pfund” and also of "4 centner “ 17 
pfund/’ thus showing the excess or 
deficiency in the weight of boxes or 
bales. He does not use the symbols 
to indicate operations, but writes, for 
example^ " f I adir fa ist it,” 
as we write i-J instead of i + 
juxtaposition signifying addition. 

Manifestly the minus sign was 
more important as a warehouse mark 
than the plus sign, since mere juxta¬ 
position serves to express excess.^ 

The first one to make use of the 
signs d- and — in writing an algebraic 
expression was the Dutch mathema¬ 


4 4" f 

4-^ I r ■pH 

3 4- 3 n ditn."Sfrruci)i'tc 

4 “~l j 

3 4” 4+ wae (HiS 

1 4- li .—]p/CJcfl 
5!tt[7l*r J —i it smtjliSjGcpti* 

3 4 ~ 

4 -"iS 

3 “h 6ii if* jfiftnier 
3 4- ip jS (& goUactirtC 

3 —£ ^fiPanttb^^s / 

5 4 " ? 

ntftiud. Stun 

(U[tV^X4 Ib-'^rbbA* ift ■ 3 
vHtiTHdnE 3 > ^ bd^ft abbhi'Dda ^ 
bflflffirr lbt»1b WCTbci*^ 4tyEfu?' 

tTrtbl=ETOn 4 TJ pv'Cflt! fifcjtlB 4 P ^ It 
b.tabtttjttfd} j ^9 It (fnjfiintip 

4 tow T 1 to wtb IfiiHiS 

■'?'( ftr ^4^[ct^lC^.ii(cied)4^A4iti 

& 

FIRST USE OF THE SYMBOLS 
4" AND —, 1-439 

First printed use of these syrn- 
bols, from Widman^ Behtnndt 
VHii hupscht R^ckjiufi^, Leipzig. 
1484. This facsimile from tbc 
Aiij^-urg ediUon of 1526 


tician V'ander Hoecke (i5i4j,^who 

gave U I ■" H for Vf - V^, and B 3 4 ^ 5 for ^3 + 

next writer to employ them to any extent was Gramniateus 

(i5i:S). He first used them in the Rule of False Position, 

where, as already stated, they expressed excess and deficiency 


41 SOS el., fol. in the 1316 edition, ‘'was ausa — 'tat / daa ist minus , , . 
van! dji£ / + das ist meer.” 

Albert writes: ’‘Item/Wie komen ir cent. 3 sLeln iS pfnnd 

Zien,” and *Ttem /13 centner 4 stein-fi pfuniJ Talg.’' He frequently u&es the 

long bar to indicate deficiency, but never uses the plus sinn. 

“ Such a statement is [ikitly to be in validated it any time, and it simply ineans 
ihit no case is knqwn £0 £hc author ibat can be placed cariier than that in Vander 
Hoecke’s work. See the facsimEle on page 401. There is a copy of the 1514 
edition in the British Mu&tnm, For the 1537 edition sec Rura ArithmetkB, p. i 33 . 
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instead of operations to he performed.^ When he wrote upon 
algebra, however^ he used them in the modern sense. 

These symbols seem to have been employed for the first time 
in arithmetic^ to indicate operations, by Georg Walctl (1:536),'^ 
who used H- ^ 230 to indicate the addition of ^ of 250, and 
— ^ 460 to indicate the subtraction of | of 4&0, The algebraist 
yrho did the most to bring them into general use was Stifel, 
to whom the credit for their invention was formerly given 
For 5 jc 4^ 2 he wrote ''3 sum: 2./’* and similarly for polyno¬ 
nrials involving the minus sign," From this time on the two sym¬ 
bols were commonly used by both German and Dutch writers* 
the particular forms of the signs themselves not being settled 
until well into the 18th century. Thus, for example, the 1752 
edition of Bartjens has 


jr.T::z“ -j-^373 500O 

for 3375 .v+1*785,000. 

^"Ist zu vEi/setiie + Ifit abcr m wenig/se-tzt; fiSSS iol, ]3 3!. 
Ricsc (tuff dpr Unif.>i vmi PederH, 1531) used the symbols—I— and 

— f —, Lhc latter b(;3nf filsn uE5cd by variuiis other writeis to indicite aubtraction. 
TliterfcIiieT Ci5e?>, Jor enjunple, hii? 25 fl. + 33 J gl.” tppr lio, JSOJ. Th4fre art! 
ntiincrous variants, suth fCoutcriecta, 159^, 1690 edition of the 
and (Wilkcns, tW?). On ihe pteaent use of -e- for — * aet R. Just, A'tjw/- 

Hri?r?riicAcJ RfirAnifffl| X^eipin^, loor. 

^'■Vnd mafi brmtithet solche zeEchcn als + iat mehr/vnd—/mmder.” He 
iltuatratea by adding bx + $ and i^x — 4, thua^ 

6 pri. + Cl N" 
i_3_pri. — 4 R 
iS pri. + j N 

In one sense $ jc 4" 6 meana an cxcck nf d over d i, and we evidently find hert thc^ 
iransitton from the ctcess stage to the addition stape. 

^Dis U'alfnk ifraetka, Sirasburg fNllrnbtrg?), 1^36, 

< Prdbabty because of this ctprcfsion ^ “Darumb ao gedcncli nur nkht, das 
di&c ding schwer aeyen Jernen, oder auLwhallenj und ist doch die ganti saeh 
diser meiner zcichcn hfemit gantz auszpericht unnd an fag gebradity Dttiiiche 
Ant fi-m-etics-, 1545. For a faeaimile from hLs work, see page 403. 

L . . das zekben + ywckhes icb set?C mms zwischen gkyals 3 zu 3 aum; 
machen 3 aitnir + j, daa macJii^ly denn a1at> leseii/3 aurameii vnd a.” /Wd., 

foL 31. 

*''‘!Detin wo du dises zeichen — findjest/maKstu dariur lestn/Wemger oJei 
Minder.^ 



CT'ffcmnjiitii DftWfhcn foatj 

InrtbcptJttJcquaMfmroEu ^ hanuflmuiH 
piitfcrt&^-c£mqun 6 ;iac 4 * mmmfliiocmicocmtHjft 
tratmu j£ 

iMt —op iiMt+iiacf t>m 
tpfrfj uan&tu tiia'cl^E/iilatficUtl?;: \ tauU; ? 

Cltfrnail&iitfirrmcnl^it I oant^Aj— 

ftt ^ ^ 

Ta- 

Cl ftni+tjan ►t* op— Mm —fubfraijccrr ott c + 
uan—op—Udit -f fltitJf crt iiiljc fuUfrdCftc fo urr- 
rcaio (J dDDorlirfyn tpfiibfrafewdif- 
^^C i't>u(fiplffd(tE mOnt ft; oantartoitarcit* 
3pri&ilDfmulfipliEfmi uitfmftifoctocrt 
'--^KTOEtprHrnaUc&cnomrncrouflji cotOti imtu 
re a!oftc ft jnumpKcmn inrtpmpclcit Pomiturpe 
ir.of rdlfitcitnomjnrr multipIufTtn iidt Dtewaltw 
fifH ft: .Hio wiiMi mwiripMceterT ftc o mrt 4fo ftt 4 in 
liricu t'^ miiiffph'ccn‘t4 in bacr frinin corrm 10 ku 

inulCipUccctt 0 nut r<> cofti 44 bitr me rrcu ft: co£t 
U foe weri lot^ flbcmnlrtplifccrf met 4^ want tV 9 
to 3 Oif tnultiplitccrf nut 4 cemu il aJo nojci*. 

UDi imtl£(pl!fcr£iV*S nut j fo iwiltipiiCKrt^ nj 

VANDEE liOECKE^S USE OF THE FEUS AND MINUS SIGNS 

Early use of these sipna in Belgium and Holland in 1314. Thia fatsnnile is from 

the cdiliuft 
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Eaglanjd adopts the Symbols. England early adopted the 
Teutonic forms^ and Reeorde (c. 1542) says "thys fygyre+j 
whiche betokenetJi to muchej as this lyne, — plains without a 
crosae lyncj betokeneth to lyttls.”' Baker (1563) made a vain 
attempt to change the plus sign, saying: "This Figure x , 
betokeneth more; and this plains line —y signiheth lesse,^^^ All 
this was in connection with the Rule of False Positionj and not 
in connection with arithmetic operations. As synnbols of opera¬ 
tion most of the English writers of this period reserved the 
-|- and — for algebra.* 

Variants of the Symbols. The variants of the plus sign ( -I- ) 
were naturally many, partly because the early printers had to 
make up the sign by combining lines that they had in their 
fouta. Occasionally, however, the religious question enters^ as 
in certain Hebrew works of the rqtli century, in wbich the 
Christian symbol of the cross is changed* to X. 

The expression "plus or minus” is very old^ having been 
in common use by the Romans to Indicate simply “more 
or less.” It Is often found on Roman tombstones, where 
the age of the deceased Tvas given in some such form as 
AN . LXXXXIin ■ P ' M - that is, "54 years more or less.” 

Symbols of Multiplication. Symbols of multiplication were 
more slow in their development than symbols of addition and 
subtraction, the reason being the need for the latter as ware¬ 
house marks and in the popular Rule of False Position, The 
absence of a sign as in £5 and 3 ft. led naturaliy in the i6th 
century to a similar usage in such algebraic forms as 6 Pri. for 
and 73 (7 zenzo or 7 censo) for 73:®. The late medieval 


^Ground of arifij, ed. T55fi, tol. Z 6. 

3 Ed. 15S0, fol. 164 (numbered 104). Thierfclder {1587) uses x twioe 
through a raiataJfe of the printfr (pp. 154, 24ti), ^nd WlJken? (nSSgi) uses it pur- 
po 5 tly in mnnecti&n with + (pp. ipo, 

SThiis Digges (1572), in hia treatment of alsebri: ^‘Then shall yoy ioync 
them with this siflot *f Plug”? and Hylks (ifido) fiftys: "The bsdg or signe of 
addition is + atatin^ the aum of 3 and 4 as "3 more 4 am 7,” and writing 
EO’-'—.3 for "10 lease 3.'^ 

^Thia la found in several such works, Amorig the latest writers to use the 
symbol waa G. J. Liditenfeld, yedstoth fia-Sht^rimt W^aisaw, 1E63. 




^on tjffcn Iflfcpm 

vnb — * vn. 

*ftJ»ott#epc^cnf«bcii mtWf&lm mich mMn 
tJfn tijm Jetc^m^ »nb werlc^^ 

ti«5Ufpf6c«it«^crt/r^tt&£rn/nartu«/oi?cr tcncn^ 
r«f*., *.fl irt(en*5l?4 ^f^ nu rrbe tj^n att(ch<tt iewfef/ 

roimcemMttten ^ t)nt> -f- /Wt)ori«- SnD— 

idct^nfebe y fa cfrpeg^ ca/ijin^ 
JiTif i tbiji^ idc^m -ht>nb — / ronb^rfjcfim 

ssffigics3.tai®?K 

er(t SXtgd t>ott bem SIbMrm 

t>nD©»Krfl§irtn. VIH. 

p«5fglocb«jeid)en/m<i^ett cbm txte ftU 
bra jtKbtn/ rai 2t6bittB »ff 6obimfai wb/ 
fo 6i]tm fubirnbtircii bicxali bte 

bttf^mAWmdytUofiful^^ 

(EJf fmpfa vom 3f&b*Vctt. 



to 0um; 


-h 7* 1 

0 &mt — 

-f- n. 

j 0iim: — 

■+' fS* 1 

'« 0«m; - 14 . 


STIFEL^S USE OF THE SIGNS + AND — IN ALGEBRA 

From Deutsche Artthm^tica. Inhdtend. . . . Die Deutsche CosSt 

Niirnberg, 1543 
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writers usually arranged their multiplication tables for com¬ 
mercial use in columns^ as in the two cases whidi follow: 


2 ^ 43 - 86 

r”" ^ 

17 

18 

306 

2'44 * SS 

\ 

^9 

1323 


In this arrangement no symbols of operation or equality were 

usedj^ the dot serving for both purposes, being really nothing 

but a symbol of separation^ like the ruled lines. 

In the first printed books no such symbols appear, the Treviso 

arithmetic, for example, giving the multiplication table in the 

form * , f 

2 vm 5 fa 10* 


Development of the Symbol x . The common symbol x was 
developed in England about i5do. In the second edition of 
Edward Wright^s translation of 5 . Mirijidlogarithmorujft 

amonis dcscripHo (London, i6i8)^ is "An Appendix to the 


5 7 

s 

X 

Vs 

>X 

12 

1311 

6 


Logarithmes,” and this contains the statement (p* 4I: ''The 
note of Addition is ( + ) of subtracting {—) of multiplying 
U)/’ a stafeinent that is very likely due to Samuel Wright. 
The larger symbol ( x ) is probably due to Oughtred.^ It was 
not a new mathematical sign, having long been used in cross 

^Tlit firat of these ciamplcs 15 from n MS- -of Benedetto da Firenze \vr[t- 
ten 1460, and tbe EMutid from one of Luca da Ftienze (c. i47S)h 
Mr. PHmptan'h library-* 

-But net !ii the editLQn. 

^ 3 ee F. Cajori, in Ifntvre, (December iri}i4, p, 364; WUiljm Oit^kfrfil, p. ly 
(CkicafQj 1^16); "A Lfet of Oughtrei’a MaEhematical Symhola,” UTthisr^ily of 
CaUfornfa Publications rti L 171. Tins monogtaph should be tun- 

suEted on the entire questiem of symbols, It conuins a careful study of various 
algcbmic si^na, Saiaucl Wriglit was the sun of Edutard WrisHt, He entered 
Cains College, Cambridge, in 1613 and died c. 1616. 
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TnultipUtation, in the check of nines in connectioii with the 
niultiplicatioii of terms in the division* or addition'' of frac¬ 
tions, for the purpose of indicating the corresponding products 
in proportion/ and in the "ntultiplica in croce^' of algebra as 
well as in arithmetic/^ It was probably because of this last use 
that the symbol was suggested for multiplicationj but we have 
no positive evidence on the subject. It was not readily adopted 
by arithmeticians, however, being of no practical value to them. 
In the 1 3 til century some use was made of it in numerical work, 
but it was not until the second half of the 19th century that it 
became popular in elementary arithmetic. On account of its 
resemblance to ic it was not well adapted to use in algebra, and 
£0 the dot came to be employed, as in 2 ' 3 = 6 (America) and 
2*3 = 6 (Europe)* This device seems to have been suggested 
by the old Florentine multiplication tables; at any rate Vlacq, 
the Dutch computer (162S), used it in some of his work, thus ^ 

Factores Faci 

7.17 T19 

although not as a real symbol of operation/ Clavius (15S3) 
had an idea of the dot as a symbol of multiplication, for he 
writes ^ for | and Harriot (posthumous work of 1631) 
actually used the symbol in a case like for 20“. The first 


1 In thLi connection HyJJes ii6oo) speaks of it as the "byas crossc." 

lAs in - y - —t for - -H - = --- Sec page- S 2 &. 

3 ^ 5 10 5 1 IP 

xl 

S ^ ^ 5 

4 A 5 in the case vf as sliown at the right See ButcOi 

Dc QviidTatvra drcvlh 67, ei passim 

"Tallis Ghaligai (15^1; cd., fol. 76) gives 


7 

X 

7 pliii & 


4S 


t 

3 



to indicate {7 + V 4 S ){7 -H 

*Tn his test he uses a rhetorEcal fdTjn 


tbua: ”^041 loeofl farhV trii 


minutia minutiM iU scribeda csL ^ ? proniioatiirque sat Trf^ quEn- 
tae quntuflr aeptiraaro vnius {Mpiiomt, iS&iL 
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writer of prominence to employ the dot in a general way for 
algebraic multiplication seems to have been Leibniz (who also 
used the symbol or possibly his contemporary, Christian 
Wolf, and subsequent algebraists have commonly used it where 
the absence of a sign does not suffice/ 

The Symbol The Anglo-American symbol for division 
( -J- as already stated, has long been used on the continent 
of Europe to indicate subtraction. Like most elementary com¬ 
binations of lines and points, the symbol is old,“ and toward the 
close of the 15th century the Lombard merchants used it to in¬ 
dicate a half, as in 4 -f-, 4 , and similar eapnessions^^ There 

is ev'en a possibility that it was used by some Italian algebraists 
to indicate division^” but it first appeared in print in the 
Tent sc he Algebraj by Johann Heinrich Rahn" 
which appeared in Zurich hi 1659. John Pell had been Crom¬ 
well's political agent in Switzerland (1654-1658), and Aubrey’' 
tells us that "Rhonius was Dr. TelPs pupil at Zurich.” He fur¬ 
ther asserts that "Rhonius's Algebra, in High Dutch, was in¬ 
deed Dr. Pell’s.” At any rate, Rahn used the symbol and Pell 
made it known in England through his translation (London, 
r6S8) of the work* 

Symbol (I) iat Ratio. The symbol f:) to indicate ratio seems 
to have originated in England early in the 17th cenfury. It 
appears in a text entitleo Johnson $ AritJimetiek; /n two 

^ Gerhaidt^a edition of his works, ..j., 239 ^ Vll, 54. 

“Wo]f ti7is) niakcs frequent use of the dot in casts tike i .2 .4 and 

m — ? . w -■ 3, for 41 and (jfj — C?ft — 3) THpcctiveJy. Sk the second edition 
of his Eknunta I, 321 CHallc, ■ alaa the fatsiinile of Leibniz^ 

letter, Volume I, page 420, 

3 It was used for as early as tlie loth centurj', as In f ior id Hi and 
i£-r for iftitresL If used in 4 case like for dhiia Hi, ft mitfht possibly 

haw sir^esLed Lis independent use as a symbol of divnaiun. 

* A. CAppcHi, tOhk/nario di abbrsvialnrB laiine ed sd ed., pp. 415, 

42^. Milan, 1012. 

''In a MS. in Mr. Plimpton^s library, the Atitmtiicft et Praiika, by Giacomo 
Filippo Bifldi CBioadi) dal Anciso, copied in 16S4, the iymboPj stands foi 
division, so that various forms of this Idnr! were probably used. 

Latin Rhnnjus; see Volume I, pape 4x2. 

^ Brief Oxford ediHon of iS^S, XT, jii. 
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BookeSj^ but to indicate a fraction, \ being written 3:4. To indi¬ 
cate a ratio it appearEi in an astronomical work^ the Earmomcou 
Coei&ste (London^ 1651), by Vincent Wing and an unknown 
writer, "R. In this work the forma and 

A - B 1 } appear frequently as equivalent in meaning.’^ It is 

possible that Leibniz^ who used it as a general symbol of divi- 
sion in 1684/ took it from these writers. The hypothesis that 
it came from by dropping the bar has no historical basis. 
Since it is more international than -+‘, it b probable that the 
latter symbol will gradually disappear. 

Various other symbols have been used to indicate division^ 
but they have no particular interest at the present time. 

The Radical Sign. The ancient writers commonly wrote the 
word for root or side/ as they wrote other words of similar 
kind when mathen^atics was still in the rhetorical stage. The 
symbol most commonly used by late medieval Latin writers to 
indicate a root was Tt,^ a contraction of radix^ and this, with 
numerous variations, waa continued in the printed books for 
more than a century.'^ The symbol was also used for other pur- 

1 -Title as in F. Otjoti, '’Oughtred's Mathematical Syiubals” Univ. of 
Pub. in I, iSi. Dfe Morgaii {Arilh. Boafts, p. T04} gEves it as Jifiinmn'S 

Ariiiimflthk Ik z BaoksSf ad ed.^ Londen, 16133. 

-F. Cajnri, ^'Ou^htred^s Math. Symbols,” i/fc- di., p. rSif Set aJEO W. W. Be- 
man, in L’liti-ermediatre dis IX, fsg; F. Ca-jori, WUliam OTtg.htrf.dt p. JS. 

Eti hta CiaifTS Mathsmaiicoe (1631) Oufthtred used a dot to indicat! cither divis-ion 
or ratio, but in his CanoKts SinTotm <1^57) the colon (:) ia used for raLio, pos¬ 
sibly by some editor or asaiataiit. It appeans in the proportion 634g^:34205 
I j 0^54.0 ““ - Odflhtrcd urdiiiarily used the dot for ratio, fli in ji. F C. E?, 

^Gerhardtf edition of his works, 3, FolgOj V, 333; "j;;y quad idem est ac i 

divi'e. 

As in Eytiid, X, 56. Schoner used i for the square root r “ Quadrat! latus in- 
oLpHcabEle retextum significatur praenota liLera P’ [Oe numens ^iguratis liber, 
156^1; 3sS 6 ed., p. 363), On the Egyptian symbol sse Feet, Rhind Papyrus, p. jo. 

‘^ThuS Cbuqyet (1434) used both B atidB- for square tool, for cube 
root, for fourth root, and so on. SoC BonKimpaKni^„ 5 trJ^-Eiii«o, Xllf, 653. 
Regiomontanua ff. has'^^"^ tg. B de — V-itJi, as in the Abhattd- 

Xn, 13*- 

(iThus PacioEl fi494> has "E engi la ,R. de .2o|-. e -4^” (fob 45, vA- He also 
uses B- for square rooL and B . 3“ f'f^r cube root, as on fol. 46, r. X- de la Roche 
(3C30) used K. and for square roDL,Iiaand li^Ior cube root, and f-B and B* 
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poses, including respoiisc,^ resi'^ ratiorex* and the familiar 
recipe in a physician’s prescription,^ 

Meamvhile the Arab writers had used various symbols for 
expressing a root, among them as in the case of 



for V4^ + but none of these signs seem to have in'- 

fluenced European writers, 

European Symbols for Roots. The symbol V first appeared in 
print in Rndolfi^s Coss (1525)/ but without our modern in¬ 
dices. When Stifel edited this workj“ in iss^t varied this 
symbolism, using i/ for V, 1/ for \J for ‘Vj and so on. 
It is frequently said that Rudolff used V because it resembled 
a small r, for but there is no direct evidence that this is 
true. The symbol may quite as well have been an arbitrary 
invention. It is a fact, however, that in and after the i4tb 
century we find in manuscript such forms as ^ -f r'/ r* and 7* 
used for the letter 

It was a long time after these writers that a simple method 
was developed for indicating any root, and then only as a result 
of many experiments^ For example, Vlacq^^ used V” for square 
root, V® for cube root, VV for fourth root, and so on; Rahn^^ 

fflr fourth r(H>t. See tte AbhandUmgen, I, Cardan (HSJ5) 
used Utor ruot andE cu. for rube root^ while GhsOigai (i^ar) u»d JtCI 

and and Bombelli used H. q and .c. respfittively for the same pur¬ 

poses. There f rtre_a l50 the ujual niti of cccentridtiKi at illustrated by the use of 
^Do for v'joe hy an Itatian Eirlthmetlcian, Banini, in 1^17. 

^ Trenchant (1566). 

? For the unkiiown quantity, aa in the Rollandus MS. (c. 1424). As repiescnt- 
ing rts in general, it Is found as ear^ as the ath ccntuiy. 

® As early eis the Stb century. * As early as the 34th centuiy. 

* Also as e&rly as the 14th century. 

^ F. Woepete, JSicAercAfj, p, 15, The Arabic forms arc read from right to left, 

^ " . . . vermerkt von kiirtz wegsen radir quadrata miE soltfaem character V 
. . . radix cuhica wiirt bedeut dutch solchen character C V” 

Cosi Chn^iitph di, 62 (Konigsberg i, Pt.^ 3555). The tille- 

page bears the date the tolopbon, 1554. 

* For these and other forms consult A, Cappelli, ZHsionano, ad ed., p. 318. 

Antftmettpff L&gariihmica, p. 4. G-Ouda, l62ii, TivUtke Algebra, 1650, 
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(1622-1676) used Vs Vc; Ws VCC aiid VW for the square, 
cube, fourth, sixth, and eighth roots respectively, and various 
writers used V. S *, V. cc., VS. 5 V'^S, and V* 5. cc. for the 
square, cube, fourth, fifth, and sixth roots respectively.^ 
French, English, and Italian writers of the i6th century were 
slow in accepting the German symbol, and indeed the German 
writers themselves were not wholly favorable to it. The letter 
I (for latm^ side- that is, the side of a square)“ was often used. 
Thus we find the Ramus^choner work, of 1592 using for \/4, 
Ic^ for Vy, laq6 and 116 for V6, 1/3 for V3, and other 
similar forms, and using the related forms i K, i q., i c,, i bq., 
and I qc. for <i’, o* and a* respectively. For the binomial 
12+V^ the work has b 12 +132, and for the residual 
12 — V3I it has rr2“l32. In a somewhat similar way Gosse- 
lin, in his De Arte Magna (1577), uses Lg for -V^, LC S for 

LL i 6 for and LV 24 FL 9 for V34 + V9 (the V 
standing for um^&rsale and the P for 


General Adoption of the Radital Sign. In the r7(h century our 
common square-root sign was generally adopted, of course with 
many variants. Tbns Stevin* has substantially the same sym¬ 
bols as those used by Rudolff, but with V(^ for cube root, 
’V\/"(D for the fourth root of the cube root, and &□ on, with 
V3)(2 for V3 " and V3(2) for V3 Antonio Biondiui, 
whose algebra appeared in V enice in t6S 9, has such symbols 
as V8^ for and for -^24The different vari¬ 

ants of the root sign are too numerous to mention in detail in 
this work, particularly as they have little significance. Such 
fornsas ^ ^ 

for 


100 


V100 


are not uncommon. Newton ^sed V8, Vi 6, ... for -^S, 
. . .,* but he also used ^<1. 


CardWl, ArUhincika, Bit. I. Ainsicridam, i&iq. 

^&ee page 4D7hri- 4- ^ A-rithmiti^ve tiiTaTtl edllton of PP. ^9' 

* Arith,nfiica Univeridk, p.S? (Cajntridfe, 1707 ). Anaons o ftrr state^ ts 

he has '^quo^t V*^ vslest Lat&r. as on page 275 , be bas V- 4 i vS. 
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By the close of the : 7th century the symbolism tvas^ there¬ 
fore^ becoming fairly well standardized. We have, however, 
in Ozanam's Dktionnaitc MathematiqvG (Paris, 16912 ^udi 
forms as VC.aab for ^a^b and VC.c“ abb for 3 (ib\ 
so that there still remained some work to be done. The iSth 
century saw this accomplished, and it also saw the negative and 
fractional exponent come more generally into use. The early 
history of these forms is considered later. 

Symbols of Rektiom One of the earliest known symbols of 
algebra 15 a sign of equality. This may be said to have appeared 
in the Ahmes Papyrus (c. 1550 b.c.), although Ahmes simply 
used a hieratic form for a hieroglyphic. He commonly wrote 
^ for the hieroglyphic few*/, meaning together ” the re¬ 
sult of addition. In hieroglyphics, for example, we should have 
nij^bnj for 10 -bi=5!ti/ The Egyptians also used o, cr, 
meaning *"it makes,"' as m 

it 

meaning t J A 

There is no evidence of the use of a generally recognized 
symbol for equality until the Greeks employed the initials 
i' or la for ttro? (fjoj),® equal. This s>rmbol is found in the 
Afithmetica of Diophantus (c. 275).* The Arabs, contrary to 
the Greek custom, used for this purpose the final letter of their 
word for equality. 

In general the classical and medieval writers used the full 
word.'^ In the Middle Ages a general shorthand was adopted 

^ EiMnlflhr (sd., p. But on aW this consult Peel, Rkind Papyrus. 

“ESsenlohr, loc. fit., p, 41. Thty atsfi had other forma, for which consult 
both, Feet and Eiaetilohr. The aymbola uaeri in equaticnia ate gi’.'en on pa?e 

^Aa in iipjcfitej, isoperimelry., isosonul, etc. 

aJso used ftfot frft. For a diacnaaion of the symbol aee Htftth, Diaphan- 
iiti, ad ed-i p. 4;^. The smJill Gmh ictteis here shnwn aie modfirn. 

^E.g., Fibonacd, in hi& FJtw (c. isaj), tiscd such fotma aa cquatitjtr and! 
iquabitiir. Scrflii, ajg. 
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by university students in copying their texts* Partly as a 
result of this movement there slowly developed a set of mathe¬ 
matical symbols, other contributing causes being a commercial 
shorthand and the advantage of expressing an equation in a 
form easily held by the eye. Thus we have such symbols as 
for p for per, ^ for cento ^ and oc or » for equalityn^ 
This symbol for equality, cc or k, was used by Descartes 
(1637) and is found in various manuscripts of his period. !t 
has generally been thought to come from ae, for 
acquolei, {lequaluit or aegitantur. Thi& may be the case, al¬ 
though it is by no means certain.® 

Various other symbols were used for the same purpose. Thus 
Buteo (1559) iised [; Xylander (i 57 S)j and Herigone 
{1634), 3/2. Leibniz (c. 16S0) used =, r—1, arid other sym¬ 
bols with nearly the same meaning. 

Modern Symbol of EqtiaUty. As a printed symbol our sign 
( =) is due to Recorde,“ who says: will sette as X doe often 

In woorke vse, a paire of paraJleles, or Gemowe* lines of one 
lengthe, thus: =, bicause noe *2. thynges, can be moare 
equalle.” If he had used shorter lines ( = ), there might be 
some reason for thinking that the symbol was suggested by the 
medieval use of = for essc,"^ but Recorders clear statement of 
its arbitrary invention in the form - —— is conclusive. 

The symbol was not immediately popular. When Rahn 
(i 522“I676) wrote his algebra, a century later, he felt obliged 


iThe bar,-, indicating equality, as used in the carr^poindiejfice oJ Regio- 

mantaoLis, can hardly be considered a aymbnl in the ordinary sense. See Bi&f. 

I tjiJ, 506. 

in the aJgebra of Clavius (Rnnip, ifioS, p. 39 5M1-) there tre exprts- 
sions lifce "aequatici inter ^ "sit squatio inter 4 ^s V* ^67^*” 

so that the ^ may possibly have come from Sl. It h quite as reasonable to thhik 
that it was 4 purdy arbitrary mvention. 

^Whftstonc of ivUte, London, 1557. Sw the facsimile on page 412. 

*Frorcj O- F. fefjteuij twins, from Lat. twin. Recorde vses gemnu:e 

in hfe Paf-feiwflte to (iSSU to mean paiallel, speaking of "PatalleieS, 

or Gemowc lynes.” The various zodiacat alpis for the Eemini may have sug- 
g(?sted all these forms. 

n But not for est, where 4. was commonly used. VVe find it also in compounds 
like t=jii for See A. Cappeili, DizktJiariPi ad ed., p. 407. 
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to explain its meaning as not familiar to mathematicians,’^ and 
the use of 30 continued until well along in the iSth century. 


The jfrtz 

ad Doe eiftenDr) to DiUtnctc it f nto 

tiDOOpactCf* CiSltieceortllcfir^ldj tAiJiamBerit 
VbF'* ctbtf* flnD C^C aUDe id n atu ncMj 

frff rj cmfurc^t as fjoatU 

ftlbiatca IntU^nit ^oa to retfja t |>ciu reotice 
^DurtiomiHTaTtotljeteUaite Oenomfnatfonot ^nD 
Dnailede rb;me«.pluroie ron p joceDe am^ fact^ er. 

^D agaitijf f ^ont ht tl^at tbe gtieitf 

telle Denommatfait Opik^j be toineD to ans parte al 4 
cfitnpounDe lujinbri:, pou fballtoumeftfo, tbattije 
noarbcrafthegreatflte figtrealone* maieOanseas 
cqunlle £0 tbs 

2nD tbtd id ail that neabetb to be tmtgbt^ * cq iicer/ 

npng tbidtoDDjlt^ 

I^Dtubeit^fo] eaUcalferatfb of e^iuSstns.^ luitL p;aj 
pounce a febe cr^pUd>b[canfe tb^rrtranion oftgeit 
rooted* ntaie cbe mojc apcip bee tn;o ir^btek ^iiD to lu 
yoiOetbeteDioure tepetittoit af tbefe InooiCmt ide^ 
qaalleto: 3 tuiurette oo 3 Doe often tntuoo;bebfe>a 
pofteofpataUehd^d^CDenioine lined of on? lengtbe* 
l]jii£.^,biran re iioe,2« Cbpngcditan be moard 
cqualte. noin marHe tEjefe nambecs. 

ti 14*^1—- 4 — 

1, 2 o, I =»-«. [ 0 2*f* 

J» —h— 

4* 1 

^ I— 3 *;^* 

6. M^“~nie,-«-= 4 o 2 g^“’K 4 Sof—9.5* 

SECOEDE^S SIGN OE EQUAX-nY 
From Recorde'a WheisSptjt c/ vaille (13^7) 


^■’Bcy di&cm inlaaai hab ich das rifl,mbaJte gleldizeicbeji ^ zam ersttn 
^brauebt, bedeutet ijJ si^tch’' (Ttithcke Aigebra, 1659). It was probably sue- 
ifested to him by PeU, who waa famiHat with Recorde's w^rts. 
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Symbol of Pro portion. The symbol for the equality of ratios 
(::now giving way to the common sign of equality^ was in¬ 
troduced by Oughtred and Dr. Pell gave it still 

more standing when he issued Rahn's algebra in EngliEh 
(166S). It seems to have been arbitrarilj=' chosen. 

The symbol ^ for continued proportion was used hy Eng¬ 
lish writers of the 17th and iSth centuries^ and is still com¬ 
monly seen in French textbooks. 

Symbols of Inequality. The symbols >, for greater and 
less, are due to Harriot^ (1631)* They were not immediately 
accepted, for many write rs preferred and ^ symbols which 
Oughtred (1631) had suggested*^ 

The symbols ^and are modern and are not inter¬ 
national, but in the 1647 edition of Oughtred^s Clavis the some¬ 
what analogous symbols and appear for non majus and 
jwn minus respectively. On the Continent the symbols ^ and 
or some of their variants, apparently invented by Pierre 
Bouguer'^ (i734)j are commonly used. 

Symbol for Infinity. The symbol for infinity ( « ) is first 
found in print in the Aritkmetica Injinitorum published by 
Wallis in 1655/ and may have been suggested by the fact that 
the Romans commonly used this symbol for a thousand, just as 
we use “myriad" for any large number, although in the Greek 
it meant ten thousand. 


i Jn hig Etem^nli dscitai Eaclidis dEdfimtio, added ta the 1&4S edition his 
CUivis, he givea the syTaboI for proportiOj sive raUcf aeqniiis F. Cajori, 
Tt'tUianw Ougktrtd, p. 36; Oughtred^ Math. Syffibola,,” loc. dt., p. iSt, n. S, U 
appears also in the 1631 edition of the Cica-iji itself. 

^E.g.^ B^rravr {Lectionts MuthEmuticac, Lect.XXVIl, London, J.WarU 

(c. 17 o&l says; The character made Use of to signify eontinued Proportionals 
isH’* (The Young A^athefiunician’t Gmde, Londan, isth ed., i7?i, p, 77). It 
also appears in the American Gmeenwciod arlthisetEc 

Anatyticae Praxh. Londoni t&st (posthumou&L 
*£.^.1 Barrow: ’'A (“B. A major est quam B. A JB A minor est qyam 
(Lectfonej Opticas & Geomctticas (London, 3674)) preface f and EnglUb 
edition <i7SS)h JiO')- 

biographEcat note on page 

’^This is seen, for example, in such expressions as "‘jam nuinerus iocre- 
mentorym est (Opf^a, I, 453 
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Integral Eipoujents* Our present integral exponents may be 
said to have begun with Descartes (1637), although Herigone 
(1634) had nearly anticipated him. Since the early methods 
of indicating powers relate naturally to the writing of equa¬ 
tions, these are more appropriately considered in connection 
with that topic (page 421}^ Xt may simply be said at this time 
that Harriot (who died in 1621), in the transition period from 
the use of forms like Aq to forms like used aa for a' and 
aaa for This symbolism was commonly employed until well 
into the i.Sth century, even in writing a polynomial involving 
that is, before c. 1750 it was common to find expressions 
like £t* + a* + ana + ca + i, or even a" -f- aaaa + aaa + aa -f- i. 

In his Cursus MatheTnatkm (1634-1637) Herigone used 
H3, a3, and 04 for a^ a*, no doubt influenced by the fact that 
Girard (1629) used forms like 5 (2) for 5a:-; and some of his 
contemporaries, like Dechales (c. 1660) and Jacques de Billy 
(1602-1679), the same. Descartes (1637), however, wrote 
the exponents in the present manner;^ but even without this 
symbolism Stevin (1585) had already given a systematic dis¬ 
cussion of integral exponents,^ 

General Exponents. The general exponent was known in 
theory long before it came into practical use. Oresme {c. 1360) 

mote .jj, 

and I'’ I 4 for 4^^, 

and used other similar forms, as already stated. He also gave 
rules for fractional exponents. 

Chuquet (1484) used^ 12® for 12, for 12 times a "nom- 
bre linear/^ 12 “ for 12 x;*, and so om For 91“^ he wrote ^ .9.^ m, 

Et 00. cu pour TUultipKec a par soy-mime; Et u®, pour le multiplier en¬ 
core line iois piLT /ly & flLfisi L rinfinP' (1705 ed.. p. 4). 

^ Girard editiou of 1654. p. 55. Sd:e also the g-cneral discusaion 

by H^rlgone, ioc. cij:. 

he says, "cQe ndbre aimpleiSt pris saua aulcLuie deuomiaclon ou doot 5a 
dcinoilado cst (Boncompagni’s Bui/fltinOj Xni, 7^7). 

p. 74!. See also Ch, Lambo. "Une Aljr^bre Fran^aije de 14S4. Nicolas 
Chuquet,’’ R^ivve des QueiUom Sd^ntifiqvcs, October, ipos, 



exponents 

thus showing that he had an idea of negative emonents but 
If was more than two centuries before the theor^was under- 
to ftacfaonal exponents, certain evidences show that 
the Idea devdopmg during the i6th century. This is seen 

"given wiiat a ' f ^her^^er: 

IS given TV hat amounts to the relation 


Albert Girard* (idjg) employed the fractional exponent reo- 
presentmg it by such forms as (i) aooo for and (b 49 

for 49 s and the study of logarithms from the standpoint of 
exponents, undertaken at about the same time, tended to brine 
these general forms into T;vider use. 


Wallb on Genial Exponents. The first of the writers of this 
period to explain with any compJeteness the significance of 
negative and fractional exponents, however, was Wallis (16^; O 
•He showed Aat should signify i, and established relations 
of the following nature: * 


= Vj j;r7 _ 

Newton supplemented the work of WaUis and in 1669 made 
use' of such forms as and 3?“^ and after this time the sym¬ 
bolism became universally recognized. 


^ H. WicteitnerH "Gcbrochcne ErponenEen bei Midiael Stifel,"' U^tteryichtiblcii- 
irr fiir Maihematik iiKd Nuinriei^sensehafitny 1922, No. 5. 

n{>}iV£ae en l^dgebrc, pp. 97-101. AmstenlamH 1659. 

Tlius he speaks of- "cujus Iridei - 3,'^ is, j-* = ^ ; oj ~«cujns in- 
tle.t -^ -1" that iSa 5 ^”” 7 = ('hArithmetici Infiiiitorum," in the Optra (1G95), 

V 2 

4 ^°i 450 s the earlltr editjon). 

^In the AnaJjfsi per ft*qqatioTie& numj&ro terminorum mfinitas” sent by 
Collins to Barrow, July ^i, ibGij. See the Commtrctum ^phta^icum, p. 67 
{Londoii, 1735)- Pf?r mteresttnp comiriients on Newton's use of exponents see 
G, A. LecchE, Ardhmnica UniversaHs hand Ltber II, Pars ni d. 11& 

CMiEan, T75^>, 
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FUNDAMENTAL OPEFATIOKS 


Symbols of Aggregation. Symbols of aggregation first devel¬ 
oped to any considerable extent in the i6th century, and in 
connection with the study of radicals. TartagUa {1556) writes 
”22 men (22 men IS 6 ’^ for 23—( 23 —V 6 ), BombelU {1572 } 
used Lj for legato^ as a_kiDd of syinbol of aggregatiorij as in the 
squaring of 2 -hx-h y/20 -- bx ^ x^y which appears as 

I i 2 

2. Ph 1. p. H. q. L 20, m. 6 , p. i, 

the result being given as 

1 ] .4 r 

2. p, 24^ m, 2. p. R, q, L 4. m. p. 2^, p. 320 

in which the L and the reversed L are dearly symbols of ag¬ 
gregation and may naturally have suggested our square paren- 
thesesj first used by Girard (i62p) for this purpose. 

Other Italian writers frequently employed the letter V, the 
initial of univers^iUsy to indicate that a root sign applied to all 
the expression which followed. Thus Cardan^ in his first printed 
solution of the cubic equation, has 

tt V ; cu. It lOS p : lO 
m : R V : cu. Tt loS m ; 10 

for V^Froi^jo—VVroS — TO. 

By the time Clavius published his algebra (160S) the paren¬ 
theses had apparently become common, for he uses them freely 
without any explanation. 

5. Fundamental Operations 

Number of OpeTations. While there were certain operations in 
arithmetic that were looked upon as fundamental, the number 
varying from time to time, this was not the case in the early 
printed algebras^ It was only when textbooks, based upon the 
early arithmetics^ came into use, that such operations as ad¬ 
dition and subtraction were given as distinct topics. For 
example, Pacioh (1494) begins his work on algebra^ by consid- 


fQ!- tils "J- 
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ering ii few definitions, then the laws of signs, and then the 
Operations with monomialsj taking up the operations with poly¬ 
nomials somewhat incidentally as they arise;' and the same 
may be said of the other Italian algebraists" of the i6th cen¬ 
tury. Clavius was one of the first to consider the subject 
somewhat as we do at present," He early introduces a chapter 
Dc odditione at ivbiractionc numero*‘jini Cossicomm^ this 
being followed by De ffivHlplicatione & diuhione fium^rorum 
Coisicomm. 

The reason for this early neglect was that algebra wag looked 
upon as a study for mathematicians^ not for boys and girls in 
their school years. For any mature mind that is interested in 
mathematics these operations are too simple to require any 
special attention. 

Amount of Work, For this reason the amount of work aS’ 
signed to topics of this kind by those algebraists who gave them 
any attention was very slight. For example, Pacioli gives no 
examples involving numericaL cases like ( — 2) ( — 
except a few that are completely worked out/ and similarly 
when he comes to surds.''' An illustration of his problems is 
seen in the following: 

via. 4. p. B. 6. 

4, in, B. 6, 

16, in. d. 

Productum 10 

meaning that (4 + ^6) (4 — v'6) = 16 - & = 10/ Similarly, 
Tartaglia^ solves a few typical problems involving signs, but 
gives no exercises for original work. 

Difficulties Due to Poor Symbolism. A good idea of the general 
difficnlties which characterized this period of poor symbolism 
is seen in the algebra of Pedro Nunes, of which the second 


1 foL 12^, iJ., Ecq. 

"-Tartflslja. CeMJdf Trattato, 11 , foL St fntaa 

(nSja); CRTcjart, AtJ MagnOi Cip. i (134^). ^Algebra, p. 16 (Rome, iGcjS]. 

*FoL in, 2J.J seq. ’’Fol. v-, 3 cq. ^F*I. 133, f. 

' Ti'jrtflM, 1* Jccundfl fol. Si iVenloe, 1^36). 
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edition appeared at Antwerp in 1567. His multiplicaticm of 
3 by 4 + 3 appears as follows" 

3 . ee - p ■ o^co - { - p ■ 3^^ 

4 * CO > p > 3. _ 

L 2 * cu * p ' 9 ■ ce ■ p ■ 20 - CO ' ^ 

9>ce-p^ 6 i 5 tV 

12 * cu * p ■ 18 ' ce ■ p - 27 . CO * p ■ r S/j 

BombelJi (1573) sets forth the work more after the modern 
plan, but gives no oases to be solved mdependently* The fol¬ 
lowing is a type; 

I I p 2 

r I p ^ 

2 I p 4 i P 4 

4 

4 1 p K 3 p 24 3 p 33 T p l6 

I I p 2 

5 I P 10 4 p 40 3 p So 2 p So I p 32, 

meaning that (.r + 2) ■ + 4 ^ + 4^ 

+ 4 J + 4)^ = -I- 3 ;p* + 24 + 32 4: + I fi, 

and this multiplied by sc + 2 gives the fifth power of a: + 2 } 

6 . Continued Fractions 

Early Ideas. It Is not necessary to speak of the history of 
simple algebraic fractions, since these fo-rms were transferred 
from arithmetic. When Euclid found the greatest common 
measure of two lines/ or when the same principle was applied 
to the finding of the greatest common divisor of two numbers,’'' 

^ cd., p. 6g. The I seems to hive bisen the cotf&djcut of the hEghest powtr. 

* ffettijjJj, Xt i and 4, for commenEUrabtc masnitudes in |^t^l;rat. 

■ VII, i and g. 
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a process was used that is similar to that of convertiug a frac¬ 
tion into a continued fraction^ as is evident from the following: 

12 ) 33(3 

2) l2(6 S 3 ” i 9~ 3 I 

12 


This is the earliest important step in the theory of continued 
fractions Further traces of the general idea are found occa¬ 
sionally in the Greek and Arab ’writings. 


Beginfling of the Modern Theory* Although the Greek use of 
continued fraction^ in the case of greatest common measure 
was well known in the Middle AgeSj the modern theory of the 
subject may be said to have begun ’with Bombelli (1572)* In 
his chapter relating to square root* he considered the case of 
VTJ- Substituting our modern symbolism, he showed that this 
number is equal to 


3 + 




In other words, he knew essentially that 

= a -I- - —— 

, ff 

— 


The next writer to consider these fractions, and the first to 
’write them in substantially the modern form, ’was Cataldi’ 
(1613), and to him is commonly assigned the invention of the 
theory. His method ’was substantially the same as Bombelli’s, 


1 On ttie history m generat, see S- Giintlier, BcUrage zar Er^jidttnsigeschkklf. 
dfr KttitnbrUche, Prof.* WeLaseciburg, 1S72; ItaJian tranatatjcin, Boncompa^ii 
Bvlleiiijto, VIL 

“"Model di Jarmart il rotto nella cBtriUime dcHe Batlid quadrate/' Algibra, 
P. 

'^Tr&ttaio del modo brsvistimc di iTovart ia radkz i?«adra deili tinmen^ 
Bolof^na. 1613. 
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but he wrote the result of the square root of 3S in the foh 
lowing form: 

4^ & ^ 


This he then modified^ for convenience in printing/ into the 
form’ 


2 ■2 


The third writer to take up the theoty was Daniel Schwenter 
(i6r8). In attempting to find approximate values for he 
found the greatest common divisor of 177 and 233, and from 
this he determined the convergents* asand 
The next writer of prominence to use these forms was Lord 
Brouncker/ who transformed the product 


4 3 ■ 3 v5 - 5 - 7 - 7 - - ^ 

which had been discovered by WallLs^ into the fraction 



TT 


I 


^+-^25 

3 4-40 

3 + 




as already stated on page 311. He made no further use of 
these formSj Wallis then taking up the work and using the 
name ^'continued fraction.”^' 


^ Nptisi, cht 130 si poteiido comodamctc netia sUnnpa formarc 3 rutti '' 
Sw TropJke, G&K.hkhtt, II (i), 36s. 

^ . . . fatiendo vn punii all’ 8. denomLnatore de d^ctin rottOi i Significarc. 
cjit El secjuentf- rotto i c3sd dcnoiDinttort-” fp, 70) ^ 

^for details see Trapflte^ Ge$chickie, II (il, 363. 

* J. Wallia, CJ^era I, 469 (O^iford, 169$}^ See iho €omm^.rdut«. 

Eptstoheam, London ^ 1725 td^ p. 21^. 

. quae denominatarem habcat cootinuo fTactum” (Opera. I, 4fiQ) His 
fiyraboltsni is 

li ™ 

' If 

See«ko EMaJiUrodaelK ktAnalysmln^ltnim, ed, novs, I, joj (Lyons, ijj)). 
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The next advance V7as made by Hnygem in his work on the 
description of a planetariumthe ratio 2,640,858 : 77,708,431, 
for example, being written as a continued fraction. 

In some manner, perhaps through the missionaries in China, 
the idea of the continued fraction found its way to Japan at 
about this time.“ Takcbe Hikojird Kenko used such 

forms for the value of ir, stating that the plan was due to his 
brother, Takebe Kemnnci. The first few convergents given by 
him are and 


Euler founds the Modern Theory. The first great memoir on 
the subject was Euler’s Dt contirnd^ {i737)^ and 

in this work the foundation for the modern theory was laid. 
Among other interesting cases Euler developed e as a continued 
fraction,” thus; 


e^ 2 -{- 


I +“ 1 


Of the later contributors to the theory, special mention 
should be made of Lagrange'^ (* 7 ^ 7 ) Galois.* 


7* The Wetting or Equations 

E equations in Oue HaknowiL In speaking of the symbols for 
unknown quantities we are brought directly in touch with the 
symbols for integral exponents and with the writing of equa¬ 
tions, and so it is convenient to treat of these topics in their 
relation to one another. 


I Dtscfiptio autQwidti The Hafru^i {poathumoush 

-SmUh-Mikaijii, p. 143. 

“ Cojam. Aead. Ffilrcp. fur (Petrusrad, 1^44 Sk Tropfkfi, Cfi- 

srhicfitf, II rib 337 - Eiiler’a /nirct^v^iw, 1 , agSj frHctinmbys con- 

e^eciaJly the fnrJrjs on pages 117, 5^7 i hia “De fortnaUnTi* fjractionuin 
contmuarum/'Lfi thtiActii Fetrop. fur 1773, L, 3 <T'etrof!ra 4 ,i 73 a), and other essays. 
■* See Eerret’s edition of hia works, H, and VH, 3 (PariB, iS 6 S;). 
Cerponne’^i Anjiatei AfuU. Pwres it 4 ^^irgy«r, XIX, 1^4 ^ po^huTuoLis 
(IS 38 -T^^ 9 )^ Tnaihinniitqjiii d'^Evamit pp. (Pflris, 1507 )- 

li 
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As already stated, the Egyptians tailed the unknown quan¬ 
tity oke or hau^ meaning "mass.’'^ This word was represented 

in the hieroglyphic “ as ^ 'j“^. 

For example, the equation + would 

appear in hieroglyphics as 



nnn 

niiili 


and in the hieratic of the Ahmes Papyrus'' (c, 1550 e.cO as 



It will be observed that, although Ahmes knew of symbols for 
plus, minus, and equality, they are not commonly used in his 
equations. They are found, however, in No. 2 S of both the Peet 
and the Eisenlohr translation. 

Symbolism of Diophantus, The first writer to make much 
effort toward developing a symbolism for the powers of alge¬ 
braic expressions was Diophantus (rr. 275). He used the fol¬ 
lowing abbreviations for the various powers of the unknown; 


Mt}]>r.EiNr 

[» 

M 

Dior’HAtnrvs'' LArii EniTio-v.'i 

fj-ovdSdi, units 


b 

a,pit?/i£f7, number 

s' 



power 

S" 



av^o^, Cube 



A^A 

Svvapto^vvafii^, power-power 



AK^ 

power-cube 

Bit" 


K^K 

fcv^dfcv^o^, cube-cube 



^On Lbis term see paRB n. J. 

^ There aie aeveial variants. See Eiacnlolir, Papynis, p. 43. 

^Eisenlohr, p. 54, No. 33; in the Ertt[£Ji Mnjenm faciiinilc, Plate X, 
row 5. 

‘See Heath, Diopkantui, id !?c£-, p- 33- Much hgs been written about the 
aymtiol ? for x, and Htath rEcs a cwreful diKussioTi ot tbc varimis theories and 
i statement ot the various forms for the s>'mbol as they ftccoz Eit different MSS. 
He concludes tha-t the origlna] symbol w^as a coutmetion of the initial letters 
HP of {arithrnos'j. number), instead uf beius the final ?igma. Oripnally 

the capitaJs laiere used for 3^, aud similarly instead of and 5* on. 
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DioplmntuB wrote his equations quite as we do, except for 
the symbols; thus the equation 

( 3 i-+ j 

appears, in modern Greek letters, as 

^ ^ M a ? C £ M 

and the equation S — r6 jt 
appears ‘ as ^ A a. 


5 ^ X. i SJ 

^, 4 '* * Viniiii,«( X , K);. i 

tC^ 

^ oV 4 > ^ 

D ^n* 5 '' kV^ov unjXWTrC^ 

SVwa^^jLo^flff ttoi Wiv air oU/h'S 

r, ^1^: ^ si U tajSTl'^W 


w. t/rfipy4jxcv t 






niCfPUA^TTUS on EqUATIClirS 

From a manuficripl of the i4tli century showing the symbolisn) then m U3e. It 
begins; "W 4 i call the square Whi^hij and it has for its symbol a d^ita (A) sur- 
mountiid by a tiPsSdh (TJ,” [This character fs fisen in the middle of line j.J The 
symbol AA*' tf^r j;;*) appears to line 5, Att" (for a*} in line S, gjid pfK^' (for k'') 
in the last line. Ftqm Fjodfit, Swf its Notaiiofis Nttm^ri^utiy Paris, rSg^ 


In speaking of Diophantus, however, it should again be 
stated that the most ancient manuscript of his Arithmetico. now 
extant was written in the i^tli century,—about a thousand 
years after tire original one appeared. We are therefore quite 

^In the first equation ^^rvi (csltO standa for "is equal to," aud in lie aecoiai 
cascilrstandsforfj^or(^'^^|^,equal). SeeTanntiy’s DiQpitaAt jm,!,230-131135^-353. 
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uncertain as to the s>Tnbols used by Diophantus himself and as 
to ±e various interpolations that may have been made by the 
medieval copyists. 




n~ 


— 


V 

5 <1-1 |uL 4 

Si K 

X s 

>*“ f Ai/X 

■u 

t 



if t 



yK iC 

^ t"; 


ALGEBRAIC SOLUTION ACCORUrNG TO DIOPttANlUS 

Fttim a. mamiscript cif the 14^1 century, Tbt problein^ ia to find two numbers 
such that sum is erilinl to 3 d and the diOctcucc af tfielr squares to 

Oriental Symbols. It was from this Greek method of express¬ 
ing the equality of the two members that the Arabs seem to 
have deKved theirs, as in the case of 

A /y / 

for + 

the equation being written from right to left after the Semitic 
custom, which obtains in writing Arabic.^ From this form, 
reversed in order of writing, came the one that we use. 

The Chinese and Hindus, however, had methods of writing 
their equations that were very different from those which the 

aolution reads substantially iia follows: 

Lttt there be j? + lo 10 — a-. 

Squares, jc* + 2* jf + loo + loo — 

Difference (jf squares, 40 jf = So. 

Divisitm, jT =3, 

whence 3^+10 = !^ 10 —ji; = S. 

From Rodet 

^The above is frotn aE-Qala^adi, Sec I- MaLth Lessen, CrtntdztJjrc antikm 
^tnd ttufdernen Algebrat id ed., p. afig (Leiperg, ; hereafter referred to as 
Matthlessen. Grvndsvge- 
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Arabs and Persians adapted from the Greek works. The Far 
East depended more upon position. The Chinese commonly 
represented the coefficients by sticks, their so-called "bamboo 
rods” which they used in calculating, and these they placed 
in squares on a ruled board. Ch'in Kiu-shao {c. 1250), for 
example^ represented the equation +15 jr" +156 jr= 360 as 
here shown; and if he needed to write the equation, he did so 
in the same manner.' The positive terms were represented by 
red sticks or marksj and the nega¬ 
tive terms either by black ones or , 

(as in the illustration) by a stick ' _ 

placed diagonally across some part —11111 

of the numeraL The system is i-r- Tl ~r 

simply one of detached coefficients, _ ifUPfi rtfjiUFif 

the place values of the coefficients 11 O (cjjrepRf) 

being indicated sometimes by the 

squares running horizontally, but ordinarily as shown in the 
illustration. The native Japanese mathematicians used the same 
method, having imported it from China,^ 

The Hindu method was better than the Chinese, and in one 
respect was the best that has ever been suggested. Bhaskara 
(c. 1150) represented the equation = 16+ 9Ji- + iS as 
follows: * 

This may be transliterated as 


which means 


TV 10 

fa r 6 


m o 
™ tS 


18 4. o d- o = 16 j.-® -i- 9 JT -1- IS, 

— 9-*^” l 5 r 


• The Chinese word tui (from tai-^kiah or iaucki, e^treioc liiait, or pneat 
cxLcomo) means the absolute term, and jtmh (element) means the first power of 
the urtJufLOwn. See Mikatni, C^i-na, pp. Si, fia, ; L, Vajihfe," La notation algS- 
brique en Chine an Xm® RiVKS des Qtaslims SdtntifiQufs^ Octotwr, 1913. 

^ Sjntlh-Mlkami, p. 50. 
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The word for the first power of the uirknown, the yavat- 
tdvatj already eiplaiuedj is abridged to and the word for 


iiIt 

rrfrRTiif^r 

^ It is a 

^rii lA 
irai 
frai 

wc^ 

TR ^ t ^ 

* TJT * IT \t:: 

^T??r 

y\^ TTPSI^WT^' 

’JTT » ^ 

^tr * 

FACE FROM BH^KARA’S BJJA OAI^TA 

From the first printed edition, sho’^ing 
the method ol writing equations.. Lines 
and 9 give the equation shown in the 
tcKt The nejtt {^uatien is Lnteicstini^ fgr 
the use at the dot above the Sanskrit q to 
indicate subtraction, thus; 


^ii a 2 
ya I' o 


ya 9 
I'^J o 


i'M 0 

iti j& 


the second power^ ydvat- 
vargaj to ya 2?J 

Snch a plan shows at a 
glance the similar terms one 
above another, a nr I permits 
of easy transposition. 

When the Arabic alge¬ 
bras were translated into 
Latin^ the rhetorical form 
was used. Thus Robert of 
Chester (d. 1140), in his 
translation of ahKhowa- 
riitni, wrote "Substantia et 
10 radices 39 coaequantur 
drachmis” for "A square 
and 10 roots are equal to 39 
units”; that is^ 

ir* -t- loa: = 39.= 

Al“Khowarizml himself 
wrote his equations in rhe¬ 
torical form, thus: "A 
square^ multiply its root by 
four of its roots, and the 
product will be three times 
the square^ with a surplus 
of fifty dirhems. 

Medieval Manuscripts* In 
the manuscript period of 
the Midd.le Ages we find 


^Colebrooke, ^ot, di., p. 140s E. Strachey, Sija Ganila (often boimd willi 
Colebrooke), p. 

sin the Scheubel MS., transJated by Kirpinsfci, pp. 70-^3. Soniewliat the same 
forn] i£ u-setl in the transcription in Libri^ Hisiair^, I, 255, although the eract 
wording is Census et detsm radices equantur triginta nuveni dragmss.” 
sHoMii transistion, p. 56; .Arabic text in the Rosen edition, p, 40. 
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letters coming into use to represent algebraic asTvell as geometric 
quantities. This is seen in the work of Jordanus Kemoxariua 
{c\ 1225), a contemporary of Fibonacci.' This was not cont 
mon, however, most wTiters preferring to use some such symbols 
as R for res (things the unknown), ce. for census (the second 
power of the unknown), and cu. for cubus (the third power of 
the unknown), with other shorthand abbreviations. Such sym¬ 
bolism is seen in the manuscripts of Regiomontanus {c. 1463), 
one problem from which Is reproduced in facsimile on page 429. 
In an Italian manuscript of about the same period^ the quadratic 
equation i:“+JDJC=39 appears in the rhetorical form as follows: 
''lo censo e-10-sue cose doe-10-sue ra. sono igualj ^-39- 
drarhe.” 

Equations in Riinted Form. The following examples will suf¬ 
fice to show the general development of the symbolism of the 
equation from the first printed work containing algebra to the 
time when our present symbolism was fairly well settled: 

Pacioli (1494) ^ i ^^Trouame *1. che gioto al suo qdrat° facia 
.12Modern form: s + x® = 12. 

Vander Hoecke (1514)*: 4 Se. — 51 Pri. — 30 N. dit is 
ghelijc 4si- Modern form: 4 1 - - 5 1 r — 30 ^ 45 ^' 

Ghaligai (1521)^: i□ e 32 — 32 o numeri. Modern, form: 

3 r + 32X = 320^ 


^For eiampk, in the second prshlcm in liis Ci Nampris Datts- 
"Datus numerus at jl. qui diuidatur in .b.cjd.*. . . Abhctndl-ungea, jr^ 13^. 
See alw A. Favaro, Boncompasni'S XII, rSflj M. Curtie, Abhand- 

lung^n, XII; A. Witting anti M. Gebbarijt, Etispide svr Gesch. Apr Sduk., II, a6 
(Berlin, igijL ^ ^ 

sin Mr. PJimpton^S library. See Rartt ArUhMtiu:a> p. 4 ^ 0 - iTifi equaPon is 
from tht MS., fol. 379, v. 

'^Fol. 14s, f- In bis solutions, but not in hia problems, be used .co. (ccsu, 
thiuR, as already erpl&ined) for s; (esfisui or zsnsus; in Italian, ceiuo, evalus^ 
tion of wealth, ta:i) for .cu. {cubvz) fur .ce.oe. (^rtjidj c^nsw) fur 
and {primo relate) for i*. The Laiiu cemus (a r^gistetm^ of dtiieus and 

property) was conducted by tht ctnaoni, who gave cettsura, ceusurr, to those who 
incurirtd their disfavorT ceiwiij coming probably frotn to oumber by the 

ceni^tni, hundred. n 

* He used Pti., Se., 4^ and for jf, x*, and ^ rtepetlively. -pie 

system faUed hecausc of the difficulty in writing cocffi&ents. Set hfs 1537 edition, 
fol, &F 0 I. 9C>^'^ 
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Rudolflf (1525)^: Sit I 5 aequatus E2X- 3 ^- Modern form: 

= 12 X— 36^ 

Cardan (1545}^ cub* p: 6 reb* aeqlis 20. Modern form: 

x^-i- (iX — 20 r 

Scheubel (1551)“: 4 sex. aequantur loS ter Modern form: 

Tartaglia (1556)"^: ^'Trouame uno numero che azontoli la 
sua rad ice cuba uenghi ste, doe ,6.'* Modern form: + = b. 

Bnteo (11559)'': 1 0 r 6 />P 9 C];^P 3 pP 34 . Modern form: 

6jc + 9 = -b3 3? "b 24, 

a I 

Bombelli (1572)°: P- 3 - Eguale k 20. Modern form: 

— 20, In the text proper he would write this equation 
i*p. Sleguale i 20- In the sarn e way he would write li egUtde 
a R, q. loB. p. 10. for =Vlos + lo, which may be compared 
with Cardan’s form on page 463, 


^Ftom Stifd^s edition of 1553 (iSS4)> foL 343^ v. The syiiihols for the first 
five poTvcrs of the unknown, beguming with the fitstj aie \ (contracticni of 
rads?), J (ssnnu), (.contraction of cs, for gj (aertfuj ^ 

The German writers in tenoral used this system until well into the 
17th century. Although the symbol for the unknown is usually taken as a con- 
traction for radin, it is ctuitf ns probabto that it is the common ligatui'e of the 
Gnctk y and This Stood for^m-Fn'jBa , n letter, or forfJ'fljHTn-e^ , 

a line. In the medieval wo^rks it was a. common thing to represent the unknown 
by a line. This is seen in an algebra as early as al-KbowSrEzrai's (c. Sss) and in 
one as late as Cardanls For evidence of the frequent use of the symbol 

for srantma, set Midjael Ntander^ mf.fisvmnrtft ei PondervfHt Basel, 

It may, indeed, have suggested to Descartes the use of x, tliis being the 
letter most nearlv tesembILns it, 

rj ifagflit, 3^45 ed., fol. jo, r. His names or abbreviations for x, x^, 
and are rei, "qd or ewb* (cubaj),. ^d' qd\ qd qd, o^r qd^ 

{qvftdraii ^podruitw), and r^htuffi primum^ with necessary variants of these 
forms. Far frlac^ndioh sk pages 4^2 ^ 4(13, 

“Also I prL + 12 N aequalea 6 m,, for =c“ + 13 = Bi. See 
FK. 4SS^ 

*La iVoiifl Screntifl, 1J54 ed., fol. 114, r. His problems are in rhetorical form, 
nnd hiu symbolism is substantially that of Cardan and other iCafian contempora^ 
rics- For Recorders equations (r^5?) see the facsimile on page 4ii, 

“The neiittstep is JPCl;], sometimes with both brackets, sometimes with only 
the first. Euteo, qnHf dr Ardhrantiai didturt Lyons, i55p. 

“.dlgebria, p. 373r He indicated jc^, je®, - . - by ^ i, i., , - It is in this 
work that there appears for the first time in Italian my important approach to 
the inodtfn symbotisna of the equation. 



if 






7 -#W 




1 # * 


a#* 

I »# ►/ 




^ a 



iz 

i^^¥4i)b#fi >f — i 


rr 


^-vt* .^W- ^ ^ 

SYMBOLISM OB THB EQUATION AS USED BY I1EGI0M0NTANU$, 

C .1463 

From a kttCT writtfln by Regiomorili'nus. The problem Is to find a number x 
tuch that 

TOO 100 

- i- -f; = 4* or ^“+3Jf=20h 

^ j + o 

<rom which x = V^ — as stated in th e th ird Tine from the bottom- The 
ccmciusion ia that the first divisor h V7i^ minus See page 437 
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Gosselin (1577) i2LMjQR 4S aequalia I44M24L-P2Q, 
Modern form : 12 x — 4S = J44 “ 243? + 2 
Stevin (i5Ss)^- 3®+ 4 a 2 © + 4. Modem form: 
3 i='-H 4 = 23 ; + 4 ' 

Ranitis and Scboner (1586)^: iq—f—SI aequatus sit 65. 
Modern form: 4 " Ss — 65. 

Vieta (c. 1590^: iQC — 15QQ + S5C — 225 Q + 274 N, 
aequatur 120. Modern form: 

sf — 153:* -h 851^ — 2253:^ 4 - 2 74Jr =120. 

Clavius (ISoS)'': ^^Sitaeqnatiointer & Soo'^—156751J' 
Modern form: iS6j75Ih 

Girard (1629)": i {4) + 35 (2)4-24 = 10 (3^ + 50 (O, 
or with the several exponents inclosed in circles. Modern form: 
3:*-|-3 53^4-24 = to3:^-|-303:. 

Oughtred (1631)''; ^ Z ± Vq- I — AE = A. Modern 
form : ± VT jq£ = 

Harriot (3631) aaa — 3 ■ bba : + 2 ■ ccc. Modern 
form: 3:^ — 3 = 2 


^ GuLUaume: GasseIIil was a. native erf Caen, but we know almost nothinp of 
his UfSr He puLlBhed an afgebta, Dt arie magna, seu ds pi^rU nuntrrormftj 

guae ^ Aigebro-, & Al^mabala valgo diciiju',’ IJbri QVAJVOR, Paris, 15^7; and 
a French tranaiation of Tartaglia^ aEiLhmcUc, Paris, 1578. See H. Bosmans, 
Biblr VIl {3), 44. In the above et^uation he uses F for loitis (the side of 

the square), Q for quodraiia (square), and P and M for and wnwj, 

^L'AriiJim^U<ivfi p. 37a. See also his CE3<tir«, Girard ed., p. 60 (Leyden, 1^34), 
He used 0 . @,®p ■ ■ ■ for x, 

^Algebras Ubf-r Primus-, 15B6 cd,, p. J49. 

*Por a diacussiou of the dates trf bis monopaphs, see Cantor, CsschkhlE, It 
(a), jSz, He also used Capital vowel? for the Hnknown quantities and rapital con¬ 
sonants for tha known, thus hein^ able to express several unhuowtiE and several 
knownS- The sucte^Ivc poweis of A were then indicated hy A, Aq, Atu, Aqq, 
Aqcu, and SO on, the additive principle of exponents being followed. The ^tbove 
example is frotn his Opera -.^aihemairica, ed. Van Schooten^ p. i£8 (Leyden, 3646). 
“ Algebra, p. 63. For his symbols, see ibid., p. ir, 

^iM-vention nouvelle eft Vaigibre, p, r^r (Apisterduni, with rules for 
the symmetric functions of the roots. 

Clavk-, p. 50; Csjori, Tk'tEKnm Onghired, p, -aq, 

^ See his Artis Avalyikae Pros^, London, 11531. He represented the eucccssIvc 
powers of the unknown by a, ac, iiaa, . i- - ; Tropfke, Ge-ichkhte, HI (2), 343, 
a work which should he consulted (pp. 119-148) on this entire topic. 
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Herigone(i634)^ i 54 a'^ 7 ia 2 —i—14^3^ a4 3/2 120. Mod¬ 
ern form: 154c — 71 -f- 140“ — = 120. 

cx. 

Descartes (1637)^: yy»cy——y-Hay-ac. Modern form: 

cx ^ 

cy — y + ay — ac. 

Wallis (1693): x* -h bx^ + cxx A- dx + e — o, which is the 
modern form, with the exception of acs;; this^ as already stated^ 
was commonly written forjc^ until the close of the iSth century.^ 

Equating to Zero. It is difficult to say who it was who first 
recognized the advantage of always equating to zero in the 
study of the general equation. It may very lihely have been 
Napier, for he wrote his Arte Logistim before 1594 (al¬ 
though it was first printed in Edinburgh in 1839)^ and in this 
there is evidence that he understood the advantage of this pro¬ 
cedure.* Biirgi (c. 1619) also recognized the value of making 
the second member zero^ Harriot (c. 1621) may have done the 
same, and the influence of Descartes (1637) w^as such that the 
usage became faidy gene rah* 

Several Unknowns. The ancients made little use of equations 
with several unknown quantities. The first trace that we find 
of problems involving such equations is in Egypt. There are 

MfithemeHaaf. £ vols.. Pads, 1634-163 ad ed.^ vols. in 4 (Parifif 
1644) j Vol. II, ctapr He rtpntfmbcij the auciMssive powers of the unknown 
by a, 02-, (1$, o-4t h - . - 

sio GEOmelrii, 1637; i?o5 ed., p. 36. It wiJl be &een that this form docs not 
differ much from our own. DescarCea uaed the laat iettera of the alphabet for the 
unknown quantitiea and the flrat letters for the known, and this usase haa per¬ 
sisted except in the case of those F&nniiTas in which tlic [nitial letter sertts a bet¬ 
ter purpose, lltat it was not iminediaLely accepted, howev'er, is seen by the fact 
that Rahn (Rhoniwsl used final letters for unknowns and large letters for kBowns, 
as in hi* algebra of 1650 {English triuslation, rb^S). 

La Euler*^ French ed., PcErogiad, 17^8, where suth fgtms as 

jra + yy = fl are found, ^ 

^For example, on page 336 he takes the equation 4I5 — d=sIt“?o and re¬ 
duces it to - B + 14 - o, " quae aequatia ad nihil est.'^ In general all_ his higher 
equations have for the second member. See also Enestrdna, Malk.> 

^Fpr a discussion see Tropfke, G^iCliichte, Hi Eeplcr^ Ofsra, ed- 

FrEsch, V, 304. The credit is often claimed for Stilel (f. i^3S)t but he, like Harriot, 
made no general praetEce of equatlo® to zero. 
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two papyri^ of the Middle KingdoTii (c. 2 r60-1700 e.C.) which 
contain problems of this nature. One of these problems is to 
divide 100 square measures into two squares such that the side 
of one of the squares shall be three fourths the side of the other; 


that IE, 


4^ = 100, 

f = l^- 


The other problems also involve quadratics, one found in 
1903 being substantially^ 


^+/= 4^^ 

Simultaneous Linear Equations. The earhest of the Greek 
contributions to the subject of simultaneous linear equations 
are, according to the testimony of larablichus (c* 3^5) in his 
work on Nicomachus, due to Thymaridas of Paros (^*380 e.c. ?)* 
He is said to have given a rule called {£pan*th^ma^ 

Rower), which he seems to have used in solving n special t5q)es 
of equations^ namely, + - ■» + — J, 

■3^5+^ the method being the ordinary 
one of adding. lambllchus applied the rule to other cases.® 

Some use of simultaneous linear equations is also found in the 
w^ork of Diophantus (c* 375), who spoke of the unknowns as 
the first number, the second number, and so on,* a method that 
was too cumbersome to admit of any good results* 

Chinese and Japanese Methods. The subject w’as greatly ei- 
tended by the Chinese* Using the ^'bamboo rods” as calculat¬ 
ing sticks, they placed these in different squares on the table so 
as to represent coefficients of different unknowns, and hence 


^The EctIih Papyrus No^ pubJisticd hy H. Scback*Schad;cnburgH Zeii- 
schrifi far agyplKC-he SfrfifAe, XXXVUI (1^), 135, and XL 65; and 

the KatniJi Papryrusj also studied by Schack-Sebactenburi jji 1503 and described 
by f. LI. Griffilh in 13 ^ 7 * 

2M. Simon, diet Ynt 4 rifr^urt,pjs. 41,42 (BerKn, 190^^); 

bemafter refenred to as Simonn Gisckiihtt. 

5 Heatb, in R. W. Livingstone’s ?*i*e Ltgacy of Gr^a, p* no fOjrfotd, i^jaL 

* That is, i xpwTfli ^ an d sc on. E, g., Book II, Prop. 

17; Boot rvv Prop. 3Ts 
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they needed no special symbols.^ Indeed^ we are quite justified 
in saying that the first definite trace that we have of simultane¬ 
ous linear equations is found in China. In the Arithmetic in 
Nino Sections^ there are various problems that require the solu¬ 
tion of equations of the type y=^ ax - by y ^ a'x -h b\ A rule 
is given for the solution which amounts substantially to the 
following; ^ 

Arrange coefficients, ^ 

e h 

Multiply crosswisej 

b If 


Add, 

Result, 


b +b^ 

£ib^ -|- a^b 
-™—, 


and 


b + b^ 

7 ^'' 


The method of reasoning is not stated, but the work was prob¬ 
ably done by the aid of bamboo rods to represent the coefficients.^ 
The next step of which we have evidence was taken much 
later by Sun-tzi, the date being uncertain but probably in the ist 
century* He solved what is equivalent to the system 

-f- 3 y “ 144, and his method of elimination was substantially 
first to multiply the members of each equation, when necessary, 
by the coefficient of % in the other equation/ 

From this time on, the solution of simultaneous linear equa¬ 
tions was well known in China. The only improvement made 
upon the early methods consisted in the arrangement of the 
bamboo rods in such a way as to allow for a treatment of 
the coefficients similar to that found in the simplification of de¬ 
terminants. This was finally carried over to Japan and was 
amplified by Seki Kbwa (16S3) into what may justly be called 
the first noteworthy advance in the theory of these forms.° 

p. ■jj. 

^ ol unctriiin possibly as early as noo b.c., and 

certainly pre-Christian. Sec Volume Ij page gr. 

5 Mikaini, CAfjio. p. 16 . * p. 3 a- * P -1 n ■ 
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Hindu Symbolism. The Hindus represented the various un- 
knowns by the names of colors, calling them ^^black/’^ "blue,”- 
"yellow/” "red/- and so on. They wrote the coe^ents at the 
right of the abridged words and represented a negative term by 
a dot placed above the coefficient. For exampISj* 

ya5 ka8 niy rugo 
yay kag ni6 ru62 

means 53^4’Sy + 7^ + 90 = 71 + 9^-j-6a+ 62 

^ . . kd i m X ru 2S 

and gives rise to ——-, 

ya 2 

as it appears in the Colebrooke version^ which means 

+ 2S — 2K. 

Problems involving several unknowns did not possess much 
interest for the Arab and Persian writers, as may be seen from 
the algebras of al-Khowarizmi ‘ and Omar Khayyam. 

Early European Symbolism, The algebraists of the i6th cen¬ 
tury gave relatively little attention to simultaneous linear equa¬ 
tions, The use of x, y, and ^ for unknown quantities was not 
suggested until the 17th century, and so it was the custom of 
some writers to use ordinary capital letters. For example, we 
find Buteo (1559) using 

I C,\A,{£[ir. 

for what we should now write asa: + i3i + ie=i7, etc. By 
multiplication he reduces these to three equivalent equations in 

^^'alToca, abridgwi to ia (^T )■ See CoJebrooke^s tratislatjor oi Bbaskara.^ 
pp. iS4J^-h 227- Tic known nmnicr was rape-, abridged tfl rjf. 

^IVilsi£ay abridgtd tu «! (T 4). 

^Fltota, abTsdeed to pi ■*CoTebnobke^& tcansIitiffiVt p. 351, 

“But see E. Wledeuaann, Sitiangiberichir. dtr' Pkyslkaliseh-ntidizmisCr^n 
Sosktdt zti ET{ansin^ 50.-51. Bd. (ig-sol^p. 264. 
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which, horwever, the original symbolism changes slightly, the 
period replacing the comma to indicate addition^ thus: 

2^ -1 I C[34j 

I ^ *3^’ I C[ 

t A . I ^.4 <::[68. 

He then eliminates in the usual manner.'^ Gosselin^ in his De 
arU magna (PariSj iS77)j vses a similar arrangement/ 

Literal Eq^tiatidns., The equations considered by the ancient 
and medieval writers were numerical. Even the early Renais¬ 
sance algebraists followed the same plan^ their crude symbolism 
allowing no other. It was not until the close of the x 6th century 
that the literal equation made its appearance, owing largely to 
the influence of the new symbolism invented by Vieta and his 
contemporaries. For example^ Adriaen van Roomen published 
in 1598 a commentary on the algebra of al-Khowarizmi ^ in 
which he distinguished between two types of equation, the 
numerosa and the figurata.. The former was applied to prob¬ 
lems with numerical data, while the latter resulted in general 
formulas.* Van Roomen asserts that writers on algebra up to 
his time used the n-umerosa method only, whereas he was the 
first to use the figuratu one, although as a matter of fact Vieta 
seems to have preceded him. The actual dates of invention, 
but not of publication, are, however, obscure, 

S, The SoiLUTtON oe EquATroNS 

Linear Equations, The earliest solutions of problems involv¬ 
ing equations were doubtless by trial. In the time of Ahmes 
(c. r 550 B.C.), however, the methods of making the trials 

1 G. Wertheim, "Die Logistik des Johannfls Buteo,” BiW- Malh.., II fj), 233. 

sn. Bosmans, “Le 'De art* magni* de Guillittme Gosselin,^' Bibl A^atk., 
VTT (3), 44. 

SH. Romans, "Le frafimcnt du Coinmentaire d'Adrien Romatn sur I'alsebrc 
dc Mahumed ben Musa El-chan'^resmi/ Bodiii Sdinitjiiliie de 

Bnixdles, XXX (j[?ki 6>, second part, p. afi6. 

i'^Ditferendii igitur inter has duas talia atatui potsE, ciuod figurata invema-t 
ttgulam aolvendl problcma: propoatum^ numeroaa veio doncaxat regular iUiui 
exemplvm.” 
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were fairly ivdl simplified. ThuSj his equation' + ^ ;c —19 
is solved substantially as follows: Assume 7 as the number. 
Then, to use the form of the te?:t^ 

"Once gives 7 

^ gives i_ 

i} gives 8 

"As many times as 8 must be multiplied to make ig,, so many 
times must 7 be multiplied to give the required result. 


"Once 

gives 

S 

Twice 

gives 

i& 


gives 

4 


gives 

2 


gives 

I 

Together, ^ 

gives 

rp [in which he selects the 
addends making 19]. 

Multiply 2, -J, J by 7 and obtain the required result. 

"Once 

gives 


Twice 

gives 

4. h i 

4 times 

gives 

9n ^ 

Together, 7 

gives 

16, 1, f-p the result ““ 


The Greek methods are discussed later in connection with 
the quadratic. 

The chief contribution to the solufion of linear equations 
made by the Arab writers was the definite recognition of the 
application of the aiiloms to the transposition of terms and the 
reduction of an implicit function of x to an explicit one, all of 
which is suggested by the name given to the science by al- 
Khowarim! ( 825)* 

■^ra this disaisslon a}\ etjuaiions will be given in the mnijem iorm. On the 
gencr&l hiatoTy of aoluiticrtg two of the best w^orks for the student to consult are 
A. Favaro, "Notlzie itorico-critiche sulla CnatruEiore delle Equa^ionl^’ Ali-i dnHu 
i!, Accad. di .Sciert^^^ Lutitr^ sd Arti in- Modtm, V&L IKVIU, aoU pages with ei- 
tcnsivie bibliography; Mitthitssen, OTPtdsttge. 

®For the tratwtatioii I ain indebted to Dr. A. B, Chaccj ni Providence, Rhode 
Island. For a slightly different version see Peet, JSAjKdi Papyrm, p. 61. 
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False Position* To the student of todayj having a good 
symbolism at his disposal, it seems impossible that the world 
should ever have been troubled by an equation like ax-bb = o. 
Such, however, was the case, and in the solution of the problem 
the early writers, beginning with the Egyptians, resorted to a 
metliod known until recently as the Rule of False Position* 
The ordinary rule as used in the Middle Ages seems to have 
come from India > but it was the Arabs vrho made it knosvn 
to European scholars. It is found in the works of al-Khowiriz- 
mi (c* 835), the Christian Arab Qostl ibn Ltiqa al-Ba'albeki 
(died t;. 9r2/r3), AbQ K^mil (c* 900), Sin^n ibn aUFath (loth 
century), Albanna (c. 1500)/ al-Iias^ar (c. r2th century),^ 
and various others. The Arabs called the rule the hisab al- 
KJtataayn* and so the medieval writers used such names as 
clchataym^^ When Pacioli wrote his Suma (1494) he used the 
term el cataym^^ probably taking it from Fibonacci. Following 
Pacioli, the European writers of the 16th century used the same 
term, often with a translation into the Latin or the vernacular."^ 


^There ii a. tacdleival MS-h pyblshed by Libii in his Histoifi, 1 , ^0+, and 
possibiy due to Fabbi ben Ezra. It refers to this rule, " queen Abraham oom- 
pllavit et secTjnduiD librum qul Indoinim dictus eomposuit” See M. Stein- 
schneider, Abhandhtnssn, III, i^o; E. Woepeke, M^oire aur la propaeation dcs 
chiffres mdienSd” Jo-umal (Paris, iWab I 34» Matthlcsseti, 

C. Ka|t^:kl, fScj'zeJu F^og., Braunau, iSS6. 

^See Volume I, page 2ti, For the turi^nal and a tranalation of his process see 
F. Woeptke, Jottmal AiIatii}U£t I (6>, 511. 

sSet Volume I, page aio. For a translation of his arithmetic see H. Suter, 
BiH- Math., H (3), la; on this rule mc page so. 

* Rule of Two Fatsea. There arc various tcansJiterations of the Arabic name, 
^Leonardo Fibonacci, in the Tiber il&fifl, cap. XHI, under the title De regnUs 
dchato-yn says: ’"Etchataleym quidem arabioe, ktine duanim falaaruni poai- 
ctonum regtik intcrpratatijr. * . . Eat eniin alius modus elcbataym; qui reeula 
aiigtnenti et diminocionis appelatur,^' Sec the Boncompagni edition, p. 31B; 
M, Stemachneider, ^fpAaitdfwn^ew, lUtiaa : G. Enestriim, fj), 30,^. 

^He speaka cf it as a “certa regola ditta El catiym. Quale (secondlD alcimt) 


e vntabulo arabo.” Fol. ^>8, u. * , „ 

^Tbua wc have . per H Cataino detlo atcuoi ynodo Arabo (Cataneo, 
ie Praltch^, Venice, 1567 tol- "Delte Resole del Cattaino ouero falM 
positiom'' (Paeani, p. ili 4 l E ’'Ecsok Helcataym (vocahulo Arabn) the In 

nostra linRua vuol dire delle false PosLtionE^' (Tartaglia, Gtntral Trattaio, J, 
fol. Z3S, If, (Venice, “U Eei^le dc Fans, qne les Arabts ap^ ent la 

Rcigle Cafain" (Pekticr, 1540: iS*j ed^ P- legola. del Cataino 

(G. Ctacchi, Regok seneraU d’ abbaco^ p. 2 )^ fFlorence, ib 7 S)K 


:[ 
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This name was not^ however^ the common one in the Euro* 
pean books, and in the course of the i6tlii century it nearly dis¬ 
appeared. In general the noethod went by such names as Rule 
of False,' Rule of Position/ and Rule of False Position.^ 

Rule of Rouble False explained. The explanation of this rule, 
aa related to the equation ax -^b = Q, is as follows: 

Let and g^ be two guesses as to the value of and let /t and 
be the failureSj that is, the values of ag^ + b and ^g^_ -f- bj 
which would be equal to o if the guesses were right. Then 




10 

and 


(2) 

whence 


(S) 

From (i), 



and from 



whence 


( 4 ) 


Dividing (4) by ^ 

“/i 


But^ since ^ 

il 

we have here a rule for finding the value of Xr* 


1 " La RcigTe de Faux*^ (TrenchaBt,. 15^6; «1 .h p. atj) ^ "Falsy” {V&n dec 

Sebutre, p, 1S3}; '"Refiula Falsi" (Co-utereets, idgo edition of the CyS^r- 
Boeck, p. 5+1), 

= ''Aucti Rfigula Positionum tenant" (Suevua, 1593, p. 3??); “Reigle de Faux^ 
rnesmea dVtic Ptusction” (Peleticr, 1549; 1607 ed., p, 3 & 9 }n 

“■^'fi-ule of falfilioodei ot fiLse po&itiojis(Eater, igSo ed,, foL rSi)'^ 

"‘F^se Poattie’’ anti "Fausse Position” {CouLcreels, Dutcb-Frtnct cd., 1631, 
p. 325); "VaEsche Po&itie” (Evei?dytk’& Coutercels, cd-n P- 3^°! 1 “Rci;hci 
der Vatachfis Podtien” (Wiltens, ifidp ed.^ p. 3^3) . 

^ The formula is more elegantlv derived hy tating the eliminaiit of 


(M + /j 4- 0 = 0 
^ ^/] = ^ 


which is 


-A 

-A 


hy the expansion of whidh the resalt fit onu appears 
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Suppose, for example^ that 

5 f — lo = o. 

Make two guesses as to the value of Xj say I'l, = 3 and = i. 

Then j . 3 _ 10 = 5 

and 5 - io = -s=/^* 

Then ^ ^ L’ — f- i) - 3 ^ gg ^ ^ 

/i-A 5 -(-5) 10 

Awkward as this seetns^ the rule was used for many centuries, 
a witness to the need for and value of a good symbolism* We 
have here placed two false quantities in the problem, and from 
these we have been able to find the true result. 

Retorde^s Rule in Verse, From the above formula for x it 
will be possible to interpret the doggerel rule given by Robert 
Recordein his Ground of Aries (t* 1542): 

Gesse at this woorke as happe doth leade. 

By chaimce to trutbe you may procede* 

And firste woorte by the question^ 

Although no truths therein be don, 

Suche falsehode is so good a ground^,, 

That truth by it will sooue be founde. 

From many bate to many mo. 

From to fewe take to fewe also* 

With to much lOyne to fewe againSj 
To to fewe adde to manye plaine* 

In croasewaies multiplye contrary kinde. 

All truthe by falsehode for to fynde*^ 

Recorde thought highly of the rule^ and it was appreciated by 
writers generally until the ipth century 

1 0/ ^riej, 15SS ed., fol- S 4. ^ 

“Thus Thifirfelder (ijS?, p, 226) says: ''Fur aJltn Re^eln der Arith¬ 

metic (olin atJein die Rc^ Cosa auzRcnonimen) iat sie die Kuns-treichste / 
wtytgcgreifflichste vri achonste", and Peletler tij 49 ; ed.j p. 2C9) icmarks: 
" Gemme Phrisaien a inuentfi Fartifice dc soudre par li Reigte dfi Fauiii, mesmes 
d’uuit Portion, sriind' partie ds cjicmples subjcctfi 1 FA%ctre." Even ^ iate 35 
r5B4, in the f^ir den Uf^ierri^kt ™ deti G^ftnnasim in Onerreick 

(Vicuna, 1SS4, p. STS), the rule 15 recommended. 
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Method ol the Scales* The Arabs racdified the rule by what 
they called the Method of the Scales/ a naine derived from the 
following figure, used in the solution i 


x: 


Supposftj for example, that we wish to solve the equation 
a: d- 1 X -1- E = 10, a problem set by Beha Eddiu (c. i6ot>). We 
may make as our guesses g^ — 9 , whence f^= 6 ', g^ = 6 ^ whence 
/j = I. llien place the figures thus: 



The lines now aid the eye to write the result according to the 
rule already set forth, as follows 




6 * 6 - I > 9 2j 
6-1 ” i; 




Rule of Single False* Thus far we have considered the Rule 
of Double False, where a double guess was made, but there was 
also a modification of the method known as the Rule of Single 
False/ Albanna (c, 1300) gives the latter in the form of a rule 
which, worked out in modern symbols, is as follows: Given that 

oj: 'j-if = 0. 


Make a guess, g, for the value of x, the failure being /; that is, 

< 7 ^- 1 -^=:/. 


bi'i kagaisin. This name was traiiKliUcd mEo La tin as the RfguUt 
hnrUtm or bilandi. 

2 For variations of the Method see Matthiessen, Gnmdsvgf, p. for thfi 
Arab proof by feotnfiry see p, aSlr 

^Tartaplia called it "Position Sempia,” is distEngt from “Position Doppia” 
{CfTterni Trallato^ I, fol. t?,, and 266, rO; the Spanish had rvles vmt 
falsa posEcion" and ^’De dos f^sas posidones'’ {Santa-Cruz, 164;; ed., fols. 
310 , 273 ^; Clavius (15S6 Italian ed., pp. 105, has "Re^ola del fai^o di 
scrnplice posicioneand " dl doppia podtione”; and Chuquet (1484, MS., fok. 

43) has “ De ta RSgle de vne posidon” and "dfi dcui poiidons,” 
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Then to obtain the required rule we may prcx:eed as follows; 

A 




whence 


^ — x 


g — x 
-1-^=0 


^ -f /“ ^ 

this last indicating the rule used. 

For example^ in the equation i = 20, if we take g = 30, 

wehave . ^ 

i ■ i ■ 30 = IU 

which is g too smallj whence / = — 9. Then 
.. 3Q(-9 + :^o)- 30("9) 


-9 + 20 


= 54 ^^;- 


Apologies for the Wame of Rule of False, The name “Rule of 
False” was thought to demand an apology in a science whose 
function it is to find the truths and various writers made an effort 
to give it. Thus Humphrey Baker (156S } says: 

The Rule of falsehoode is so named not for that it teacheth anye 
deceyte or falsehoode^ but that by fayned numbers taken at all aduen- 
tures^ it teacbeth to finde out the ttge number that is dcmaunded^ and 
this of all the vulgar Rules which are in prEictise) is y most excellence,^ 


Besides the “ Rule of False ” the method was also called the 
"Rule of Increase and Diminution,”" from the fact that the 
error is sometimes positive and sometimes negative, Indeedj as 
already stated^ in the rbth century the symbols + and — were 
much more frequently used in this connection than as symbols 
of operation. 


^158* ed.j foL rSi. Similar eicufc U offered by Thierfelder (igSy, p. 215): 
"Darum nicht daaa sie falsch oder vnricht aey”; by Apiinui ^VjmI lieisst 

nit dirum falai da^ Ht fat&r-b vnd imrecht webrt sunder, daaa aie ausa zweyen 
Iilschen vnd vtiwahrhaftigfcn aalen^ vnd i^eyen lugen dEc wahrhaltijt^vnd 
bcRcJiTte za] rindtn Eemt/' Like explanations are ecv^ti by loaiiy other ivritera. 
^"Regola aufinienti ec decrcmcnti'^ 01 " diminutionia.'* 
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Regula lufusa^ Rabbi ben Ezra (c. 1140) tdls us of a substi¬ 
tution method due to another Hebrew writer, Job ben Salomon, 
of unknown date, which was called in Latin translation the 
Regular This may be illustrated as follows: 


Given 

?ii (rt.r -|- ^) -f- f = 0, 

let 

ax- -^b=y, 

and then 

?WJ -i- f = Oj 

whence 

II 

1 

f 

and so 

ffjir -H if = — c/iUf 

which can now 
taking 

be solved* Rabbi ben Ezra illustrates this by 



and letting 


whence 

y-\y=20 

and 

II 

M 

and so 

1 

1 

II 

to 

i5>s 


which can now be solved," Although the method is very artifi¬ 
cial, it is occasionally found in the algebras of today,, especially 
in connection with radical equations. 

ClassMcatioii of Equations, Our present method of classify¬ 
ing equations according to their degree is a modem one. The 
first noteworthy attempt at a systematic classification is fonnd 
in the algebra of Omar Khayyam (c, iioo)^ tut the classihca- 
tioit there given is not our present one, Omar considers equa¬ 
tions of the first three degrees as either simple or compound. The 
simple equations are of the type r = nCf r = x^, r = ax = 
ax — x^, aif = x\ Compound equations ate first classified as 
trinomials^ and these include the following twelve forms: (i) 
X* -\- bx-^ c, X" -H c — bx, bx + c ] (2) = cXj 

^", , , stcundiiTn resu^aiii que vocatur infusa. £t ipaa, Kt regula Job, filii 
SaJoQiOEiis.” Lrbri^ Nijioirs, 1 S 3 S ed., I, 312 , There 13 sorrie doubt, however, as 
to whether Libti was right in reiemng this work to Rabbi ben Ears, 

SMatthiessen. Cmnd^iise, p, 2?3. 
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+ = CI^- Sa:® = a:*,3:''+ cx = d, -h d ^ cx, cx d — \ 

-\- bx^ = dj x^ d = bx^ x\ They are then classic 
fied as quadrinomialSj as follows: (3) + 6 jic^ + ca: — 

d = cx; (4) 1“ + bx^ —cx-hdj x’ -\- cx=^ + d^ 
x^-\-d — hy^-¥ €x. Of this early plan of classifying equations 
by the number of terms we still have a trace in our chapter on 
binomial equations. 

Classfiication according to Degree. Such was the general 
method of classifying equations^ naturally with variations in de^ 
tails, until after books began to be printed, Pacioli (1494), for 
example, has a similar system.^ It was not until about the be¬ 
ginning of the 17th century that the classification ajccording to 
degree, with a recognition that a literal coefficient might be either 
positive or negativej was generally employedj and this was due 
in a large measure to the influence of such writers as Stevin 
(1585)^ Vieta. {c. s590)j Girard (1629), Harriot (163x, posthu¬ 
mous ), Oughtred (1631), and Descartes (1637). In particular, 
Descartes set forth m bis GiomitTie the idea of the degree of an 
equation, or, as he says, of the dimensions of an equation,^ re¬ 
serving the word "degree" for use with respect to lines*^ 

Quadratic Equations^ The first known solution of a quadratic 
equation is the one given in the Berlin Papyrus mentioned on 
page 432. The problem reduces to solving the equations 

and the solution is substantially as follows: 

Make a square whose side is i and another whose side is 
Square giving Add the squares, giving f f, the square 
root of which isf. The square root of xoo is 10. Divide 10 by f ► 
giving S, and f of S is 6. Then 

0^ -f- 6^ = TOO and 6 s; | of S, 


1494 E4a seq,. 

s^g^chcz done qu'en chaque Equation, autant qut la quantity inconnuie a dt 
dimensjons, autant peut-il y avoir dc cjiveises radnea, e’est i dire valeuK de 
cette quantity" (17^5 ed.ip. lofi). He tEen ap^afcs of— ^4:1+ afia: — 24 ^ o, 
. . , en laqurflfi 4: ayftnt trois dtmenalona a au55i trois valeurs qui aont 2, 3, 4.” 

distinct divert degrez enti:& lignes" (fftid-, p. 37). 
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so that the roots of the ti^'o implied equations are 6 and S. The 
solution is therefore a simple case of false position.^ 

The Greeks were able to solve the quadratic equation by- 
geo metric methods* As already stated, Euclid (c. 300 b*c*) has 
in his Daia three problems involving quadratics. Of these the 
first (Prob* 84) is as follows : 

If two straight lines include a given area in a given angle and the 
excess of the greater over the less is given, then each of them is given. 

Expressed in algebraic form with reference to the rectangle f 
li xy^k^ and x — c, then a: and y can be found. Euclid 
solves the problem geometrically." He also gives in the ElernGnis 
such geometric problems as the following t 

To cut a given straight line 50 that the rectangle contained by the 
whole and one of the segments shall be equal to the square on the 
remaining segment,® 

This may be represented algebraically by the equation 
fl [a — i) ~ s' or by a:* -j- ua: = a'* 

Quadratics among the Hindus* It is possible that the altar 
constructon of the Hindus involved the solution of the equation 
= c, and this may date front the Sulv&sutra period 
roughly speakingj say 500 u.c,) ; but whether or not this is the 
case, we have no record of the method of solution** 

When we come to the time of *Aryabhata (c. 510), we find a 
rule, relating to the sum of a geometric series, which shows that 
the solution of the equation 4- 6a: 4- c = 0 V7s^s known, but we 
have no rule for the solution of the equation itself." 

It should be repeated, however, that up to the 17th century 
an equation of the type ^ -h px = q, for example, was looked 

^ Sdiack-Schacfccnbuif, Zalsckrijt fiir dgypiischf Spracke, XXXVIET, 

XL, See also Cantor, Geschichttf I and Simon, Gtschichte^ p. 41. 

^The otbet two havfl already bee-n pven on page 

^Eiemettls, II, 11, Set also VI, ag, sq, 

^ G^ Milhaud, “ La Gkumftrie d’Apastajnba,"' in tine Revsa 
sck«cej, XXI, 5ia'5!o. 

“The rule foT the sumunatioT] is No. XX in Rodet^s de C-dcui d'lr- 

yabkftt^, pp, 13, i3 (Paris, TS79), In all such cases the possibility of iht younger 
Aryabhata must be considericdr 
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upon as distinct from one of the type — px= q] tte idea that 
p might be either positive or negative did not occur to algo^ 
braists tmtil some time after the invention of a fairly good sym¬ 
bolism. This accounts for the special rules for different types 
that are found in the Middle Ages and the early Renaissance. 

Brahmagupta^s Rule. Brahmagupta (t^. 628) gave a definite 
rule for the quadratic* For example^ he gave the equation 

ya.^\ ya 16 
m 9, 

that iSj 3r — rorr ■= — 9,^ wifli the solution substantially as follows: 

Here absolute number (9) multiplied by (i) the [coefficient of 
the] square (9), and added to the square of half the [coeffident of 
the] middle term, namely^ 25^ makes 16; of which the square root 4, 
le&s half the [coefficient of the] unknown (s), is 9; and divided by 
the [coeffident of the] square (i) yields the value of the unknown g* 

Expressed in modern symbolsj. 


Mahavjra’s Rule. MahavTra {c. 850) gave no rule for the 
quadratic^ but he proposed a problem involving the equation 


.+^ + 3 


36 


ijly 


adding the foUowir^g statement: 


In relation to the combined sum [of the three quantities] as multi¬ 
plied by 12, the quantity thrown in so as to be added is 64* Of this 
[second] sum the square root diminished by the square root of the 
quantity thrown in gives rise to the measure . . . 


Expressed in modern symbols, this means that 

^ = + v^, 

which shows that Mahavira had substantially the modern ruJe 
for finding the positive root of a quadratic,® 


^ Colebrooke^ p. his transliter-aiitm teEnf fflliowcd- 
^ See hk work . p. loi. 
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The Hindu Rule* Sndhara (c. 1055) wa^ the first, sd far as 
knowrij to give the so-called Hindu Rule for quadratics* He is 
quoted by Ehaskara (c. 1150) as saying: 

ilultiply both sides ol the equation by a number equal to four 
times the [coefficient of the] square, and add to them a nurnber equal 
to the square of the original [coefficient of the] unknown quantity. 
[Then extract the root.] ^ 

This rule, although stated by Bhaskara, is not the first one 
given by him. He begins by saying; 

[Its re-solution co.nsist& in] tbe elimination of the middle term, as 
the teachers of the science denominate it. . * . On this subject the 
following rule is delivered. * * . When a square and other [term] of 
tbe unknowm is involved in the remainder; then after multiplying 
both sides of the equation by an assumed quantity, something is to be 
added to them, so as the side may give a. square-rooL Let the root 
of the absolute number again be made equal to the root of the un¬ 
known ; the value of the unknown is found from that equation. 

It will be observed that this is simply a more general form of 
SrTdhara^s rule. The method has been the subject of much dis¬ 
cussion by the various commentators on Ehashara.^ 

Al-Khowarizm!’s RtLJo$. Al-Khowaiizmi (c* S25) used two 
general metliods in solving the quadratic of the form 
x- both based upon Greek models. 

Given he constructed a square 

as here shown. Then the unshaded part is 
+ and is therefore equal to g. In order 
to make it a square we must add the four shaded 
squares, each of which is i^p)- and the sura of 

^Vija-GamUi^ p. 205. Itiat is, given 4 i.i; = c, we hai-e fiT^t 

4(r&.t = 4M. Then 4^-^^ + -J- ^ it- + 43^, ivbence 

i ar + (5 -j- 4 <tc, 

thc^ QCBative root bein^ neglected. The piuposc of the multiplication by' was 
to avoid fracUong. 

tbe pp. 2c?-20?. 
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'which is 1 /)^, which In this case is 25. Since 25 -^64, 

^ + i/ = 8; 

whence + 5 = S 

and ^ = 3- 

His statement as to the second method is as follows: 

You halve the nuniher of the roots, which in the present instance 
yields five. This you multiply by itself; the product is twenty‘five, 
Add this to thirty-nine; the &um is sixty-four. N ow take the root 
of thiSj which is eight, and subtract from it half the number of the 
roots^ which is five; the remainder is three. This is the root of the 
square which you sought for; the square itself is nioe.^ 

The negative root was neglected, as was regularly the case 
until modem times. 

His second method was similar to our common one. In the 
figure the unshaded part is x- -^px, and he adds the square of ^ 

He then has + 1 /' = I /* + f> 

whence 't" —\/4/'+?— 

of which he takes only the positive root.^ 

Al-Khowarismj also considers other forms, his solution* of 
the type x^-^g=px being based upon the identity 

from which it follows that 

= I-/ A — 

Omar Khayyam^s Rule. Omar Khayyam’s rule (4. 1100) for 
solving the quadratic -hp 3 :=^qh as follows: 

Multiply half of the root by itself; add the product to the number 
and from the square root of this sum subtract half the root. The re' 
maiuder is the root of the square.^ 

^ Rosen ed., p. S. 

^For a discussion oi fiis methods see MatthEcssenf Grundsiige, p. 3^9, 

^''For discussion and for the Rcomctrit proof see Rosen's edition, p. i&i 
Matthiesscn, Grun dziige, p. 3154; Lifari, Histatre-, ejC- 

*That I5, r=J ^ i/- “haJf the root” ia meant and by *^the 

number” is’meant 5. He used the equation loi =: 59, which wai the one 
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He also gave rules for other types, that for q = px being 
based upon the identity 

x{p- j-') - \pf= {\p)\ 

and that for px-\- q-= upon the identity ^ 

-P) + ( - ^P)'‘ 

Chinese Wurk in Quadratics, The Chinese gave some atten¬ 
tion to quadratic equations in the Middle Ages, including those 
of the form 



but how far tbey were original in their work has not yet been 
scientifically determined * 

With respect to the quadratic equation the medieval alge¬ 
braists added nothing of importance to the work of the Arabic 
writers from whom they derived their inspiration, and the 
Renaissance algebraists did little except in their improvement 
of the symbolism. It was not until the close of the r6th century 
that the next noteworthy contribution was made, 

Harriot treats of Equations by Factoring, The first important 
treatment of the solution of quadratic and other equations by 
factoring is found in Harriot's Artis Analytkae Praxis (1631). 
He takes as his first case the equation 

ita — -j- crt = + ^c 

and writes it in the form 

i? — ^ I ■ — Ifti 

it+ -HfBj 

_ i 

also used by' al-KhowIrizml and was apparently 3 favorite probiem of the 
schools. He also conaidened the arithmetically Impos^ibli; solutions. For a dis¬ 
cussion of his methods and proofs see Woepche^s transfatlooj p, Matthics&eu;, 
GrandzHg^^ p. jor. 

^See Woepcke's translation, pp. !0f 2^1 Matthieaaen, Grundiiige., pp, ^0%, 509. 

*L. Vanbfet in XIIIj 351 f XET, 555; XV, lit. 
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where tlie first member stands for(a“^) (h-I-c) and the equa¬ 
tion becomes (a - ii) (a + ;-) = o. From this fact he finds 
that b = 

In a similar way the equation 

aaa -K 6aa — cda = + bed 

is factored into (a H- b) (aa - cd) = o, and the solution is given 
that iuz = cd.^ 

Vieta advances the Theory. In ±e work of Vieta the analytic 
methods replaced the geometric^ and his solutions of the quad¬ 
ratic equation were therefore a distinct advance upon those 
of his predecessors. For example, to solve the equation* 
■^ax + b = ohe placed h + a f or He then had 

i£^ + {2 a)i£ {i^s b}=^ 0 . 

He now let 2 s: + = 0, whence ^ ^ a, and this gave 

i£ = ±^Va-^ X'b, 

and -r = ?(i + XT = — rt ± ■di^— 4 b. 

Nam &i ponatuf n h erit u — & - a" p. ifi. The re]a.tion a c o 

^P. The relatmni a = — & la ncprlectcd. 

^The aytnboiism used here la, of courser modem, Vietaamii sotuHon is 
aa follow^.; 

^'Si A riuad. + Ba Iti A, aequatur Z piano, A + B csto E. Iptur E quad. 

aequabinir Z pEano + B qujid. ____ 

'^Consectarium. Itaque VZ plani + \i quad. — B fit A, dc qua primurn 
quaerobatur. - 

“SiL B I. Z pUmitti JO. A I N. I Q + 3 N, acquatur ao. fcL M I N V JI - I.” 
That Is, it d- j B A = Z, we may represent tbia In modem Jorm aa 
X- ■+ aai = &, w'here A j:, B = Z = 

Let A + B — E, that is, let js + _ 

It fo]]cni'5 that ^ + 2 (BP + 4 ^ " 'Ji -\- — /t. 

In particwlar, he says, Jet B = J and Z = so. Tlie equation h then 
je- -I- a s = a□^ whence jc = V^— r. 

He has sEraHat solutions <or the foil owing i 

''SI A quad. — B in A 2, aequafur Z pianoi^’ 
and '■■'Si D i in A ^ A quad., aequatur Z olano,” 

showing that at thb time in his work he had xtot Rraaped the Idea of such a 
general quadra^tic equation as o. In his De numrrotn poteslatvm 
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Modfirii Methods, Of the modem methods^ for obtaining the 
formula for the solution of the quadratic^ interesting chiefly 
from the standpoint of theory, a single one may be mentioned* 
This method uses determinants and is due to Euler and Bezout, 
but was improved by Sylvester {1840) and Hesse (1844), 
Given jr -f- + 5? = 


let 

whence 

Then 

and 

whence 




x = u-\-si 
j;® = {w -H 

+ 




*r"— 4 - 

I / f 

O I 

I -{U-^ J ) O 


^0; 


=^0. 


Expand ing^ — / -H j) — (w 4- 2 )^ — ^ 
and hence (a j 4-^)4- -|- ^) ^ 0, 

Letting = 

we find that = ± 4 

and ± 


Simultaneous Quadratic Equations, Problems involving the 
combination of a linear and a quadratic equation were^ as we 
have seen, familiar to the Egyptians, and the Greeks were 
fully able to apply their geometry to such cases* The algebraic 
treatment of two quadratics was not seriously considered, how¬ 
ever, until it was taken up by Diophantus (c. 275) for indeter¬ 
minate forms. He speaks of equations like 

jj^== 

and -l- 


, , , resoLuiii>aE tracLolTiS (Pirfe, iSdffl), howtVMTj he uses the ticrms affected” 
and ^puTe*^ with resped to quadratic equations. See Volume I, page in, £*« 
also his De MfltwltoHH-m recfl^tiittoni ei e-njen^ti^Ke Jibri duo. Tract, n, cap. i 
(ParisH ; Matthiesseny p. 311, 

^ For a list of Jtioderu methods consult Matthiesaen^ Cmttdzugei p, 31^ seq. 
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as "double equations,”'' Among his more difficult equations of 
this type is the pair 

+ A" — I = 

which Diophantus expresses as follows: 

To find three numbers such that their solid content minus any one 
gives a square,^ 


The subject never interested the medieval writers particu¬ 
larly, and not until the 17th century do we find much attention 
paid to it. By that time the symbolism was such that the only 
question involved was that of stating the cases in which a solu-^ 
tion is possible. 


Indeterminate Quadratic Equations. The study of indeter¬ 
minate quadratic equations begins with such cases as = 

The finding of formulas for the sides of a Pythagorean Tri¬ 
angle occupied the attention of various Greek, writers. Proclus 
(c. 460) tells us that Pythagoras (tn 540 n.c.) himself gave a 
rule, and tradition savs that it was, as expressed in modern 


where « is an odd number, Plato (c. 3S0 e.c.) gave the rule 


which, like the one attributed to Pythagoras, is connected with 
Euclid's proposition^ to the effect that 



a relation that forms the basis of the theory of quarter squares 


' AiTXo&riiTTjj, [{r-CiVif. Seb lyiophatititSj sd sd., p- sJi 

iBaflk IV, ^3, That iiSi the ftist numter k jr, the stscond is 1, and the third 
is + I, the "snHd tontent” hemg 3f ■ I. + i). The results are Y ► V- 

For further ttplanation see HeaU), foe. p. 184. 
a Heath, DicrphanluSy ad ed.,pp. iiOj, 24111. 
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Biophantiis on Indeterminate Equations, It was Diophantus, 
howevetj who may properly be called the father of the study of 
indeterminate equationsj, which ivere generally limited in his 
Arithmetics to quadratic types* With these equations the ob¬ 
ject was to obtain rational resultsj while with indeterminate 
equations of the first degree the object w^as usually to obtain 
integral results* The problem proposed by Diophantus is that 
of solving either one or two equations of the form 

Ax^+jS:t+C^y^. 

His simpler types may be represented by the following; 

To add the same [required] number to two given numbers so as 
to make each of them a square,^ 

One of the more difficult problems is as follows: 

To find three numbers such that their sum i$ a square and the sum 
of any pair is a square.^ 

Pell Equation. One of the most famous indeterminate quad¬ 
ratic equations is of the form 

A:f -I- r = 

This form is commonly attributed to John Pell (i 6 ( 5 S) but h 
really due to Fermat (cr. 1640) and Lord Brouncker’ (r657y 
The problem itself is apparently much older than this^ however, 
for it seems involved in various ancient approximations to the 
square toots of numbers. Thus the Greek approximation for 
the ratio of the diagonal to the side of a square goes back to 
Plato’s time at leastj and 7 and 5 are the roots of the equation 

II. That JSf if the numbers are 7 and 3, then 1 + 2 and ^ 3 

must both be squarta. He finds that x=^ 

6. HEs results arc So, 31D, 41. For solution see Heath, 

2d ed.j pp. oa, igS. 

®E, Er Whitford, The PtU Equalioft, New Votk, 1^12; H. Konen, Gf.vhithtE 
der — Z>m= = i, Leipzig, G. Wertheim, ’^tJeber den Urspniuff 

des Ausdruckes ^Pellsche GteichunR,’” BtbL Maih.f 11 (3), 360J Hcith, Die- 
ad etl., p. 2S6. 
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Theon of Smyrna (c. 125) considered a relation that would 
now be written as the equation 

A-*- 2/= ± I, 

carrying his computations as far as the case of 

17-— 2 ■ 12“= I 

and stating a rule for finding the solutions. 

The special case of the Cattle Problem, doubtfully attributed 
to Archimedes^ requires the number of bulls of each of four 
colorsj white (W)^ blue (B), yellow (Y), and piebald (P), and 
the number of cows of die same colors (wj bj v, p) such that 
B = {i + i)(Y + P), P = (| 4 -^)(W + Y), w = 

+ (P+P). V^{i-hl){Y^y\ and y = (^ + ^) (W 4^ w). 

Reduced to a single equation, the problem involves the solution 
of the indeterminate quadratic equation 

.^"-4,739494/= I, 

and the number of yellow btiUSj for example, has (iS,84S periods 
of three figures each.’^ 

The general problem may have been discussed in the lost 
books of Diophantus,' perhaps in the form 

and its equivalent is clearly stated in the works of Brahma¬ 
gupta® (c. 62S). 

Fermat (Chi 1640) was the first to sta.te that the equation 
— jiy^ — I, where is a non-square integer, has an un¬ 
limited number of integral solutions,* and from that time on the 
problem attracted the attendon of various scholars, among the 
most prominent being Euler (1730), who stated that the solu- 


^ Heath, Fkt/jry, IT, ^7; Whitfond, foe. cit,, p, 20^ with hiblLography. 

Tiannerj', "L^arithmetique dcs Grecs datia Papipua,’^ iu the de fo 

Soc- rfsj Jii. (fo Berdtaux, ItT fa), 
iCoJcbrofllte ed., p, 363. 

* CEwres, td. Tannery atid Henry, II, 334 tParia, ; WhiOord, foe. rif., 
P. 4 fi 

II 
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lion of the equation ax- A- bx -\- c = requires the solution of 
the equation r* — Ay~ — It was he whoj through an error, 
gave to the general type the name of the Pell Equation* 

Cubic Equation. The oldest known cubic equation of the 
form x“ = k is possibly due to Mensechnius (c* 350 e.c.), al¬ 
though tables of cubes had been worked out by the Baby¬ 
lonians two thousand years earlier. It had been recognized 
since the time of Hippocrates (t* 460 BhC.) that the solution of 
the problem of the duplication of the cube depended on the 
finding of two mean proportionals between two given lines. 
Algebraically this means the finding of x and y in the equations 

- — — — ^ 

Jf li 

From these relations it is evident that 
y® = (a parabola) 
xy = ab (an equilateral h3T>erbola); 
y = 4^^^ fa cubic equation), 

Mens&chnfius is said to have solved the cubic by finding the 
intersection of the two conics. If a^2bj then y = 2^, and 
the problem becomes the well-known one of the duplication of 
the cube, which interested so many Greek writers,- 

The next reference to the cubic among the Greeks is in a cer¬ 
tain problem of Archimedes, to cut a sphere by a plane so that 
the two segments shall have a given ratio.'' This reduces to the 
proportion 


b .r^ 

and to the equation = ^y. 


and 

whence 


^P. H. von Fuss, Correspc^iiance mulhimaiigae ti (judquN c^lk- 

bres RiotnUrei da XVniiiffft siicle, I, 37 {Petrograd* 1S43I. 

^ For u pg.Tt]a] list of Oiesfi writers see Wgepcke, translation of Omar Khayyam, 
p. iilj. The reference to Menffichmus is not certain. 

* De Aao'o et cy(btdro. Lit. H. See aleo Heath's Afchhaedes^ chap. vi. 
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Eutocius (c. s&o) t^Ilg us that Archimedes solved the prob¬ 
lem by finding the intersection of two conics, namely. 

(a parabola) 

and — = (a hyperbola). 

Diophantns solved a single cubic equation^ ar^+ x = 4x^-\- 4. 
This equation arises in connection with the following problem; 

To find a light-angbd triangle such that the area added to the 
hypotenuse gives a square^ while the perimeter is a cube.^ 

His method is not given^ the statement, expressed in modern 
language, being that a; "is found to be” 4- Tossibly Diopban- 
tus saw that a; (a:'' + i) “ 4 (3:’“+ i); whence a; = 4, 

The Cubic among the Arabs and Persiatis, Nothing more is 
known of the cubic equation among the Greeks, but the prob¬ 
lem of Archimedes was taken up by the Arabs and Persians in 
the pth century. In a commentary on Archimedes, Almahhni 
(c. Sdo) considered the question, but so far as known he con^ 
tributed nothing new. He brought the problem into such promi¬ 
nence, however, that the equation a^b = cx^ was known 
among the Arab and Persian writers as Almahani’s equation,® 

One of his contemporaries, Tabit ibn Qorra (c. S70), con¬ 
sidered special cases of cubic equations, as in the duplication of 
the cube. These equations he solved by geometric methods, but 
he was unable to contribute to the general algebraic theory. 

A little later AbO JaTar al-KhSain (c. 960), a. native of 
Kdiorasan, considered the problem and, as Omar Khayyam tells 
us, "solved the equation by the aid of conic sections.”* 

The last of the Arabs to give any particular attention to the 
solution was Alha^en^ (c. 1000). Omar Khayyam^ refers to 

J Bk. VI| ppob. 17. Sec aJ&n Heath Is Diophsnl^is, a d , p. 66. 

^MatiJilcssen, Griindsitse-, p. 367 J Cantor. C^schiskUf I, chap. j^sv. 

ftWoepckfi tEanslatton, p. 3. 

^A\-H 35 aii ilin al-Hasan ibn al-Hailam, 

» Woepcke’i Lranslation, p. -73, with discussion; Matthiessen, Grandiiip.e. p. 367. 
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his method, 
section of 

and 


Alhsizeii solved the equation by finding the inter- 

X* ^ ay [a parabola) 

3)(c — i') = (a hyperbola's, 


a method not unlike the one attributed to Archimedes. 

The last of the Persian writers to consider the cubic equation 
with any noteworthy success was Omar Khayyam^ (c. iioo). 
In his list of equations he specified thirteen forms of the cubic 
that had positive roots^ this being a decided advance in the gen¬ 
eral theory. He solved equations of the type 4 - h'x = b''^€hy 
finding the intersection of the conics %^-=-by and y-=jc(c—3;); 
of the type ar® -I- by finding the intersection of xy = c^ 

and 3r = <7(3? 4 - a) ‘ and of the type ± + b^x = b^c by 

finding the intersection ofy^ = {x^a)(c—x) and x(b±y)=-bc. 

It is said, but without proof from the sourceSj that Omar 
Khayyam stated that it was impossible to solve in positive inte- 
gers the equation x^-^y^ = the simplest of the family of 
equations of the type + = with which Fermat’s name 

is connected. 

In general it may be said that the Arab writers beUeved that 
the cubic equation was impossible of solution A 


Chinese and Hindu Interest in the Cubic, The Chinese alge¬ 
braists did nothing worthy of note with the general cubic equa¬ 
tion. Their interests lay iu applied problems, and these all led 
to numerical equations. The numerical cubic first appears in a 
^vork by Wang Hs’iao-t’ung^ about 62 5A 
He gave the following problem: 


There is a right-angled triangle the product of the sides of which b 
706 and the hypotenu&e of which ia greater than cine side by 
Find the lengths of the three sides. 


Wang used a numerical equation of the form -H — 6 — 0 
and stated the answer incorrectly as 145^* 49 ^) S^ij 
although there is doubt as to the validity of the copy. 


f Bata, J 7 iv. of efh ed., p. 159; Woepekt's trinslatifln, p. 6eq, 

* Cantor^ CAsehicJitc., I f s), ^^(S. 

5 Ip the Svan^kin^. See Mikamif Cftiwa, p. 54. 
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Various later Chinese algebraists treated of numerical equa¬ 
tions* but it was not until the iSth century, when European in¬ 
fluences were powerful, that any attempt was made by them to 
classify equations of the third degree* Tn a work prepared under 
tbo direction of Emperor Kanghy^ who ruled China from 1662 
to 1723, nine types are given; 

± i!X = £- ± = C 

± ± hx = c — .T^ = c, 

but In every case the solution is numerical and only a single 
positive root is given 

The Hindus paid little attention to cubic equations ejccept as 
they entered into relatively simple numerical problems relating 
to rnensuration* Bh^kara [c. 1150) gave one esample, 

x® d- I2X = 6x^ + 35, 

the root being 5,^ but such a result is easily found by trials the 
equation being made for this purpose* 

Medieval Interest ia. the Cubic* In the Middle Ages various 
sporadic attempts were made by European scholars to solve the 
cubic equation* Fibonacci, for example^ attacked the problem 
in his Efos of c, T225* He states that one Magister Johannes^ a 
scholar from Palermo, proposed to him the problem of finding a 
cube which, with two squares and ten roots^ should be equal to 
20.“ That is, the problem is to solve the equation 

-b lOX —20j 

a numerical equation discussed later (p. 472) ^ Another attempt 
was made by an anonymous writer of the 13th century whose 
work has been described by Libri** He took two cubics, one 
of the type = cx + k and the other of the type 


1 Thq wntk waa the Lu-'U yiina-yrtan. See MiliiTni, China-, pp* 117-11^. 
ifCt>(ehrooke, fsc. p, 2 i 4 ' 

*"Aitera uers questici i pnedSeto imaRiitro lahahne propoaita iuit, vt m- 
ueniretur quidam ciJtbu& numsmsi qui tutn suis ducbiis q^iadratss et dtctm 
tAdicibus in ynum coHectis Kstm uiginti'' Eatitoinp&Biii ed. p* iiSj. 
iS^a ed*, U, 21^, 114. The atS. 15 prab^bly Florentine, 
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In each case he displayed great ignorance, possibly because he 
was unable, on account of his unfamiliarity with radicals to 
check his results. It is also possible that he sought only approxi¬ 
mate results, although this is not stated. His method in the first 
case was as follows: 

Given 

wehave + 

a a 


whence he assumed that 



which is the root of ax* = ca: + ^ but not of the given equation. 
His method in the second case was equally fallacious. 

Slight attempts at numerical cubics were also made by Regio¬ 
montanus,* who gave, for example, the equation 

but he contributed nothing of value to the theory. 

The Cubic in Printed Books. Pacioli (1494) asserted substan¬ 
tially that the general solution is impossible.* 

Of the early German writers only one made any noteworthy 
attempt at the solution, and this was a failure. Rudolf! (1525) 
suggested three numerical equations, each with one integral root 
and each being easily solved by factoring.* His method in con¬ 
nection with one of these equations is interesting. In modem 
symbols it is substantially as follows: 

Given x*=s iO;»r*4-20jr-|-48, 

wehave x^ + 8 = ioir*-f-2ox'-f 56; 

whence x*—2 4r-f-4 = lox^-f-— 

X+2 

' Cantor, C€schichte, U, chap. Iv. 

-Fol. 149, r., has the foilowing; 

Impossibile. Censo de censo: e cCso eqiiale. a cosa. 

Impossibile. Censo de censo e cosa. equate, a censo. 

That is, the solution of equations like ax* + ci* = dx and oar* + di = cx^ is 
impossible. * Die Coss, 1553 ed., fol. 477, r. 



ITALIAN TREATMENT OF THE CUBIC 


459 


all of which is correct. He now assumes that he can, in general, 
split the two members and say that 


and 


X^—2Ji7= 10:¥ 


4 = 


56 

Jf -f 3 


Both of these equations are satisfied if x = 12, but the method 
is not otherwise general 

Similar solutions of special cases axe found in various works 
of the ifith century, notably in a work by Nicolas Petti of 
Deventer,* published at Amsterdam in 1567. This writer was 
highly esteemed by his contemporaries.- 

A few special cases, such as 

38^ '^-90, 

he solves by factoring, and he then proceeds to a more elaborate 
discussion of certain cases that are mentioned later. 

The Italian Algebraists and the Cubic, The real interest in 
the cubic lies, however, in the work of the Italian algebraists of 
the 16th century, and notably in the testimony of Cardan and 
Tartaglia. Cardan (1545) says that Scipio del Ferro discovered 
the solution of the type 3:* -k = c thirty years earlier (c. 1515 ), 
revealing the secret to his pupil Antonio Maria Fior (Florido).^ 
The source of the solution is unknown. Ferro may have re- 


^ArithtUfticOr. Fraciic-QWft OJnne rprfeJjJcJfeere ifi IpTff cMjpksrl . , . Z5iJ£?r nty 

Nic/ftaum pstri P. Z^aK^iriemeiTi, 156?. Tlie name also appears as 

Nicolas Peetersen or Picicr^iz (PIctertMonl, Petri F. meaning Petri Filius (son 
of Peter). 

^ H. B-osmans, "La 'Practiqve om te lecnm cyphtren' de Nkolas Petri de 
Deventer,” Annoies de fa scitnii'pqtif. eJe BrtuflifJi XXXII, 2® Pattie, 

Reprint, isjoS. 

^'‘Verilm temporihus nosttj's, Sclpk Ferteus Boxionicnsis,, capitulum cubi & 
rtrum numeno aitqyaliuni inuenit, rein pulchram & admUal>1.1eiDa. ,^Hulus 
^muJatioe Nicolius Tirtalea Eristllensis, amku^ noster, cu in certamc cu illius 
disekuk Antonio Maria Flotido uenisset, capitulum idem, nfi uinceretur, Lnueint, 
qui mifai ipsnm niultis precabus Moratus trad Edit" (drj Magna, fob 3 i »'-K On the 
Koncra] work of the Italians with respect to the de^opn^t of algchra see 
E. Bortolotti, ^Italiani scopritori e promotori di teoiie algebnchd, in the An- 
ttvario delta R. Vnivafiti^ ^ jlfodcnn, Aimo ig 18^1919. 
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ceived it from some Arab writer, or he may have discovered it 
himself in spite of his apparent lack of mathematical ability. 
Tartaglia agrees with Cardan’s statement except as to time, plac¬ 
ing it somewhat earlier (in 1506),' a matter of little conse¬ 
quence. Cardan further says that Florido had a contest with 
Tartaglia which resulted in the latter’s discovery of the method 
for solving this particular type, and that Tartaglia, at Cardan’s 
request, revealed it to him. 

Tartaglia states his side of the case rather differently and 
more explicitly. He says that Zuanne de Tonini da Coi“ (see 
Volume I, page 295) sent him, in 1530, two problems, namely, 

a^ + 3^ = S 

and r* + 6a;® + 82: = 1000, 

neither of which he could solve; but that in 1535* he found the 
method of solving any equation of the type x’ + ajc* = c. Tar¬ 
taglia further states that he had a contest with Florido in 1535 
and knew that he had only to set problems of this type to defeat 
his opponent, provided he could first find the latter’s method of 
solving problems of the type x" + 6x = c. He therefore exerted 
himself and succeeded in discovering it just before the contest."* 
thus being able to solve anything that Florido could set, and 
being able to propose problems that the latter could not master. 

Tartaglia and Cardan. Da Coi now importuned Tartaglia 
to publish his method, but the latter declined to do so. In 1539 
Cardan wrote to Tartaglia, and a meeting was arranged at which, 


' . . . se auantaua che gia. trenta anni tal secret© gli era stato mostrato 
da un gran mathemaUco.” From Qvcsito XXV, dated December 10, 1536. See 
the 1554 edidon of the Qvt^i, fol. 106, v. 

*Also known as Giovanni Colie and Joannes Colla. 

»In his statement of December 10, 1536 (Qvcsito XXV), he says: ” , & 

quest© fu I’anno passato, cioc del .1535. adi .12. dl Febraro (uero i in Venetia 
ueneua k esser del .1534 ) • - . ” See also A. Oliva, SuUa soluzione deW equazione 
cubica di Tartagliaj MQan, 1909. 

* Per mia bona sorte, solamente .8. giornt auanti al termine . . . lo haueua 
ritrouata la r^ola gcnerale.” QvaHi, libro nono, (Jvcaito XX\^- 1554 ed., 
fol. 106, V. 
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Tartaglia says, having pledged Cardan to secrecyj he reveakd 
the method In cryptic verse^ and later with a full explanation,'^ 
Cardan admits that he received the solution from Tartaglia, 
but says that it Tvas given to him without any explanation,^ At 
any rate, the two cubicsx^ ay? = c and x^+ bx~c could now 
be solved. The reduction of the general cubic i’ + + fix = c 

to the second of these forms does not seem to have been con¬ 
sidered by Tartaglfa at the time of the controversy. When 
Cardan published his Ars Magna (1545)^ however, he trans¬ 
formed the types — ax" -\-c and = c by the substitu¬ 

tions X = y + J a and x = y — ^ a respectively, and transformed 
the type ar' + t: “ by the substitution x “ -^/y, thus free¬ 
ing the equations of the term in This completed the general 
solution, and he applied the method to the complete cubic in his 
later problems. 

Cardanos Originality. Cardanos originality in the matter 
seems to have been showm chiefly in four respects. First, he 
reduced the general equation to the type + fix = c; second, in 
a letter written August 4,1539, he discussed the question of the 
irreducible case; third, he had the idea of the number of roots 
to be expected in the cubic; and, fourth, he ntade a beginning 
in the theory of symmetric functions.* 

^ Qiiandu ctet cubo con le com appresso 
So AggLialia ^ qu^Ectio itumero di^ericto 
l>ou!in dui altri diffcrtntl In esao. 

Dapoi terras qucsto per tonsueto 
Che 'I lor produtt* sempne sin egusJe 
A] terzo mbo delTc cose neto, 

£1 TiesIdnD poi suo generale 
Delli lor ktj cubi ben aostratti 
Vaira la tua c&aa printipalt. 

I5S4 ed,. fol. 120, V. There arc mteen lines more. See also Gberardi 
in Oruntrt^ LII, 14^ teq. ^nd i9S. /^\a 

“SubatantiaUy this: If = let u-v=c and w-z'= ^ . ThCft 

jr -- -VZ, for i —-v'^) Si K “ ■y. Sec the second 

of his Qvcsitn XXXV, Qvesiti, 1554 ed^ foL i^i, v. 

a^'. . . ut Nifolans inutnerit S: ipae, qni cum nobis rogantibua tiradidBaeE. 
suppressa demonstratione . . ♦ " dfj Afornd, 1545 cd., fol. so, v,, shown in fac- 
simile on pages 4152, 4^3^ ^ , , 

*See also Ereslirbin’s sunrsmaiy in Eibl. Math., vU 
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piiiiajn,cu m tjtiiiidif uplo primr*u£ pf □poi]cbatur+ 

Dc ttlllS & rcbtiJ JC^lLialitu^ Caph XL 


fflf^^flCipioFcnrusBoiioiijcniis lamflunffi at hmcrng^tica fcr 

(ap]tutiiml>Dc:iriii<Ftic,_t]ad[diriJCro Aitbonjo 
nJrriprL[ioVfjie(o,^]Uicirijn«i'rimciicuf^iCDl:JoTarn 

Talc^i Hrudllmfc aiiC]iiaJic3o UfJM flcN OWaJjOrtf in dirdir> cit 
Rjroi^inrtll tncric & jpft^qui cum nobts raganrilius traded i lir, fup 
picEHiddmonlilTatio-ne, fredhocanjfiliLJ, dtmoiidrtfiopic-m cjirnilirK 
ir)Lw,eani[5jiLimod&s.qLn>ddjEr»C]]]]mu‘nfin[*rctt3.il3>n He fubidcir 

jT-,Lis+ D amohstrateq. 

SjtjgiiiTr exempli ^aufa cubiis s h & r£xcupTumkticri& fi h ixjua 
k io>!S:}‘JOiwmduDs ciibci a sSi c L,qi>orum difterdniia (it Lea 
titled prtsfucciiFa * ckicres^m C K knis, 
fit a»tE I da rcL[eerE numcif! icrum pars ^ Si 
abfciitdam c B^afqualcrTi C KjdictJi tjnod fi 
It a fucrir^liiieam A B rifi duum, dTi itjua# 
km ^ H,& idee? rti A'l^maiipindn^ nam dt 
c HiaLTiriippoitcbaEdrjf]uod itaciTct, pei^^ 
ficiScd i^iturpct' enoduin prime fuppofiii 
^i$’dapi;u[i heiteis tebri} oorpof a b a>i> C^d £ 
jD p^yirper p c leiLeKigametE album eC*pcr 
p T cubum A B>pet D A tr^biEn C Bmquadi'anjm As^per d e trfplum 
A li HI quadra ed B C. igjtUf Cx ^ C iJt C K a C in f ir ler Inct 

^ mim^rLit ttrUiPj igiiceir e;jf A ^ trjpletm A C titc It rC^ A 

r?u fcxaipleim a E,qLiAretHpluh'nprDduc1:i ex a b c>a 
pfL[iuA BtSiiicrodiFl'tTenTkeubiACi^ubo-CXi'S^extrtcnriacubo 
Bcciscqkcxritppofiio^^ia^^ex TuppoCieo prinmo^^eapitLilijctl 
ag^regarmneorpommuAjD e*i> F:,Tn'aigi[ijrnxecoiporArtmr lo, 
pofiea eicro (t c m-cnbeis ABiXquabser^cirbo A f>Si enploA c in qua 
diAeum c HjSf cubo e c mpfo B t m qdadrjeumA c m: perdc^ 

EKionllratJ llliCjdiffcrtntH aueem cinplj b C in quaefm-eum a Cj ^ tr/pfo 
A C lei qeudraeilicn B C ci^ prudu'^m a C ,a C^qiiare: cum hoC>Lir de 
iiionllraiumcflpiiequAkfiEfascuplaA B,tgituriiffdico fcxfuplo ab^ 
fld id quod fit ede a c in quadratum e c tci^fkt nfipluen e c^n qtjjdra^ 
laen a Cjcumigitur* cCi fnELiaTnsftQirum e{l,quod produ/ltim cb 
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CAEDAN^S SOLUTlOr? OF THE CUBIC 

Fiiat page of the solution as given in the first edition of Cardan's Ars Ma^-na^ 
N[lmber;gj iS45r The solution waa slightly expanded in the seMEid eejition. 

Basely iS^o 
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in <JUl[Jraniin a c Etr,cft m-fld rrlj^^uurl] ^jnoil CJ Jtrjlrarcirfftpjig^Eirr 
tTiplum. c ■$ in ^dratuni a s^ 3^ trip [urti a . c I'li ij-ciririi c & icjccuplii 
A B nihil iifikinr. T3ji[3. i^itur eft tfi ffifcn tiajCif cGilllliii a.iu mi iciircj i ^ 
tia^ipHnsfubiA c>j cubo t c,qujn[U 4 ii tft^uod ralHatLcrcx aito ac^ 

& criplo A c in quadriiirirt c la^fijiripTo c Fin cjuadr^nmi A c Kn:5f4;u' 
ba B c itv:&rtJ£cnEprci A Bjhoc igilUrcfi jo^quiadiffcrenrul cirhi a C,i 

i&ibo c »>fiiit lo^quar^ per fecirndijm fuppoijctimtf' cjpicuEi, poEica 
I fmlcubtiK AS arquabiruroiho A C * & triploA C iJl qtljdj'aLllin B Cj 
& diboa c mi&tripEo b cfJi qu-idraiijin a f rnicubuif Jglruj-A Tt^aun 
fexftiplo A B»pcr^mjTiui’tem3niiinLfenKiiTiam,euiti ?rqiFcrur aibu 
A C&tfiplaA c in quadrAcuin c i>& [ripfo r i in quidfijcium a b mi 
& cube c a in:& itsciipEp a b »qur iji m arquajur ie ^ u r prebaium 
cil^aequAbutifuiT'etiam le^ftimigiturCLibLis a lexritpluinA b 
qncntur c H,Cum Ic^cuple e; HorqunitUr ao^criccx cam 

mujiianFmireJuerttiJ,&cii jc’ p'& j i’ unJecimi c[cincnto^ 

rum>EiHa^ualisAaJgiturcHcftdiffej'ciuja AcSi fiuicauiern' 

A C C a:j,uel A C & C ti^numcTi fru J uiiar coiitincn te^ ftipfrfteieni ^ 
qualcm tcitir par^i nuiflert rennTtiquaruen ^ubi di Efci'ani m niuntn? 
3£qiia[]Oni&>quareliabebimti£rcgLi]Am+ 

R B C V t A. 

OeduciEo tertiam pAt^cttirfunrieri rirrtim ad cubuni^cuiaddeA. 
quadrAnun dimidij nU meH xqLEa[jaUL 5 ^Sf [Dliu? aecipt rildjCcm > EciK 
CcE quAdrAULtl^quam iemEuabuiULiEq; dimidLum nuenerL quad iam 
in fc Eju;<cra&,adqcies,ab ahera dimjaium idemminitn^hAbcbLibi^ Bi 
nafniLim Erumrua ApoiEime, indcdeoratEla [t cubic* Ap<jr4?(n^3 ck Tffi 
cubic:* ftii Bilinmqireftdulj quod CJc hac reEinqujtur^eft rci pTlirnatEO. 
Ejicrnplum-cirbus 8^^po^irio^es, iicquarv 
rtrr lOidudto 1 j icmam pa rtem tf, ad 
buil>»bE?^dl.LCIO djniidium nUiireri infr^ 
lit i QEjjiungE ro^^accEpf ladi^ 

ceiTi qiiK cLt lu 1 oS, & cam gemina bis,Ji[tc 
ri addf s jEipdimidium numcri jSb a] [crcun [ 
nucj iaiitundcm>babcbcs Binomiu m joS 
pT I o ,& Aporenicn m i 3 m: i e ^ horum 
accipe R(**£ub^' & mimjc ilfain que eft Apo 
tomasibcaquKcftBinomii, habebis tiei iftiPiiadDEiiijn, luv: cub: e^i 
j Q 3 p: 1 & m1 ]?: v: CElbiCii es j m: I o* 

Alind,ciibus p:| rebtrs a:quc(Etr rojEJtic: r>tcrriain partcin nd 

Ojbutnjfit J ,duC ^p'difTiidium l &,ad quad run in^Rc 1^: & r, 

iq i nliut 

caedan’s solution of the cubic 

CuntiiciuatSon of the solution as given on page- 4 ^ 2 - meining oi tbe 

symbols see page 42a 


CLtb’pi^rcb^icqlis as 
1 10 

' a to - 

J oB 

[H i<];Jp:jo 
R: jA^jraMO 
itv:<i[.Et io3p:j{> 
iniRt v:cU,fU 1 o3 in: 1 0 



4^4 THE SOLUTION OF EQUATIONS 

With respect to the irreducible case^ his solution of the type 
+ bx = c is 

and if b is negative and is such that +-5V ^Iso negative^ 
then we have the cube root of a complex number, thus reaching 
an expression that is irreducible even though all three values 
of X turn out to be real/ 

With respect to the number of roots to be expected in the 
cubic, he gave* the equations 10a: “ 6a:® + 4 with roots 
2j2±v'2lx^-|-2i3: = pi* + 5 with roots 5, 2 ± ; and H- 2 

with roots 2j 5 ±\/J9; but before this time only 
two roots were ever found/ negative roots being generally 
rejected. 

As to the question of symmetric functionsj he stated that the 
sum of the roots is minus the coefficient of 3:®/ 

Cardanos solution^ with part of his explanation^ is shown in 
facsimile on pages 462 and 463. In the solution he states that 
the root of the equation 1“ + 61 = 20 is 



He also gave thirteen forms of the cubic which have positive 
roots, these having already been given by Omar Khayyam. 

'The reality of the rekstt for this cage was shown by K^tner (1745'} and 
A. C- CEalraut (1746). M an example of the irredudble case, in the equation 
— i^x “ 162 = o the role sivK!5 

x= ^Sl 

whicb we cannot reduce, althou^ as a matter of fact the sdlution is 

^ 3 + 2 + (- 3 - s = 

*Cap. XVm, Eitiiipliini quiatum: ''Cubns & 10 rea, aequatur 6 quadritia 
P: 4 (^545 e<i-h ffl. 39, r.). The roots are “ 3 p: B 1, uel 2 m: B 3, potest ctfam 
csse 1.’’ The folio is iocorrectly numbered 36. 

was Euler (1733) who gave the jlist noEewqrtJiy medern discussion of 
the cubic, insisting on the recognition at all tbre# roote and stating bow these 
roots were found. Z^e fennl^ radlourn aequatlonum cuinsque ordinis con- 
jectatio,” in CoTrtment. Peirad Qtinot 173 ^^ 733 , printed iii 1738; VI, 217. 

^^. . . uelat in quinta exempEo, 3 p: B 3, & 2, £ 9 m: .B 3, componunt 6, 
uumernm qu&dra.tjcinjn3,” and so for oriier cases. That b, in the case nf 
jt^ + Tor = + 4 the sum of a +^2, 2, and 2 -’■/a is & (fol- j?, v.). 
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Tficqlas Petri find tie Cubic* In his work of 1567 Nicolas 
Petri of Deventerj as already mentioned^ gave some attention to 
the cubic equation. This is found in a subdivision on Cubicg 
CosSj^ in which he gives eight cubic equations such as 

= 9:!C -H 28, 

23+ 321 — 905|, and = 3“F 53; + 16, 


all of which he solves by Cardanos method. 

In the same year that PetrBs work appeared^ Pedro NuRe;: 
(to take the form of his nam e used in the treatise here men tioned ) 
published his Lihro de oigebra en arithmetics y geometria at 
Antwerp*' In this work he considers such equations as 

+ 31 = 36 and gx = 54, 

and seeks to show that Tartaglia^s rule is not practical where 
one root is easily found by factoring. He shows a familiarity 
with the works of both Tartaglia and Cardan. 

Vieta generalizes the Work. Although Cardan reduced his 
particular equations to forms lacking a term in x^f it was Vieta^ 
who began with the general form 

+ ^x -1- r = 0 

and made the substitution x = y — thus reducing the equa^ 

tion to the form , . . 

y + 3 oy = 2 c. 

He then made the substitution 
= b, or 

which led to the form 


b-s* 




a sextic which he solved as a quadratic. 


i"VoVfitn aominiirhe esempGtcn Rhesolueert dfiur die Cubk(^ Cass."' 

Bcismans, “Sur )e ^Libr* de algebra^ de Pedro Nufiez* Bibl. Math., 
Vlll fjh r54r Tbe original name is Nunes. Set Volume I, page 34®. 

^Ope.rti maihemalica. IV, De (leqiiatiomim reco^nitiims et eiAendatkitii Bbri 
Tract. II, cap, vii tParis^ i6is>. His eciuation ii stated thus: "Proponatur 
A cubus + E pluciQ 3 In A, acquari Z solido that is. A® + 3 EA = zZ, 
or* In our symbols, y* + 5 = 2 c. The probltm as worked out by Vieta is 

given in Matthiesecn^ Gr-nnisw^e, p. 3,?!, 
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He also gave two or three other solutions^, but the one here 
shown is particularly clear and simple. In his work in equa¬ 
tions he was greatly aided by his new symbolism (p. 430), 

Hudde's Contribution. Although Descartes contributed to the 
solution of the cubic equation by his convenient symbolism and 
by his work on equations in generalj, he made no specific con¬ 
tribution of importanceH The next writer to materially simplify 
the work of Vieta was Hudde {c. 165S). Taking advantage of 
Descarteses symbolisnij he brought the theory of the cubic equa¬ 
tion to substantially its present status. He is also the first 
algebraist who unquestionably recognized that a letter might 
stand for either a positive or a negative number.^ 

His method of solving the cubic equation is to begin with 


4- r 

and let jr =jf + 4r, 

so that y+ ^^ = <7.1-' + ?'. 

He then lets 7" -f- ^ ^ r 

and j x:/ -h 3 “V = 

which gives J' = 1 

Hence 
and so 

and y “ ^ 

Hence J 






^ ^ i 




which satisfies both his assumptionsr 

Equation of the Fourth Degree. After the cubic equation had 
occupied the attention of Arab scholars^ with not very signifi¬ 
cant resultSj the biquadratic equation was taken up. Abu’l- 
Faradsh® completed the Fthrist c. 987^ and in this he refers to 


^Enestronj, in Bibi. IV (3), pp. soS, 216, 

^The probltnii as workicd cnit by Huide, is given In Matthles&en, 

P- 3^4- 

^ Abu’l-Fftrad^ (Far&j) Mobarnmed ibn tnown as Ibn Abi Ya'iiab al- 

Nididi. The Liltfi krtfii aJ-FiArtJi (£o£ife of /ijij). See the Abhaadlungt-KiV^, 1. 


THE BIQUADRATIC EQUATION 
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the following problem by Abu 1 -Wef& 9S0): "On the method 
of finding the root of a cube and of a fourth power and of ex¬ 
pressions composed of these two powers.”^ The last means 
that we are to solve the equation -h pz^ = q. The equation 
could have been solved by the intersection of the hyperbola 
+ (ixy and the parabola 1“ — y = Oj but the work in 

which Abu^l-Wefa’s problem appeared is lost and we do not 
know what he did in the way of a solution. 

WoepckOj a German-French orientalist 1S55), has called 
attention to an anonymous MS. of an Arab or Persian algebraist 
in which there Is given the biquadratic equation 

(100 “ ac^) (10 — xy — Sioo. 

This is solved by taking the intersection of (ro — — 90 and 

I® q- = 100, but there is no evidence that the author was con¬ 
cerned with the algebraic theory** 

It may therefore be said that the Arabs were interested in the 
biquadratic equation only as they were in the cubic, that is, from 
the standpoint of the intersection of two conics* 

The Italian Algebraists and the Biquadratic. The problem of 
the biquadratic equation was laid prominently before Italian 
mathematicians by Zuanne de Tonini da Coi, who in 1540 pr(>- 
posed the problem, "Divide ro into three parts such that they 
shall be in continued proportion and that the product of the first 
two shall be 6/^ He gave this to Cardan* with the statement 
that it could not be solved^ but Cardau denied the assertionj al¬ 
though himself unable to solve it. He gave it to Ferrari, his 

^ AbhandluJigftyi^ VT, ^3, natt See also Matthiesscii, GncndsUge, p. 545 ; 
F- Wotpdte, . . . Constructions giom. par Aboil Wafa, p. 36, 8, n, a 

(Paris, jSSi). _ ™ , 

sWoepcke*^ translation of Ojnat Kliayyani, Addition I>, p. 115. The prob¬ 
lem was to congtTuct an iso&cdea trapcEimn (trapezoid) ABCD such that 
AB '= AD = BC —JOj, 3tid the area is 00. 

sCardan states it thus: '‘Eiemplum. Fac ex 10 trts paries pcoportionales, 
Cl quartim ductu prime in sECundam, producantur fi. Hanc proponebat loaimes 
Colli, & dioebit solni non possfi, ego yejfo dicebam, cam posse soEui, raodvm 
fame ignorabam, donee Ferrarius cum inuenif." Ars. Ma^na, ap. zxxLs, QVffiStto 
v; 1345 eci.j fol. 73, it. 
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pupil (Vol. 3oo)^a.nd the latter, although then a mere youth, 
succeeded^ where the master had failed, 

Ferraries method “ may be summarised in its modern form as 
follows: Reduce the complete equation 

^ = O 

to the form ^ + r= o 

and thence to js* -f- 2p:^ =px^ — q.v — r 

or (j:® +pf' = +/“ — 

Write this as 

-^p-\-yf^{p-^ 2 y)s^ — qx-\-{f—YJr '^py-^y^^ 

Now determine y so that the second member shall be a square. 
This is the case when 

4 (P + 2 y}(p''-r-\- 2 py-^y‘^) = ^, 

which requires the solution of a cubic in y, which is possible. 
The solution then reduces to the mere finding of square roots. 

This method soon became known to algebraists through 
Cardan's Ars Mugnu^ and in 1567 we find it used by Nicolas 
Petri in the work already mentioned. Petri solves four equa- 
tionSj the first being 

jc* + 6 jc^ = 6 + 30 3: + 11* 

Of this he gives only the root i+Vs, neglecting the roots i— 

— 4 ± Vs because they are negative. 

6 I 

^The projwrtioji h - rs: = x'. -je*, and Lhe uthercondition 1 ^that 

X O’ 

-y -^= 10 , 

JT □ 

the two conditions reducing to jf* + 6jt^ - 3 - ]U ss Ogx. Fertarl's method mates 
this depend opon the solution of the equation + xj jS + 36jr = 450^ or, as 
Cardan (. 4 ^^ Magna^ foL ^4, r*) -^titea thfi problem, " i cubura p; 15 quadratis 
p; 36 positionihus squautur 4S0.” 

Cardin, Art Magnd, 1545, cap, loix, qvaisUo v, fol. 73, Eoinbc]]i, Alge- 
brn, iS7^, p. 353; MatttifSscn, Grvndziige, p. 540. Eombetlils first spctial caae is 
p. aoi eKuale \ 31”; that is, ar* + aojt = ai. 
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Vieta and Descartes^ Vieta {c. 15^0) \va.s the first algebraist 
after Ferrari to make any notewortiiy advance in the solution 
of the biquadratic.^ He began with the type 2 gx- bx ^ c, 
wrote it as + 2 = r — bXt added ^ + yjc^ -I- gy to 

both sides, and then made the right side a square after the man¬ 
ner of Ferrari* This method also requires the solution of a 
cubic resolvent. 

Descartes “ (1637) next took up the question and succeeded 
in effecting a simple solution of problems of the type 

;r* -H Jf,v^ + (pj: + 0,.® 

a method considerably improved (1649) by his commentator 
Van Schooten.* The method was brought into its modern form 
by Simpson (1745).'^ 

Equation of the Fifth I>egree* Having found a method differ¬ 
ing from that of Ferrari for reducing the solution of the gen¬ 
eral biquadratic equation to that of a cubic equation^ Euler 
had the idea that he could reduce the problem of the quintic 
equation to that of solving a biquadratic, and Lagrange made 
the same attempt. The failures of such able mathematicians 
led to the belief that such a reduction might be impossible. 
The first noteworthy attempt to prove that an equation of 
the fifth degree could not be solved by algebraic methods is 
due to Ruffini (1S03, 1805),*^ although it had already been 
considered by Gauss. 

The modern theory of equations in general is commonly said 
to date from Abel and Galois. The latter^s posthumous C i S46) 
memoir on the subject established the theory in a satisfactory 
manner. To him is due the discovery that to each equation there 

aetjuaHonum recagnitwne tt gmendottpne Ubri dua, Traict. II, caij>. vi, 
probr iii For golqUon MatUiiesatn, Crundzug^ P- ^4?* 

^La GeinnEtriR, Liti. HI; 1645 qd., p. yq; ed., p. 1705 «(., p. loij. 

^Fot ftxaidiples see Matthiessenf Gr^ndiugt, p. 549. 

* r64fl td., p. 244. 

*For tlie varJ&ua miprovieinenta see Matthicssen, Gnmdziige, p. 545 se^^,. 

9 " Delia inaoliibiljtk deltc equaiLOni aigebralche generali di ^ado supcriorc al 
quarto," ilfewt, SoCr /fed-, X XII (1805). 

II 
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3j;S4.2 3:--f-Eoa; = 2o^ already mentioned, His method of at¬ 
tack was substantially as follows: 


Since 
we have 

OT 

SO that 
But 
and so 


+ 3 10 SO, 

x+ 

,1' < 3 * 

I -I-S + io = I3< so, 
jr> 1. 


But X is not fractional: for if i = a/b, then 


a 


_ + 


cannot be integral, and so x must be irrational 

Further, x cannot be the square root of an integer; for, from 
the given equation. 




20 


2 JL- 


lO -t- 3 : 

and if X were equal to Vii we should have 

/— 20 — 2 /z 

Vdf = ■—-j 

ro + iz 


which is impossible. 

Fibonacci here closes his analysis and simply makes a state¬ 
ment which we may express in modern symbols as 

I® 22^ 7^' 42^^^ 33 '"' 4 ^" 


a result correct to that is, the value is only 
too large. How this result was obtained no one know’s, but the 
fact that numerical equations of this kind were being solved in 
China at this, time, and that intercourse with the East was 
possible, leads to the belief that Fibonacci had learned of the 
solution in his travels, had contributed what he could to the 
theory, and had then given the result as it had come to him, 

Vieta and Newton contiibute to the Theory, About the year 
1600 Vieta suggested that a particular root of a numerical equa¬ 
tion could be found by a process similar to that of obtaining 



NUMERICAL HIGHER EQUATIONS 


473 


a root of a number. By sub&titutiTig in /(ac) a known approx¬ 
imate root of /(a;) “ n he was able to find the next figure by 
division.^ 

Newton (1669) simplified this method of Vieta’Sj and the 
plan of procedure may be seen in his solntion of the equation 
y’ — sy — 5 = 0. He first found by inspection that 2 < y < 3* 
He then let 2 -b f = y; 

whence ^—^y— & = — i o, 

and ^ = o.ij approximately. 

Letting 0.1 + g = we have 

0.061 + i 1.23 ^ + 6.5 o; 

whence q = — 0,0054, approximately. 

Letting — 0.0054 + r — 9, we have 

0.000541708 -1- 11 .i6rg6 ?'+ 6.5 0 ; 

whence r —— 0.00004B54, approximately. 

Similarly, we could let — C1.0C1004S54 + ^ = f, and proceed 
as before. We could then reverse the process and find 
In this way he finds® the approximate value 

= 2.0945 SU 7 - 

As already stated (page 471), in iSip William George Horner 
carried this simplification still farther, the root being developed 
figure by figure. The process terminates if the root is commen¬ 
surable, and it may bo carried to any required number of deci¬ 
mal places if it is incommensurable.^ 

Fundamental Theorem. The Italian algebraists of the i6th 
century tacitly assumed that every rational integral equation 
has a root. The later ones of that century were also aw-are that 
a quadratic equation has two roots, a cubic aquation three roots, 

^Burnside and Panton, Theory oj ^(jsdtEcnj, 4tli ed., I, Dublin, 

3 "De fljialygi per acquatcarus tiLinera terminorum infinitasi.” titract of 
r66^ in tbo ComrtiO-tfJ-ntm p. 76 (LondoHi, lya^). Wallis also gave 

an approximation method in 1683. 

spor a simple presentation see Burnside and Faitton, ioc- cic, T, 237, and 
ionsult that work (I, 273) for further informatton on the aubjec±. 
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and a biquadratic equation four roots. Tbe first writei; to 
assert positively that evei:>' sudi equation of the ?Jth degree has 
n roots and no more seems to have been Peter Eoth^ a Niirn- 
herg Rechenmeisterj in his ArUkmeHca philowphica (Niim- 
berg, 1608).' The law was next set forth by a more prominent 
algebraist, Albert Girard, in 1629.“ It was, however, more 
clearly expressed by Descartes (1637)^ who not only stated the 
law but distinguished between real and imaginary roots and 
between positive and negative real roots In making the total 
number.^ Rahn (Rlionius), also, gave a dear statement of the 
law in his TeutscheJ^ Algebra (1659).'^ 

After these early steps the statement was repeated in one form 
or another by various later writers, including Newton (c, 1685) 
and Madaurin (posthumous publication, 174S). D^Alembert 
attempted a proof of the theorem in r746, and on this account 
the proposition is often called d’Alemtaert^s Theorem. Other 
attempts were made to prove the statement, notably by Euler 
i r 749) and Lagrange, but the hist rigorous demonstration is 
due to Gauss (1799, with a simple treatment in 1S49), 

Trigonomfitrie Solutions* In the J 6th century Vieta/^ suggested 
(X591) the treatment of the numerical cubic equation by trigo¬ 
nometry, and Van Schooten later elaborated the plan. Girard® 
[■1629) was one of the first, how’Over, to attack the problem 
sdentifically. He solved the equation i @00 i;3 ©4-12, that 
is, ic® = 133c + 12, by the help of the identity 

cos $ 4 ^ = 4 cos” ^ — 3 cos 


^In modem works tie name 4I50 appears as Rotbe. See Trppfkt, GsichkhtSt 
ITT (2)1, with a quotation from the oripnai work. Roth died at TSTurnber^ in 
See Volume I, page 421. 

Toutes les Equations d^algcbre rc-^oiveiit autant d* soluttoTH, que la denomi¬ 
nation de la plus haute quantity Ic demonstTB." Iflventwn mMnieltE f.ti 
Amsterdam, quoted in Ttopfkc, Grichickts, III (s), to which refer for 
further detafls, 

-■'"Au restt taut Ies vrayes raeines que les fausses tic sont paS toujcnirs riellea, 
mai^ quelquefois aeulcnictit icnagimiiiiis.” La Gsometrit <1705 ed.), p. 117. 
^EnglEsb translation, London, Sec Volume pai^ aiz. 

s Sec Van Schooten's edition of his Opera, p. {Leyden, 1^146), 

* firucutwn eit AmstErdam, 1*19. On the primitive Arab 

nselhod see MatthieEsen, Grund^ii^f, p- £94;, on Gieard, see ibid., p. Sgb. 
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Then let 
and 
Then 
and 


A single solution of a quadratic equation by trigonometric 
methods will show the later development of the subject.^ 

Fisclier'a Solution. Let 

= /^{cos sin 

The angle ^ can now be found from the relation 

sin 2 4i = 3- ^qjp. 

For e^tamplOj, given the equation 
X -- 93.70^2 X + 1904.74 ^ o. 
we find 2^ = 71'’ 57' 44.6^'^ 

whence = SS"" S®'; 

and hence ■ 61.3607 

and 3 ^. 34 S 4 . 

Such methods have been extensively used with the cubic and 
biquadratic equations.^ 


9. DETETtMITSfANTS 

Among the Chinese.. The Chinese method of representing the 
coefficients of the unknowns of several linear equations by 
means of rods on a calculating board naturally led to the dis¬ 
covery of simple methods of elimination. The arrangement of 
the rods was precisely that of the numbers in a determinant. 
The Chinese, therefore, early developed the idea of subtracting 
columns and rows as in the simplification of a determinant.^ 

^This 15 duft tit Fxsditt, Dis A.ulli?i7tn£ dsr gwadritiischet!- wnd kubiscfteff 
Gleichvng^n- dtirch Anw^djms der s^niomEitiiQhi?n Fancti^ntfi, Elberield, 

See Matthiessen, Grjindzjige, p. SSs, and conautt thia wort for a detailed history 
of tbe aubjecl. ^For a list of writers see MatthicsSCU, Grund-sU^^^ p. SBS seq. 

9 Mitimif CAfjta, pp. 30, 93. 
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Among the Japanese* It was not until Chinese science had 
secured a firm footing in Japan^ and Japanese scholars had be¬ 
gun to show' their powers^ that the idea of determinants began 
to assume definite form* Seki Kbwa, the greatest o f the Japanese 
mathematicians of the 17th century, is known to have written a 
work called the Kai Fukudai no Hd in 16S3* In this he showed 
that he had the idea of determinants and of their expansion- It 
is strange^ however, that he used the device only in eliminating 
a quantity from two equations and not directly in the solution 
of a set of simultaneous linear equations/ 

Determinants in Europe, So far as Western civilization is con¬ 
cerned, the theory of determinants may be said to have begun 
with Leibniz® (1653), who considered these forms solely with 
reference to simultaneous equations, as the Chinese had al¬ 
ready done. 

It w'as Vandermonde (1771) who first recognized determi¬ 
nants as independent functions. To him is due the first con¬ 
nected exposition of the theory, and he may be called its formal 
founder. Laplace (1772) gave the general method of expanding 
a determinant in terms of its complementary minors, although 
Vandermonde had already considered a special case. Immedi¬ 
ately following the publication by La.place, Lagrange (1773) 
treated of determinants of the second and third orders and used 
them for other puiposes than the solution of equations. 

The next considerable step in advance was made by Gauss 
(iSor). He used determinants in his theory of numbers, in¬ 
troduced the word "determinant”^ {though not in the present 
signification,'^ but rather as applied to the discriminant of a 
quantic), suggested the notion of reciprocal determinants, and 
came very near the multiplication theorem* 


^T. Hiyashi, "The F'liltudai and Deteimirmnli in Japanese MatheMalicfi," in 
the Pn>c. of the Tnkye Math. Sve., V fi), 357 j Mikami, TI, g. 

2 Sir Ttioiaaa ICuir, Thtoty of UticfHwasisij in tht Eistoricai Ord^r of De- 
velopfKcnir f4 voEs., Londan, lEgc, ed., 1906, hjtt, igao, 

which consuEt on the whole question; M. Lecat, Hutoire da la ihiork dti Diter^ 
minaftfej a plv^.-vr^ dtmciutowj, Ghent, ■■lapiact had used "resultant/' 

‘"Numeriim hb — ac, cuiiis indole proprietates formae {a, b, c> imprimis 
pendete in sequentibus docebiiaus, determLnantem hulas uocabinms.^ 
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The next i^eat contributor was Jacques-Philippe-Marie 
Binet/ who formally stated (tSi2) the theorem relating to the 
product of two matrices of m columns and n rows, which for the 
special case aim = n reduces to the multiplication theorem. 

On the same day (November 30, iSra) that he presented his 
paper to the Academiej Cauchy presented one on the same sub¬ 
ject. In this paper he used the word "determinant’^ in its 
present sense, summarized and simplified what was then known 
on the subject, improved the notation^ and gave the multiplica¬ 
tion theorem with a proof more satisfactory than Binet^s. He 
may be said to have begun the theory of determinants as a 
distinct branch of mathematics. 

Aside from Cauchy^ the greatest contributor to the theory 
was Carl Gustav Jacob Jacobi.^ With him the word ^MetermL 
nant ” received its final acceptance. He early used the functional 
determinant which Sylvester has called the Jacobian^ and in his 
famous memoirs in Crelle’s Journal for 1841 he considered 
these forms as well as that class of alternating functions which 
Sylvester has called alternants. 

About the time of Jacobi’s closing memoirs Sylvester ( 
and Cayley began their great work in this field. It is impossible 
to summarize this work briefly, but it introduced the most 
important phase of the recent development of the theory. 

10. RatiOj Propouxion, atju the Rule op Three 

Uature of the Topics. It is rather profitless to speculate as to 
the domain in which the concept of ratio first appeared. The 
idea that one tribe is twice as large as another and the idea 
that one leather strap is only half as long as another both in¬ 
volve the notion of ratio; both are such as would develop early 
in the history of the race, and yet one has to do with ratio of 
numbers and the other with ratio of geometric magnitudes. In¬ 
deed^ when we come to the Greek writers w^e find Nicomachus 
including ratio in his arithmetic, Eudoxus in his geometry, and 


^Bom at Rennes, February s, died tn Paris, May tJ, 1856. 

^ See Volume I, page 506. 
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Theon of Smyrna in his chapter on musicStill later, Oriental 
merchaiita found that they could easily secure results to certain 
numerical problems by a device whidi, in the course of time, 
became known as the Rule of Three, and so this topic found 
place in commercial arithmetics, although fundamentally It is 
an application of proportion. Since ratio, proportion, and vari¬ 
ation ate now considered as topics of algebra, however, it is 
appropriate to treat of these subjects, as well as the Rule oi 
Three, in the present chapter." 

Technical Terms. The word " ratio as commonly used in 
school, while sanctioned by ancient usage,’ has never been a 
favorite outside the ma.thematical classroom. It is a Latin word'* 
and ^vas commonly used in the arithmetic of the Middle Ages 
to mean computation. To represent the idea which we e^tpress 
by the symbols ct; & the medieval Latin writers generally used * 
the word proportic, not the iword ratio ; while for the Idea of 
an equality of ratio, which vre express by the symbols a*.b = c\df 
they used the word proportionalitas.^ That these terms were 
thoroughly grounded in the vernacular is seen today in the 
common use of such expressions as '^divide this in the propor¬ 
tion of 2 to 3,” and "your proportion of the expense,’^ and in 


^P. Tannery, '^Dn nflle de la muaique grecque dan$ tc diveloppement dt la 
math^jnaticiue pure,"' BibL A^ath., IQ (3), rGr, 

^It may be said that medieval wdters lootMd upon ratio and pimportlon as a 
branch pf matihernatics quite distinct from geometry and arithmetic. See also 
S- Gunther, der Mathrmatik, p. ifio {Leipudg;, i^S) ^ hercaftev Teterrcd 

Giiother, 

^For a discussion of the terms rafto, and proferiiOt sec Heath, 

Eitciid, Vot. n, pp. eKS'JJ^. See also BoeChiua, cd. FriEdteinn p. 3 €t passim- 
From the verb reri, to think or estimatej past partidple, raiMr. Kence rath 
mcB,n.t rcchjqninfi, calculation, relation, reason. 

^Thua BoelhEus {frSip)r '^Proportionalitaa est duamm vel plutium pteppir- 
tioniim aittiilts hahltud*,” ed. Fiiedltin, p. 1373 Jordanus Nemocariua (c, 1315^; 
" Propordonalitaa est st’litudfl ^portioBll" (1496 ed^.Lih. 2)^ 

In the Biblioteca Laurenziana at Florence is a MS. (Codts S- Marco Fla rent. 
154) of Campanus (c.t36o) De p-oporthne et proparlhitaHlatE ivith thfi inscrip¬ 
tion Traclatiis Campani de proportions st proporcionabUiPate. lacEuded with it 
is a MS, of al-Misrf (c.poo), EpUtola jfiMeii JfJti Jo^iph dr proporatme eJ pro~ 
portwmditaie. See Bibl. Math., IV (3I, 34^; II (2), 7. The title pi Padoti^ 
work affords another e;iample: de ArithmeUca Geometria Proporthm & 

ProportionaUio, Venice, 1494. 
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the occasional use of an expression like "the proportionality of 
the cost is the same as that of the amount/^ 

That the word " proportionwas commonly used in medieval 
and Renaissance times to mean ratio is seen in most mathe¬ 
matical works of those periods.^ It was so used by the Ameri¬ 
can Greenwood (1729)^ and has by no means died out in 
our lan^age.^ 

The use of prop&rtio for ratio was not universal in the early 
days of printing^ however^ for various writers used both terms 
as we use them today 

Geiueral Types of Ratio. From the time of the Greeks to the 
17th century the writers on theoretical arithmetic employed a 
set of terms and ideas in connection with ratio that seem to 
rnathematicians of the present time unnecessarily complicated, 

A few of these have survived in our algebra^ most of them have 
disappeared, and all of them had, under ancient conditions, 
good reasons for being* Of those which are still found in some 
of our textbooks there may be mentioned three general types of 
ratio of integers: namely, a ratio of equality,® like a a ratio 

^Ttiqs Campanus (f. “Pto^orti'u est duaruin eiuantitstum eiusdem 

EcncTTS ad muicem habiCudo” (Codci S, Msjco Plorent. 1S4) i Jordanui 
N'emorarius. (c. "Proportio tst dua^ quatitatuixi eiusdem generis vnius 

itd alteram certa in quitiULte relatlo" (14^6 ed., Lib. 2); Leortando of Cnem^Ti-a: 
"'la pnoporcion del diamctro a la circanferentia’' Coriffinal MS, in Mr, Flimpton’i 
ribrary; see Jfcm Arithmt-irUa, p. 474); Chuquet (T4S4) : ^^Proporcitm ceat labi- 
tqde qui cst cntre dcuTc nqbres quant e£t compaie (iun^) a laultre''^ (tbt Marie 
MS. in the aqUiAi's pdseea^on, by Boncompa^ui, Builttiino, XIU, 

Rudolff (r526J: ”Dic pwparcton Oder schicktigkeit der ei^ten segS der andern“ 
(1534 ed-h fol. Eviij), Barrow used the ttpreiaion in bis lectures on 

Kcomfitryj and most other writers of the period did the same. 

. . . ihe Proportion that each Figure bears to its neishbourjnff Figure” * 

50)- 

Alison and Ctark, Arithmetic, ubap. Ksi CEdinburgh, 1503). 

^Thua Fine (FIukus) : "Ratio Igitur , , . et duarum quancltatum. eiusdera 
specirnadinuUciTicomparatatllhabicudo, . , , Proportio est, cotitingcns inter com- 
paratas adinuicem quantitates ratsonum aimibtudo^^ (Protomfltfteni, 1530-^.'552; 
1555 ed., fob, 3a and 37), See also L, L, Jacksou, The EducaUtmal SisKijinaTiis 
of Sveieenth Ccjitury ArUhmetic, p, iiSi (New York, 1^6), 

5 The " aequaEitatis proportlo’’ of the Latin writersj erg., Scbeubel (1345)- 
a numerical ratio like a:b, botb a and & were geueratty considered intcgraT imlesa 
the tonttary was stated 1 but the mcomtnensutable ratk> of linas was recoffniicd 
by the Pythafforeaps and by alt subsequent geo-meters. 
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greater inequality, like ; b when a >b -, and a ratio of lesser 
inequality," like a[b when a<b. Of the la^t two there were 
rec(>giiized various subspecies^ such as multiple ratio^^ like ma: a, 
where m is integral; superparticukr ratio, like (w + r) : m 
(which had several types^ such as sesquialteran, as in the case 
□f sesquitertian, as in the case of 4* 3 j so on) ; super- 
partient, like (m + k) : n, where m as in the cases of 

5 :3 and 7 :3; multiple superparticular, like (jraw -h i); as in 
the cases of 7:3 and 15:7; and multiple superpattientj like 
{vin -\-k) where > ft > r, as in the cases of 14:3 and 
rqj s. These terms were capable of a large number of combi¬ 
nations and were essentially, from our present point of view, the 
result of an eifort to develop a science of general fractions at a 
time when the world had no good symbolism for the purpose. 
With the introduction of our common notation and the invention 
of a good algebraic syunbolism such terms disappeared.'’ This 
disappearance was hastened by such writers as Stifel (1546) 
who spoke out plainly against their further use, although his 
own acts were not always consistent with this statement,^ When 

had to be called ^'suboctupla subsuperquadripartiens nonas’^ 
by a writer as late as i Soo,’" it was evident that the ancient usage 
must give way, and that ratios must be considered with respect 
to the modern fractional notation instead of depending upon 
the ancient Roman, method. 


^ Boethiua, ed. Friedlein, p, 2^3. 

^ Hoethius^ (ed. Fnedlein, p. 46) speatis of such : "Maioris vehj in- 

at.. .V. sont parts. Est enim ima, quae vacatur 
panicutans, , . It should be observed that the Greeks did not consider ritSs 

^: 3 as identical 

3 but as a relation nf 6 to 3, this relation being a mulUpLe ratio 
a For a full treatment of the subject aee PacioH, Sumo, 14^ ed , f'ol 72 

Cp.34) ht ays: "Von den Proportaao. Zvm oist^idcs 
iSDetEusiStapuIcnsyfApJanusiCbrJstijH Riidolff|vnd andere gnlerte Leuth dk 
prepu^ones leren J mit aokbe wort4n Multiple^ | Duplcr I Tripk j Superparticu- 
krisI, . . vimd dcr glekhiti word oLn zid\kt wul recLt vndnMUlich 
eeltrt Aber das man em Teytschen J dem die LatciTiLscfi sprach vnbekani I 
man sotchen worten beladeu | daa ist ohn not ] vnnd ohn nytz.^^ In his Cajj 
JtudclSit (chap. 12), however, he gives "die funferW propoTtionirt* 
zalen, tht mnltiple, airperparticufir, snperpartient, nmltipleKsuperparticutar and 
the muItlplMSupcrpartient. 

'^Van dcr Schuere, 1624 ed., fol. 155. 
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Other Greek Ideas^ of Ratio. Certain other Greek ideas have 
come down to us and still find a place in our algebras^ For ex¬ 
ample, we speak, of as the duplicate ratio ^ of a to If, al¬ 

though to double a : b would give 2a:b. To the Greeks however, 
the ratio ai :an was considered as compounded or composed* of 
the ratios * - -, -11 ; and since if :b^ is similarly 

compounded of a-\ab and or of a:b and a:b, it was 

called* the duplicate of aib. 

In like manner we have from the Greeks the idea of ratios 
compounded by addition ’when as a matter of fact they have 
beeHj according to our conception^ multiplied.* 

In the Middle Ages the distinction bet’ween ratios and frac¬ 
tions, or ratio and division^ became less marked^ and in the 
Renaissance period it almost disappeared except in cases of 
incommensurability. “ An illustration of this fact is seen in tlie 
way in ’which Leibniz speaks of “ratios or fractions.^’“ 

Proportion as Series. The early writers often used proporth 
to designate a series,' and this usage is found as late as the iSth 
centuryThe most common use of the word, howeverj limited 
it to four terms. Th’us the early writers spoke of an arithmetic 
proportion^ meaning b — a = d ^ as in 2, 4, 5 ■ and of a 

geometric proportion^ meaning a: & ^ c : d, as in 2, 4^ 5, 10. To 

1 Eud'iid's ficirXttfl'iwp (diphii'iin), but cammoTi[y given hy otter Greek witcr? 

as 'SAyos{dipla'tiOi . Sec Heath, EiaciKrf, V&l. Il, p. 

2 Heath, Euclid, Vol. 11, p. 133. 

*^EujcUd, EletHcntSt VI, def. 3 , apparently an interpolation. See Heath,. Euclid, 
Vol, II, p. iSfl, 

^See Heath, EnfMd, Vol, H, p, r6S. Similarly, &cheubel Ci^4S, Tract. Ill 
fiptaJia "de proportionum Addition* . . . siut ut aJlj Composttlone,” saying th^t 
tht ratios 9:4 and 5:3 "componunt45 ; ra. 

rnpdem Arab atlthmcEtc, published at Beirut in iSSg, remarks: "Thia 
division is calLwI by the Magrebiner [West Arabs] ’ the denommation,’ hut the 
Petscans call it at-^isbs [the ratio].” H. Sutcr, Bibl. Maih., II (3),. 27. 

. . . aut m rationibus vcl Frajttionibus.'^ Letter to Oldenburg, e673- 

TThus Pacioli (14^4)^ "che to prendi li numeri - . . r, 2. 3. 4. 3, fi, 7, 3. -g. to 
. . . hautrai la prima specie de la proportion” fol. 72, fj. 

^Whcti Vitalis fGeronimo Vitale) puhlisbcd his Lsxiccn MathttHatievm 
(■Rome, 1690], the usage ’ivas apparently unsettled. He says: "I^itur Proportio 
Arithmetica est cuju tres, 'vel plures numeri per eaudem dEHerentiiLm progrediun- 
turj vt 4. 7. 10. 13, 16. 10- 22. & SEC prtnjtdendo in Enfinituia.” (p. 63 r); but he 
also uses praponio In the inodem sense (p. 733). 
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these proportions the Greeks^ added the harmonic proportion 

1 !_£ 1 

it ^ d c 

as where c = and These three names are 

now applied to series. To them the Greeks added seven others^ 
all of which go back at least to Eudo:cus (^. 370 b.c.).^ 
The Renaissance writers began to exclude several of these/ 
aud at the present time we have only the geometric proportion 
left^ and so the adjective has been dropped and we speak of 
proportion alone. 

Types of Proportion. The fact that geometric proportion has 
survived, in algebra at least, is largely due to Euclid^s influence, 
siDce algebraically a proportion is nothing more than a frac¬ 
tional equation and might be treated as such. Especially is this 
true of such expressions as alternation/^ ''by inversion,” 
"by composition,” "by division,” and "by composition and 
division,” three of which are now misnomers in the modern use 
of the words. 'They come to us directly from the Arabs/ who 
received them from Greek sou roes There were also various 
other types of geometric proportion besides the one commonly 
seen in textbooks/ but most of these types are now forgotten, 

^On tht tbe^ty in Euclid, ?c!e Htitli, Vol. 1 , p, 131^5 Vol. U, pp. ns, 

TTOi 291, 

^Boethius and certain of hia predeces&orj gave all ten faring, those beside the- 
(hrcc above mentioned being as followa J 

o;c5=;fr-"c:;c[ — fj a:c = c:b — c, 

btc ~b lr> me = a — — b, 

a:b = b — e‘-ar — b, bis = a— c:b^ C, 

blC~ CT— 

See hts Afiihitietica, ed. Friedlein, p. aeq,; Gimthcr,. JiaiA. Vnterrichts, 
p. Cantor, Geschickt^i I, diap. jd, for the earlier knowledge of these forms^ 

*Thua fiamns: ” Genera aute proportioniE duo tantum Lnsiitumuii, quia haec 
sola simplida k mathemalica aunt. Nicomachus fecit decem. Jfcvrdauus addidit 
undcdTtiaTrb.'^ SehaiarVTrt A^'a^i^T}l(l^i^arv»^ Libri vftuj trijtijrfo., p, ][S4 
(Easei, 1369). 

*E.g.tSte. aJ-Karfehi tbe Kdji fU HtsSb, ed. HochhfUD, II, 15. 

= Heath, EnfciSd, Vol. I, p. 137; Vol. If, pp. 115, iig, rgj, r68, 189, 292. 

^ E. ffr+Scheabel <1545!; suut species proportionalitatisipefmuta, conuena, 

coniuncta, disleutta, euersa, & aequa^^ (Tiactatiss IlK 
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although ” continued proportion/’ but with a change in the older 
meaning/ has survived both in algebra and in geometry. 

Terms Used in Proportion* The terms "means/’ "antecedent/’ 
and "consequent" are due to the Latin translators of Euclidr 
There have been attempts at changing them^ as when the ante- 
cedent was called a leader and the consequent a comrade/ 
but without success* It would be quite as simple to speak of 
them as the firstj second, thirds and fourth terms.* 

Rule of Three. The mercantile Rule of Three seems to have 
originated among the Hindus. It was called by this name by 
Brahmagupta {c* 628) and Bhlskara^ (t* 1130)^ and the name 
is also found among the Arab and medieval Latin writers. 

Brahmagupta and Mahavira state the Rule. Brahmagupta 
stated the rule as follows: “In the Rule of Three, Argument, 
Fruit, and Requisition are the names of tlie terms* The first 
and last terms must be similar. Requisition multiplied by Fruit, 
and divided by Argument, is the Produce*"*' Mahavira (c. S50) 
gave it in substantially the same form, thus: ^''Fhala multiplied 
hy Icchd and divided by Pramdna becomes the answer, when the 
Icchd and Framdna arc similar*’” 

For example: "A lame man walks over ^ of a [32,000 
feet] together with ^ [thereof] in 7^ days* Say what [dis¬ 
tance] he [goes over] in years [at this rate]/’—a very good 
illustration of the absurdity of the Oriental problem. 

Fine (Finsus, 15^0) defines a^profortic coniintta as one like '’S/4/2/1: 
ut enim e att 4i sic 4 2, iJtq^ 9 i" (Da Aritktyiiiica PrarAka, ed., 

fol. sfl)* and a proportk disjjincla as (to use his aymbolisml one like S/4, 6/j. 

2Euclid used iintfsoVttes, means,>, iryntafitw (kego-u’metia, ieadinf 

[terms], antecedents], and {hspotttkutL, fonowfing [terms], canseiiuents], 

but ht had no need fnr "eitremesJ’ See Elttn^nis, VII, 

^Thu5 Scbeixbe] (1345); " . . . alter antecedens uel dus:, alter ennsequens uel 
coTTies appellatur.” The use of dux <duke, leader) com^ from Euclid's texm. 

*£.5., see Ctavlus (1583), Epitome ArithtKEtkas Pmetkaej chap. svii. 

^One of the scholiasts of called it the TrairMkcti the "tbnee ruled' 

See Colebroolte’^ tr-anslation, pp. 33, 2S3. On the genera] subject see Taylor’s 
translation, p. 41, Colebrooke’a translation, p. 283. 

Ganita-Sara^Sansraka, p. 3 ( 5 . The phak is the given quantity correaponding 
to what is to he found; the pramatm was a rticnsure of leriRth, but in proportion 
it 15 the term coriespon diuR to the kekd ; the iccM is the third term in the ruld 
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Bhaskara (c. 1150) gave the rule in much the same form as 
that used by Brahmaguptaj thus: "The first and last terms, 
which are the argument and requisition, must be of like dencsmi- 
nation; the fruitj ijvhich is of a different species, stands between 
them; and that, being multiplied by the demand [that is, the 
requisition] and divided by the fii^t term, gives the fruit of 
the demand [that is, the Produce],’’^ 

As an example, Bhaskara gave the following: "Two pains and 
a half of saffron, are purchased for three sevenths of a niska: 
How many will be purchased for nine niskas ? ” 

His work appears* as 359 

Y 2 I 

In our symbolism it might be represented as f 9 A". 

It is thus seen that the idea of equal ratios is not present, as 
would be the case if we should write 3;: 2^ ^ 9 : Proportion 
vras thus concealed in the form of an arbitrary rule, and the 
fundamental connection between the two did not attract much 
notice until, in the Renaissance period, mathemattcianB began 
to give some attention to commercial arithmetic. One O'! the 
first to appreciate this connection was Widnian^ (1489), and 
in this he was followed by such writers as Tonstah^ (1522), 
Gemma Frisius"^ (1540), and Trenchant*' (1566). 

Mameg for the Rule of Three, Recorde (c. 1542) calls the 
Rule of Three ^^the rule of Proportions, whiche for his excellency 
is called the Golden rule,”^ although his later editors called it 
by the more common name.® Its relation to algebra was first 
strongly emphasized by Stifel® (1553-1554)^ 


^ Colebrflojte^ translation, p, 33, “Ste Taylor’s translation, p. 41, 

*“Sy i&t auch rtctt gcnfit regula proportianu/wfl in d’ re^l ’fterdS erklL vn 
crfundE; alle pportioncs" (ijoS ed,, tol. 50), ^De Ans Supputandi^ Lib. III. 

*Hit calls hit chapter '‘De RegvEa ProporUanvin, siue Triam Numcrorum” 
{i j7S ed., fol, C6). 

La de troya, qui est la cegie de^ proportifina ou propoftionau:! (13:75 
€d., p, iKo}. liSS ed„ lol. M 4. ^ E.j,, Jobn Mellia, 13^ ed., p, 440. 

'i" Gar wunderbarlkli wickeli) vnd ve-rknupfleti jlch zusamrntn die Detri vnd 
die Coss also daa die Cosi im ^rund auch wot radchte gtn*ant werden die Detri. 
. . . Vn stecfct alfifl die fiantz Coss in der Rcgd Detri/widervtqb stetkt die Gnnti 
Detri in der Coss.” See the Abhandijntgtn-, I, 56 . 
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RULE OF THHEE IN THE SEXTEENTH CENTUEV 
From an Italian MS, of 3S4S. Notice the avranstment of terms; also tbe tarly 
per cent sign m elveu ai tlie end oi the blth Use, From a manuscript in 
Mr^ Plimpton's iibraiy 
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When the rule appeared in the West, it bore the common 
Oriental although the Hindu names for the special terms 

were discarded ► So highly priced was it among merchants, how¬ 
ever, that it was often called the Golden Rule/ a name ap¬ 
parently in special favor with the better mathematical writers.'' 
Hodder, the popular English arithmetician of the 17th century, 
justifies this by saying: "The Rule of Three is commonly 
called, The Golden Rule ; and indeed it might be so termed; for 
as Gold transcends all other Mettals, so doth this Rule all others 
in Arithmetick.*''* The term continued in use in England until 
the end of the iSth century at least,*' perhaps being abandoned 
because of its use in the Church. 

^Thus Pajcioli (14^14) Calls it tbe “rcg^la triu.m rtrura la regola ditti dl .3. 
Duer de [e .3. case," and 'Ma regnla, de-T .3”; tbe; Tre^-Iso atitlimctic “La 

[lesula de le tre cose^*; Pellos (1492), the ^'Rej^ula de ties causas.'’ Chtjtqiict 
(1454) TicjTiark3f "La rifjle de troys st de grant reeflinandacion. . ^ . La riglc dt 
troys esL ansi appellte puurce quells Requiert tonsiouni troys uombres^'; Gram- 
mateus (isiS) speats of tha "iEtjegidfl. d( tre in gantz?” and ^'in pdichen,^^ arid 
RudoJflf (isjfij of “Die Regel de Tri,” a. term often abridged ty German writers 
Into “Regeldetri,*’ as in tbe work of Lkht KloSf the Polish writer of 

133s, al&o caUs it tbe “Re^uTa dctri” 

^ Thus Petscnstemer (r+Sj) r "Vna habn die mey^ter der frejm tun&tv6 d' sal 
ctn rtgel Refunde die heist gulden repel Daqo das ak sn kospar varf nuez ist. , , - 
Sic wirdtt aiidi gcneEict regnia d^ tre nadi wel&isclier U.c,, Italian] £mfig:en. + . , 
Sic hat aueh vile idcr nam€”; and Kubel (Augsburg edition of 131!! 1 speak:^ of 
"Die Gulden Hegel (die von den VValem de Try genant wirt}.’'^ In Latin it often 
ippeara aa. ffguia awea. The Swedish savant, Feder Maxisson, writing in Rome 
C.1313, apeaka of the rule "quam npiinulU regulam auream dineie; Itali vero 
rcgulani ^ tri " (sice Riti. Math.. II (J) , IJ . 

The French writers used the same ■wpresaion. Thua Peleller (1345): ^’La 
Reigle de Troia . . . vulgaireraent anal dite. ... Lea ancients Font appellee la 
Reigle d’or ; paroe que i'invention en e^t tres ingeEiitusc, fr Tusage ddcelle inJini^^ 
(t6o^ ed., p. ^B>. 

^Thus Ciactlii (i6?s)- "Li Regola del Tre C05I chiamata da’ PrEictici vuiga- 
fi, e da’ Mattemalici regola d* orOf 0 pure delEe quatlro proporziDni t principalis- 
siina, ed apporta vti’ ineatimabile bencfijln, ed vua gian eomoditi a’ Mercanti.” 
Rfigpip geJtei'ali (F abbaco-, p. lii {Florence, 

*Seie the tenth edition, 1672, p. Thb simile was 1 common one uith 
writers', tlma Fetzensteiner {14S3): "ala golt vbertrifft alie ander mefcaU." 

VJtalis (Geronimo Vitale), in h\i Lexkm Malhematicvmy p. 74S (Rome, Kiga), 
says; “Quare meritd Aunft appdlati cst; namque plus auro valet: £ non 
Aritbmeticis modo, Geometric . . , ncrfissarla cst; sed i vnlutrsohomiimmgencri, 
in comnieTCEjs ineundis, . . 

^E.g., the 1771 edition of‘Ward’s Voting Maihematkian^i Gjiide (p. S3) speaks 
“of Proportion Disjunct; commonly called the Golden Rule.’’ 
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BULE OE THREEj OE THE GOLDEN EULEj IN' VERSE 
From Liutenschlagor’a arithmetjc (iS^B) 



4SS RATlv>, PROPORTION, THE RULE OF THREE 

Tie Merci,juts' Rule- Its commercial uses also gave to the 
Rule of Three the name of the Merchauta’ Key or Merchants’ 
Rule/ and no rule in arithmetic received such elaborate praise 
as this one which is now practically discarded as a business aid.- 

A kuk without Reason. The rule was usually stated with no 
explanation; thus Digges (1572) merely remarked, "Worke by 
the Rule ensucing. . . , Multiplie the last number by the 
seconde, and diuide the Product by the first number,” and sim¬ 
ilar statements were made by most other early arithmeticians, 
occasionally in verse.^ 

The arrangement of the terms was the same as in the early 
Hindu worl^Sj the first and third being alike. As Digges ex¬ 
pressed itj "In the placing of the three numbers this must be 
observedj that the first and third be of one Denomination.”^ 
This custom shows how completely these writers failed to recog¬ 
nize the relation between the Rule of Three and proportion. 

^Thus LidiiP 9) "ReeuHar MeicatoTum. tQluam detri. quh 

dc trib'. jp£r ipucopBin AppcUiimu^. Aurea docte Etc perite ab oiMb^ 

ipptUari videt deberi”; Claviua catls it Ebe "davisi mertatoriijn"’; PdeUer 

(1545) siya, '^'MesmeSj. aucuna I’ont nommee la Qef des. biatthanda^' ^d., 
p, • 65 ); Wcntsei speaks of the ^’Resvla avtea inercatoria/ regvSa de tri, 

Re^jyla van diyen/ regie a trois, and LautenscUager, in bis arltbinctlc in 
rime baj;, as gbewD bi the facsimile an page 4S7, 

KxGVLA de TjH I ODER tUiDEN ReCUI. 

aHgnla. de Tri MERCATORum | 

Qenannt aurea pioportionuiAr 

Of tbe variems other names, 5 cft/vjjrecftHUK^ ha? continued amoTvg the Ger¬ 
mans. See R. Juat, Jfeuyflfanflijcftpj RacfrMen, I, Tdl,. p. 75 (Leipzig, 1901), 

^ A few of tbe himdrcdi of enlogicE given tn the rule are a? follows : Gemma 
FrLsiiJ& (1540), "Rea breuis eat & faeiJia, vaua immensus, cum fn vsu coinmunii 
fjum in Geumettia ac reliquia artibua Mathematicia'' (1563 ed., foJ, iS); Adam 
Riesfi ’'1st die fuimanieate vnder a) 1 e Regeln” (1550 ed. of Rechtnims, 

iala, 13j 59'); Clavius (1SS3; ■Offii'o, r6ii, II, 33), “Primp autem loco stee offert 
regula Ula nunt^uam sutR laudata, quae oti immerrsam vtilitatem, Aui'ta dki aalec, 
vel ragula Prcportiontim, proptcrea qued in quatuor numeria pKipcrtionalitma, 
quorum prLOfca trea noti auTit . , . vndt & regula trium apud vtdsua appellata 
est/^ showing that he, like Srifel, recognized tbp relaLion t* prcpordou; Van der 
Schuere (1600], “Deti Rcgel van Drlen, die van velt teii recEite den Gulden Regei 
genaemd word/ cvertnlta zyne weerdige behulpzaemheyd in alle andere Regelen^-' 
(1634 edn ffll- 12). 

Lautenachlaser (tSpS) and SforLunati (iS 34 ; i 34 a cd-i foL^j). 

*i 37 ^> ed., p. 39, 



ARIL^NOEMENT OF TERMS 4^9 


Once set down^ it was tbe custom to connect the terms by 
curved lineB^ as in the following cases: ^ 




The Arabs, however, used such forms as 


5 

15 


and 


to indicate a proportion, paying no attention to the labels on 
the numbers.^ 


Arrangement oi Terms, The rule being purely arbitrary, it 
became necessary to have this arrangement in the proper order, 
and the early printed books gave much attention to it* Borghi 
(14S4) gave a ■whole chapter to this pointand Glareanus 
(153S) arranged* an elaborate schente to help the student,^ 
Later writers, however, recogni2ed that if the rule were to be 
considered as a case of proportion, it would be necessary to re¬ 
arrange the terms so that the first two should be alike. Thus in 
place of a form like 


12 yards-20s.-—-—'6 yards, 


^Tbe Erst of these is from 1 17th centusiy MS. in the awthar’a nbrary; the 
aecorid is from Wernet'a Bec/^tnbftch^ 1561, fol, Es, 

^E. Wiedemann, "hher die Wage de& Wcchsclng voa Chlzinl und ilbcr tl 5 e 
Lehre veu den Proportionen nach al-BinUnr,” Sitz^nS-^tricAie der Physik.-ffted. 
SodetBt su Briangin-, 4S. u, 4^1. Bd., p. 4, 

^“TComo le tre cose contenufe in detta rtt^nla sdno andEtiate, & quale debbi 
E55cr prima, e quai scconda, e qua! terxa" od., fot 
'*1343 cd., fol. - 30 , 

'’’He arranged his rule thus: 


SinistTa 
Res empta 
Diiii^r 


Medium lotus 
Numtr® pretij 
Mulliplitidus 

3d 


Deztera 

Numer’’ q^tionis 
MnltijjJicacqr 
7 


3 
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as given in Hodder’s 17th century we find Blassiere 

(1769)'' and others of the iSth century u^ng such forms as 

Ellen EUen Guld. Quid. 

3 : 3^ “ 4 ^ X 

In the old Rule of Three the result was naturally written at 
the rights and for this reason the unknown quantity came to be 
placed at the right in the commercial problems in proportion.^ 

Inverse Proportion, Of the various special forms of the Rule 
of Three the one known as inverse proportion is the simplest. It 
results when the ratio of two quantities is equal to the reciprocal 
of the ratio of two quantities which seem to correspond to them. 
Bh^kara (r. 1150) gives an illustration: "Bullocks which have 
plowed four seasons cost four niskaa: what will bullocks which 
have plowed twelve seasons cost?”^ 

This rule went by such names as the inverse, converse, or 
everse Rule of Three.^ Recorde (c. 1542) used a name that 
became quite common in Englandj remarking: "But there is 
a contrarye crdre as thys: That the greater the thyrde summe is 
aboue the fyrstej the lesser the fourthe summe is beneth the 
second, and this rule you maye call the Backer rule,”"^ 

^ Ariihmeiickt i&th ed. P- S^- “1790 td,, p, 14^, 

^Thus Rabbi ben Em (c. 1140) wrote 

4 ? 

7 o 

for 47r7 = 0 atandiit^ for tbc tinlcninvA. In the translation of certain 

Arab works the unknown is placed first, aa in \:34 = is 17, because the Arabs 
Wrote from right to left. 

^Taylot'a Ltfoiuoff, p, 42, with spelline ns glv^n by Taylor. The m&iiU » 
wrirUu ^^niska i,. and fraction T” 

“Thus Kdbel (1514), "Dk Rege! de Tri verkert/ im LsfeJ^ Re^ula conuersa 
senant” (iS4b ed., fol. fiS) j Ge-mnaa Frisius (1540), "Rcgvla Trivm EuetsBr”; 
Albert (1^34),'"Regufa Detri Conuersa"^Thierfelder (r5S^),''ReguTaCon\'ersa/ 
Oder vtnbekehrte RegeT de Try^; Van der Sdniere “Verkeerden Reghet 

van Dricn-^; Digses {TS72], "The Rule of Proportion Inucrscd." 

^rJSS ed., fol. M 6. In Bome later editiortg It ia called ’^tbe Backer or Reverse 
Rule" (id4<& wJ., p, iSg). See also Baker (ijiJS; 153 ° ed,, fol. 4fil. In Frcntli it 
appeared as "La regie de troys reboursc" LTrencbant, igd^; IS7S ed., p. 155), 
"La Reigle de Trois Reuerse ou Rebrmrse" tPeletier, 1545^ 1507 cd^ p. 74), and 
"La Regie Areboursc" {Coytereels, Dutch snd French work, 1631 ed., p. 204 )» 
It was occasicunally called the bastard Rale aE Thret. Th-us ^nta-Cruz (1534): 
" Eiemplo de la rcgla de tres bastarda.'" 



INVERSE and compound PROPORTION 4^1 

In this rule it was the custom to leave the terms as io simple 
proportion but to change the directions for solving, HyUes 
(j 593) gives the rule as follows: 

The Golden rule backward or ccnnctstj 
Flaceth the termes as doOth the rule direct: 

But then it foldes^ the first two termes rehearst, 

Diuiding the product got by that effect. 

Not by the firat^ but onely by the third, 

So is the product the fourth at a word,^ 

Compound Proportion. What has been caUedj for a century 
or twOj by the name of compound proportion originally went by 
such names as the Rule of Five^ when five quantities were in¬ 
volved, the Rule of Seven if seven quantities were used, and so 
on, Bh^kara, for example^ gives rules of ftve, seven* nine, and 
eleven*^ Peletier (1549) speaks of Ptolemy as the inventor of 
the Rule of Six, referring* however, to the proposition in 
geometry relating to a transversal of three sides of a triangle.* 
The names beyond tliat for five were rarely used;'^ indeed, 
all beyond that for three were more commonly called by the 
general name of Double Rule of Three,' Compound Rule of 


^An EnteHating translation of pUcare as found in (.to m^tnifold] , 

^Arilhm£iic{^e^ 1600 fid.* foi 13S. 

“It appears in Bh^Eiaja (c.itsa) i&s partc/ta-rdiiat (five-rule). See Ts,yl&r’i 
translationi p. 43 f but the spellings in Colebrooke’^ franjiatEon, p. 3^, are here 
followed. In Europe we find such names as ‘■^Rizevle de cinqve parte'* (Orlejra, 
1513 i 1515 ed-); "Regyla Quinque/oder pwyiache Regel de Try" (Thierieldi^r, 
I gar) 5 "^el von filnffen” (RudoEff^ 1536); "Die Rc^cl von filnfl zaten" 
(Kobcl, 1514 f 1531 ed.) t duplex Anch Regula QuitipNi genant . , .die 

zwyfache Rcgel . . . von ftinff Zalen” (SuevuSf iS5S)S **deTL Zaameni'cstclden 
Rceget van Drien. Anders Genaamd Den Recgel van Vyveu" (Blassifeine, 176^) f 
and " Den Reget van Vyven, of anders gctiiamt den Dobhelen RegeE van Dritn" 

(Bartjens, ed,). _ ^ n j u, 

* Pancha-‘fdsica, naue^riiiiciJi. and ^iidasn-timco, as spelled oy 


Colebrooke. 

‘i"La Reigtc de sis QuantitSs a estfi inuentee par Ptolemte" (1607 ed., p. aso). 
On this see abo Cardan's Praetka ( 1530 ) "Caput 46. de rcgtifa S. quati- 


tatum. 


‘'Thus CiaccM (HSyi) says : "rvon t moUo vsitata da’ practici Arrimetid la 
regola de! sene." 

TAa by Recorde (c. 1542 >. Tbe name al&o appears Mich ^ 

"Regula dupica” (GeimnaFrisiuSi 1540) f Trenchant, 156 ► 
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Three/ Conjoint Rule/ Plural Pfoportion,“ and, finally, Coni- 
potznd Proportion, a term which became quite Rcnoral in the 
rSth century. 

Artifiitial Katuie of the Problems. The artificial nature of the 
problems in compound proportion has been evi<ient from the 
beginning. Thus Mahavira (c. 850I gives this case: "He who 
obtains 20 gems in return for 100 gold pieces of iG 
what [will he obtain] in return for 2S8 gold pieces of to 
varms?^** And Bh^skara (t:. 1150) has this type: "If eight 
best^ variegated siik scarfs measuring three cubits in breadth 
and eight in length cost a hundred [nislicas]; say quickly, mer¬ 
chant, if thou understand trade, what a like scarf three and a 
half cubits long and half a cubit wide will cost.”'’ 

Practice* There appears in certain English arithmetics of the 
present day a chapter on Practice, a kind of modification of the 
Rule of Three* In the manuscripts of the later Middle Ages and 
in the early printed books of Italy the word is user! to mean 
simply commercial arithmetic in general, whence possibly the 
origin of our phrase "commercial practice” today*^ "When 
northern writers of the i6th century spoke of Italian practice 
they usually referred merely to Italian commercial arithmetic 
in general.^ In the 17th century tire Dutch writers generally 
used the term Pmetka (FracHjeke) to mean that part of arith- 


‘'"Regula Trivm Comp&siu" (Chvius, 15S3); "The Golden Rule coiripciund” 
CEcMirde, c. 1543; 1646 ed., p. igj) \ "I>bi meniclivLilili^ (C*uteree!s, 

16^r ed,, p. 2J3>; "GecompoEficrdin dubbdden R^el" (Hcotk, 1676, wiLh a 
distinction between this and the mere "Dubbclden Resel” and "Rt-sel van C<m. 
juncte’'). 

='^Den Versardielcien Re^el" or ''La Etgle Conjoincte'’ (Coutfirceb, ed., 

p. 219). 

3 “ The Double Rule of Three . . . Under Rule 35 ccnnpi;ehendecl diver; 
Rules at Plural Prfjpprtifln(Hodhtr, Aritkiuti-ick, loth ed,, p, r^i). 

‘‘English tmnslalion, p. (;i. 

s Colebracke's tmnEJation, p, 3^, 

ego Tattaelia has a chapter "Delia Prattici Flotentina" fur Florentine 

cDTumerdid ariUimetlc, and RicHe has- "Rechenung * , * die prpetka 

fecnandt.” 

^So Stifel Ci5'44U "Praxis Italica Prajiis IHa quam ab Italia id nos de^'olutftTn 
c£ae arbitiamur.'* Even as (ate aa 1714 there was 1 chauter in Starcten’fe aritbine' 
tic on "Die Itadinisdje Praciica/ oder KurLee HandelS'Rechuunij," 
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m&tic relating to financiSrl problciosL^ anti tboy also iisod the ex¬ 
pression "Italian Practice/' as in tie work by Wentsel ( 1599 } 
of which part of the title is here shown in facaimile. The term 
"Welsh practice” had a similar meaning, the word "W>lsh” 

("Welsch") signifying foreign,^ This expression is often found 
in the German arithmetics of the i6tb century. 

T^PONDAMEHIT 

Man 

liacttfc^E J&jncrtjtft / miotrsaDera dalfa 

tioomienDtchQt tluchnt hmtbrtil^ealtrlhan 

aiittrift* 

25cpDcjSxit jprancsotje/ 

rrhfltdte 0Ltrrr(iil}£»itiitn0|)f ofte 

Cdiirc^txannEir* 

MARTINVM WENCESLAVM, 
AQ5ISIGRAKENSEM. 

WELSH OR ITArJAN FKflCTTCE 
Fart of Ihe title-page of the arithmetic of Wentsel (Wcnccslaus) 

In England practice came to mean that part of commercial 
arithmetic In which short processes were nsed. Balier (156S) 
mentions it in these words: 

Some there be^ whidie doe call thse rules of practise, breefe rules: 
for that by them many questions may bee done with quicker espedi- 
tion, then by the Rule of three. There be others which call them the 
small multipHcation,. for because that the product is alwayes lesse 
in quantity, than the number whiche is to be multiplyed. 

^Thua Eveiradyck^a edition of Cemterods ed., p. Stockiuana 
ed, p. 173) K Van dcr Schuere (1600, fnl. and Mota (1640, fob G s). 

^Modern German foreign; particutariy Galif-Ch Rocnan, Italian. So we 

find Riidolfi spcaklns of "Practica oder Welliadi Rechnung" and Helm’ 

reich having a chapter on "De Wel&che Ptactica Oder Reebnong.” Dutch 

writETs commonly u^ed '"foreign'^ Instead of "Wetach,” and bd we often find 
chapters on "Boytcn-lantache Rekeninghe," 
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This rather indefinite statement gave place to clearer defi* 
nitiona as time went on, and Greenwood (1729) speaks of 
practice as follows: 

This h a oontraction or rather an Improvement of the Rifh 
of and perforins all those Cases, where Umty is the First 

Term ; with such Eispeditron, and Ease, that it iSj in an extraordinaiy 
manner, fitted to the Practice of Trade^ aad Merchandise i and from 
thence receives its Name. 

A single eiiample from Tartaglia (155^) show the resenn- 
blance of the Italian solution to that which was called by 
American arithnretidaos the "unitary method/’ especially in the 
7 gth century: 

If r pound of silk costs 9 iS soldi, how much will S ounces cost ? ‘ 

The solution is substantiaJly as follows: 

I lb. costs 9 lire 18 soldi. 

4 oz* cost -j of this, or 3 l^e 6 soldi, 

5 oz, cost twice this^ orb lire 12 soldi* 

II, Series 

Kinds of Series* Since the number of ways in which we may 
have a sequence of terms developing according to some kind of 
law is limitlessj like the number of laws which may be chosen, 
there may be as many kinds of series or progressions “ as we wish. 
The number to which any serious attention has been, paid in 
the development of mathematics, however, is smalL The arith¬ 
metic and geometric series first attracted attention, after which 
the Greeks brought into prominence the harmonic series. TTrese 
three were the ones chiefly studied by the ancients. Boethius 
(c. 510) tells us that the early Greek writers knew these three, 
but that later arithmeticians had suggested three others which 
had no specific names.’ 

^ r 3 b. = la i imj = jo ioiifE, 

* For OUT purposes we shall not distinpuiah st present botit^eETi tbeae terms. 

s'^Voeantar aute quarta; quinta, l vel aexia" (.Arilhmtika^ i%t cd., 1433, 
n, cap. 4J; edr Fne<Jtcin, p. 130). 
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Ocjiiiasionally some special kind of series is mentioaed^ as when 
Stifel speaks of the "astronomical progression^’ j, 

■ ■ ■ / one of the few inatances of a decreasing series in the 
early European books* 

Moat of the Hindu writers used only two elementary series, 
but Brahmagupta (cr. 628)^ MahSivira {c. and Bh^kara 

(c* 1150) all considered the cases of the sums of squares and 
cubes*^ The Arab'^ and Jewish* writers also gave some atten¬ 
tion to these several types* 

Medieval Treatment of Series, In the medieval works a series 
was generally considered as ascending^ although descending 
series had been used by Ahmes^ ArchimedeSj and certain Chi¬ 
nese writers long before the time in which these works were 
written*'* The same custom was followed by the early Renais¬ 
sance write rsJ 

Somewhat better known than the classification of series as 
arithmetic, geometriCj and harmonic^ at least before the 17 th 
centuryj was the classification into natural, nonnatural, con¬ 
tinuous, and discontinuous, these terms being used rather loosely 


1 ArithmutiQa 1544 , lo], e 4 j ns-Hin bcinp astrottomica proSfSSHa. It 

i£?imply ant natural series oi "astroiioinical fiactions.” 

2 English trajiilation, p. i-jo. Hia rule for the sum. of the iQuates is sub¬ 


stantially 




o 




* Colcbrooke's translation, p. EhSakan retnarks; ^^Forfner authors have 
Stated thit the sum of the cubes of the terms one, ^c, ia equal to the square of 
the summation^; that is, = C^)^- (Thy 3 or’$ tmnslatiian, p, CoJ 

*E.g., al-! 9 a 5 ^^r (c* ir^ 5 ?>f ace BibU Math., II (:il, ^2. Th'^ arc also 
given by al-QfUaiiadi (c- 147s 1 ; see Bonoompagni's XOl, 277. 

Rabbi beiv E?c» (c, 1140], in the Stftr ha-Afiipo-r-r Silberbcr^ transla¬ 
tion, p. T 3 ^>* 

"So Fibonacci {1202) says: *** * * colligere nurntros quotcumQue ascendentes 
ab ipso dato numtro equaliter, ut per ascensiontm unitatis, net bmarii, uel ter- 
narii * . (liber Abacif p* e 66 (fnl* To, r-))- 

TThus Stifel, in his edition of EudoJff's Cosi r "Es ist iher Ptosfcessio 

(eygentUch zu reden nacb der Arithmetka) ein ordnung vieEer zalen so nacb 
cinander aufFsteygen Oder abstej'gen nach cyncr reiihlen richtJEen Rcgd” (foi* 
7, v->- So Trenchant (rsfibi states de^lnJtc[y that the terms muet increase, and 
Chuquet C34S4I says: '''Projcression cst certaine ordannance de nombre par 
laquelle te prernkr est surmonte du aeoond dautant que le second est surmonto 
du tiers et ? sequement les ault's w plus en ya“ (Job 2C, rJi. 
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by early TFriters. For e^cample^ the series ij * was 

called a Datural series/ from which we have the ejrpression 
^'natural seri^ of numbers.”* A discontinuous^ or intercised/ 
progression was one in which the difference was not unity.'^ 

Ifame for Series. The Greek name for a series, as used first 
by the early Pythagoreans, was (ek*thesis) literally 

a setting out, and the name for a term Of the series was o/>o? 
(hor*os),^ literally a boundaryn Boethius (c. 510), like the other 
Latin writers, used the word progressioj"^ and this was generally 
the custom until modern times. 

The Teutonic writers follo-wed their usual plan of avoiding in¬ 
ternational names based upon the Latin, and so we find various 
terms used by the Dutch® and German® mathematicians. 

^Thus Chycfuct (14S4); "Et dcit on sauffir que progression se fait tti 
plusieurs tt diueiats manlfirej. Car aulcunesfoiE eUe comance a .1. et progredyst 
pac .1. c6mt .1. ■j, i- 4. £t, telle cst ipi,>e]lee par Ifls anciens progression 
naturetle ou continue egression” [loJ, 2a, »-.■). Similarly, Pelios (14?^) speaks of 
jjgTession natural^’ (i, z, j, . . ^ " pgrtssEon na nitiiral” (ii 3t ^ 

&Tid jiEression ni part natuial ^ ni part ni aaiuraF' (S, id, . + , ). 

Van dc]: Schuene (kSoo), however, calls any series like i, a, . or i, 3 , 

, , . a. ''natneristiJic Dvertredinghe y^aft Aritmetische Prp^egsio,” speaking of & 
geametric series as "onnatLieiciililte overtrediuglie.” 

s This is found in StiW (15441: “naturalis nawfirorum Prorcrre-isio, est Pra- 
gressio Aritlnmctica. progred'ens ab unitatfl per Wnarium ad relictu&a ntiitiei:ci& 
seconduu diSeie^tiam uriltatcs. ut 

I. 1^2. ^ 

He also speaks "de Progressione paturali numerorum imparsLiin/^ via,., r, 3, 
Y, . . I lKtE£r^, ials. !d, 22), 

(Husivirt, 1501 )j (Chaqutt, T4S4I, vndaricArttHert (RSbel, 

roM>- 

*‘^ 4 ]cune clnilce a .3. mais el progredist par aultre nombre q-Je .j. ci^e i. 3. 
Ic. ou. .r, 4, et cat cEstc appellee Inl'cise progresaion ou iiTng>!£5ion dis- 
cjqntinuec!" (Chucjuct (14^4), 201 r.; BoncompagHL’a EulUUin&t XII 3 , 617). 

EJanta-Cru!! (iS 94 ) ^^15 tliat any pnogrcSsitin “ coTneTn^ndo de la vnidad 
dictia continua/^ ® A word also meaning exhibition or exposition. 

word also meaniDg a limit, marking stone, rule, standard, or boundacy 
between two oblects. '^Ed. Fiiedleinr PP- fojjim, 

^ Dutch writers nf the rdtb cantifiy used progrtisio together with such terms as 
di'ng&p {stepping over) add apklirntnin^e (ascending; IltetaiEy, uptlinibiiigl. 

^Although (Ssodern writers ise Jltike. KSbel (1314}, for oxampEe, saya : ''Die 
acht specifls ist ProRressio zv Lalcm/vnnd Fiineien getcutsdit ” in iater Ger¬ 
man FwsBMmg. The terms Aiifsitigttng^ Fortgthujtgj Reik^, and 
are also used, 
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The change to the name ^'series” seems to have been due 
to writers of the 17th century* James Gregory, for example, 
writing in 1671, speaks of "infinite serieses/^ and it ’was in con¬ 
nection with infinite seq’Uences that it was at first used by the 
Britisli algebraists. Even as late as the 1693 edition of his 
algebraj liowevetj Wallis used the expression "infinite progres¬ 
sions” for infinite series. 

Extent of Treatment* Although series was commonly looked 
upon as one of the fundamental operations^ it was rarely ac¬ 
corded much attention in the early printed books. Tiwivel 
(^5^^S)) for example^ gives only 52 lines to both arithmetic 
and geometric progressions, including all definitions and rules; 
while Huswirt (igoi) allows only one page and Digges (1572) 
only two pages to the subject. 

Nearly all the early writers limited the ’work to finding the 
sum of the series,* although a few gave a rule for finding the 
last term of an arithmetic or a geometric series* With these 
writers there was no attempt to justify the rule, the mere state¬ 
ment sufficing. It was only through the influence of a better 
algebraic symbolism in the 17th century that the various cases 
could easily be discussed and the development of rules for all 
these cages made simple. 

Relation to Proportion* The ancient writers commonly con¬ 
nected progression with proportion, or rather with proportion¬ 
ality, to use a name ’which, as already stated, ’wag at one time 
popular; and they applied the names "arithmetic,” "geometric,” 
and "harmonic" to each* Some of the early printed books call 
attention to this relation, saying that a proportion is merely a 
progression of four terms. ^ 

* Thus Padoli (1494); la sesta e penultla s-pecie ditia pratica arithc*. laiile 
(i ch[imiiLa ^greasioe" ( 5 wwei, fol, 37). 

^ Jotiann Albert (^534) dUtiActljy states that this is the sole pitrpost tbc 
work: '^ProRredirri Ic^ict/wiE man viel laln (wetche nach naturiiclier ordnang 
Oder durch gleiche jnEttcl/nsidi einander fol^en) in eineSumTna/aufl&kurtzest vnA 
behcndeat bringen sol*^ [15^^ sd., icJ. E 4), Sec aJeo TteutltLii, 

I, da. 

Trenchant (1566): **. . .car ProErcsaioti n’e^t cjuVne contimtatlon 
dies termea d’vne proportion” (iS ?3 ed.f p- 274)* 
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Arithmetic Series. The first definite trace that we have of an 
arithmetic series as such is in the Ahmes Papyrus (c. 1550 B.c.), 
where two problems are given involving such a sequence. The 
first’ of the problems is as follows: "Divide 100 loaves among 
five persons in such a way that the number of loaves which the 
first two receive shall be equal to one seventh of the number 
that the last three receive.” 

The solution shows that an arithmetic progression is under¬ 
stood, in which n = 5, 5 ^= 100, and 

(g 4- 4 -i- (fl + 3 r/) -I- (rt -f 2 </) _ , ^ 

7 

Then, by modern methods, 2d= iia. 

Therefore 100 = r = . 5 =s 60 g, 

2 

whence ^ = ^=9^* 

Therefore the series is ij, io§, 20, 29J, 38}, although the 
method here given is not the one followed by Ahmes. 

The second problem,’ with its solution as given by Ahmes, 
reads as follows: 

Rule of distributing the differaice. If it is said to thee, corn 
measure 10, among 10 persons, the difference of each person in corn 
measure is i. Take the mean of the measures, namely i. Take i 
from 10, remains 9. Make one half of the difference, namely, -jV' 
Take this 9 times. This gives to thee Ar- Add to it the portion of 
the mean. Then subtract the difference ^ from each portion, [this is 
in order] to reach the conclusion. Make as shown: 

* i i i i i tV» * tV» 

i i ^ i Ar> i i J i\r* 

This may be stated in modern form as follows: Required to 
divide 10 measures among 10 persons so that each person shall 
have J less than the preceding one. 

’ Problem 40 in the Eisenloht translation, p. 7a; Pect, Jtfcind Papyrus, p. 78. 

-No. 64 of the Ebenlohr translation. The version here given is furnished 
by Dr. A. B. Chace. For another translation ace Peet, loc. cH^ p. 107. 
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That h, u = lo, lo, so that 

^ za^{n~\)d 

= = -K = (2(T-|) . 5, 

whence a — and the series is the descending progression 

* ■ "i 1^: 


Connection with Polygonal H'um’bers* The Greeks knew the 
tlieory of arithmetic series, bnt they usually treated it in con^ 
nection with polygonal numbers. For exampICj the following 
are tlie first four triangular numbers; ^ 

4 • • 

4 • 4 4 4 * 

• •• * 4 * 44*4 

*4 4«4 444 * 44444 

i 6 10 15 

It is evident tiiat each triangular number is the sum of the 

rr 

series and the Greeks were well aware of tlie rule for this 
1 

summation,^ 


Chinese "Work in Series^ Nowhere in the very early Chinese 
w'orks do we find any attempt ta sum cither an arithmetic or a 
geometric series." In the written about 

the beginning of the Christian era, or possibly earlier, we find 
the following problem: 

There is a woman who weaves 5 feet the first day, her weaving 
diminishing day after day until, on the last day, she weaves 1 foot. 
If ghe ha& worked 30 days, how much has ahe woven In all ? 

The unknown author then gives this rule: 

Add the amounts woven on the first and last days, take half the 
sum, then multiply by the number of days. 

It is interesting to see that this earliest Chinese problem that 
we have yet found on the subject is, like the second case in the 
Ahmes Papyrus, one involving a descending series,^ 


Heath, Di^^phant^^s, sd ed-, 347; G&w, loc. ciL) p. iqs J Nffi&clmaniii, Alg. 
Griecken, chap. li. ^Mlkaini, CAina, p, iSi ^Nfikami, CjfetM, p. 41. 
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In Europe the rule for the siun was naturally the same as in 
the East, allowing for the difference in language,' and was oc¬ 
casionally put in verse for easy memorizing.^ 

The rule for finding any specified term is given by Cardan 
in his Practica (1539) and by Clavius in his Epitome (1583). 

Geometric Series. The first examples of a geometric series 
yet found are due to the Babylonians, c. 2000 b.c., and tablets 
containing such examples are still extant." In Egyptian mathe¬ 
matics the first problem on this subject thus far found is in 
the Ahmes Papyrus (c. 1550 b.c.)* and reads as follows: 


The one scale. Household 7 

Once gives 2801 Cats 49 

Twice gives 5602 hlice 343 

Four times gives 11204 Barley [spelt] 2301 [jjc] 

Together 19607 Hekt measures 1680 7 

Together 19607 


The left-hand column seems to be intended as a deduction of 
a rule for summing a geometric progression. Probably Ahmes 
saw that if the ratio is equal to the first term, (x„_i+ i)r. 
Thus he found the sum of four terms to be 2800, and to this 
he added i and multiplied the result by 7 in order to obtain the 
sum of five terms. Possibly this is the significance of the ex¬ 
pression "The one scale.” Similarly, in the right-hand column 

^ Thus Id an old MS. at Munich: ” Addir albeg zesam daz erst vnd das leczt, 
vnd daz selb multiplidr mit dem balben der zal des posidonum” (Curtze, Bihl. 
h{ath.y IX (a), 113). 

* Thus Huswirt (1501): 

Si pritQus numerus cum postremo fadat par 
Eius per medid loca singula multiplicabb 
Ast impar medium vult multiplicari locorum. 

That. is. j = ^» (a + /) if (a + 1 ) » odd, but 1 = n • ^ (0 + I) if (a + n Is 
even. The rule for the two cases goes back at least to Fibonacd (1202). See the 
Boncompagoi edition, 1 ,166. By the time of Stifel (1544.) a single rule answered 
for both cases. 'Hilpreebt, Tablets, p. 17, 

* Eisenlohr translation, p. 184, No. 79. The author has used a MS. translation 
from the hieratic, by Dr. A. B, Chace. On this section consult Tropfke, Gesckichte, 
n (i), 3x5 ; Peet, Akmd Papyrus, p. X2i. As in all such cases, reference to Ahmes 
means to the original from which he copied. 
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it is quite passible that Ahmes added four terms, then added r, 
making the 2S01 of the left-hand column,, and finally multiplied 
by 7; but all this is merely conjecturaL 
The problem suggests the familiar one of the seven cats, al¬ 
though here stated quite differently. There is some doubt as to 
the word "household,'* the original word^fif (^r) possibly having 
adifferentmeaning. The^fiAi(^e^<ji)wasamea5Ureofcapadty. 
Essentially, therefore, Ahmes uses a rule based upon the for“ 
mula s = a (r^ ^ 1) / (r — 1). It is interesting to observe that 
a similar problem is given by Fibonacci (1202) and is solved 
in much the same way.'^ 

The Greeks had rules for summing such a series,“ and Euclid 
gave one that may be expressed as follows: 

“ ] 

■ ■ * “1^ 

which amounts to saying that 

a _itr— a 

whence would come our common formula 



The Hindus showed their interest in geometric series chiefly 
in the summation problems. The following t3q)ical problem is 
taken from Bhaskara (j:;-. 1150): 

4 

A person gave a mendicant a couple of cowry shells flr^t; and 
promised a twofold increase of the alms daily. How many 
does he give in a month?’ 


I, jtii f Tropfke, Geschkhte, YI tS- 
^NeaaelmaTin, A!g. Grigchtyt, p, i^a; Eudid, Mkjn-eftts, IX, ^5, 36; Heath, 
Euclid, Vo!. II, p. 420. 

“The wording and sp^Ting Is that of Colebroolte, EAoiABJ'a, p. 55. A 

nishft <to take the better spelling} is 16 x i( 5 - x 4 5 ^ ao cowry ahclU. The cowry 
she!! was then used as a small unit of value. The answer given in the txanila- 
tion h 2,i 4?4S3,646 cowry shells ^ 104,557 itishcas, 9 dramtaoi, 9 paho^, 2 edginis, 
and 6 ahells. See also ibid., p. 291. 
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The Arabs apparently obtained the rule for summation from 
the Greeks^ and it appears in an interesting form in the chess¬ 
board problem in the works of Alberuni (c. looo). 

Medieval Earopeati Rule. The medieval writers apparently 
obtained the rule from the Arabs^ for it appears in the Liber 
A baei o f Fibonacci (1202).^ Th e h rst modern treatment 0 f the 
case is found in the Al^orithmus de Integrh (1410) of Pros- 
docimo de’ Beldamandi.^ Prosdocimo's treatment \s as follows: 

a -f ar-\-izr-{‘ ^ 

I 

which is but little more complicated than our ordinary formula/ 
The same rule is given by Peurbadi* (1::. 1460). It is given 
by Cbuquet (1434) in the form 

rf7r^”^ — a 

s = - 3 

r— I 

and this is the plan used by Simon Jacob (1560)1 Clavius 
(1585!, and others. Stifel (1544) gave the rule in the awk¬ 
ward form of 

ci)ii 

s = “-p 

a method used by Tartagha® (1556), although he ordinarily 
preferred the one given by Prosdocimo de' Beldamandi.® 
The ordinary type of puzzle problem in series^ running 
through all the literature of the subjes;! from the time of the 
Hindus to the 3 9th centuryj may be illustrated by the following 
from Baker (1568) : Marchante hath solde 15 yeardes of 

Satten, the firste yarde for is, the second as, the thyrd 4s, the 

^ Boncompagjni ed, I, 309, under "de dupHcatiiihe scachtrii.’* 

^ First printed at Padua in 14S3, 

in ail sudi cases it is to be undcKtood thit the rule is stated rhetotieany 
in the original wqrfc, the mpdern aigehnitc natation tMing then unknown. 

*It appe&is In hb. EltTHentfs. 4 riiAwietKss M^erithmvt de fiumfrij 
Vienna, 1492. ^General IT, fol. 6, r. 

see fte last problem 011 tlie same page. 
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fourth Sij and so increasing by double progression Geometri¬ 
cal! , ^ the total cost being then required.^ 

Other problems relate to the buying of orchards in which the 
value of the trees increases in geometric series, or to buying a 
number of castles on the same plan. Problems of this kind are 
mentioned later. 

The rule for the sun> of n terms is given by Clavins^ (^5^3) 
and was undoubtedly known to various earlier writers. If we 
designate the elements by a, and s, and if any three of 

these elements are known, then the others can be found. This 
general problem was first stated by Wallis* (1657) and was 
solved for all cases not requiring logarithms. His formula* for 
one of the earliest stated in a form analogous to the one 
used at present^ is _ . 


The first infinite geometric series known to have been 
summed is the one given by Archimedes (c. 225 n.c*) in his 
quadrature of the parabola.^ The series summed is 

t + +(!■)"+■ ■- 

The general formula for summing the infinite series a, ar, 
ar^, -' or", ■' where r < i* was given by Vieta ( t;* 1590). 

Harmonic Series. Pythagoras and his school gave much at¬ 
tention to the cultivation of music, not only as a means of 
exciting or subduing the passions but as an abstract science. 
This led to, or at any rate was connected witli^ the important 

^ 13S0 i>d., fo]. 40. SubstaJlUaUy the $anii£ problem ii given in Trencliant (156(5; 
157S edn p. 592), 

“"Detrabatur pritnus lerminua ab vltimo, £ relSqnus numema per immerum, 
qui'vna imitate mEnot sit, quam denoniniator, diuidatur. Si cnim QuotientE 
v3timu5 terminua, siiie roaiiia extremum adiiciatur, componetur summa omnium 
terminarum " II, <55, of the Spitomi Arithfnilicse f^anHcae) f that 

^ opera., I, cap. iSKiii p- r^S ssq, 

. , . ai terminLiE primus sfiu minimua dicalur A, Enaitmna V, Gommuni'J 
rationis EipohtnE R, & progresaionEa aumiria S” {p. isSL 

« Heath. Araftimedes, chap, viit KJiem tranaiation, p. r.^ 7 . 
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discovery of the relation of the tone to the length of the vibrat¬ 
ing stringj and hence to the introduction of harmonic propor¬ 
tion/ which later writers developed into harmonic series. 

Higher Series. The first instances of the use of arithmetic 
series of higher order were conhned to special cases. The series 
of squares was the earliest to attract attention. Archimedes" 
used geometry to show that 

3 nf + (3 + ' ' * + 

= (h + i) {ndf + + m). 

For a = I this reduces to 

l"" -b 2“ + 3® 4 - ■ ■ * + ^ -J « {n + l) (2 n + i), 

which appears substantially in the Cadex Arcetiaim^ (6th cen¬ 
tury). It is also found in the Hindu literature as shown by the 
works of MahavTra (c. 850)/ 

The sum of the cubes appears in the Cod^x Arc^rianus in 
the form 

l^ + 2® + 3 * + ■ ^' 4 - ro* = (J ^ 10 , 1 1)\ 

The Hindus had rules for finding this sum, and they appear 
in the works of Brahmagupta (j:. 628),* MahavTra {c. &50)/ 
and Bhaskara (c. 1150).“ 

Among the Arabs similar rules are found, as in the svorks of 
al-Karkhl (c. 1020)/ where 

+ 1,0)^ to - + = 383 

10 /]D \a 

and 

^T. GoKiper?, Lei pemeurs ds la Grece, p. iij (Latraanne, 1904} ; H. HankeT, 
Geschichte, p. los ^ GoWf Greek Malh.t p. fifl. 

2 See TTOpfkSf II (i), jiS, cin tie entiTie topic. On Ltds point set 

the Heiberg edition of Atckimede^i II (r),. 34. 

“ English tTaialartion, p. 170. * CoJebnookt's tianslationj p. 39^. 

■^P. 171. ° Cotebrookfi’s translation, p. 

TSec Woepeke*^ translation of tht pp, 60, 6 t. 
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Fibonacd^ and various other medieval scholars gave 

the same treatment of the subject. In the Liber Qnadratorum^ 
(122$) Fibonacci also gave the related forms 

12 (i^ F 3“ + 5^ + * — -f- ?z-} = JL (?z -I- 2) (2 ;z 2) when n is odd 
and 

12 (2^ + 4^ + 6“ + ■ ■ ■ F F 2) (2 u + 2) when n is even. 

That the sum of the cubes may be found by adding the odd 
numbers is apparent from the following relations: 

3"= 5 + S. 

7 + 9 + ir. 

H 

and so on. This method of finding known to Nicom- 

1 

aohus (c, 100). The general formula 

i^ + 3’+ 3’+-Fi)]‘ 

appears in substance in PaciolPs Suma^ (1494), but was 
already known. 

A rule for summing the fourth powers, which may be ex¬ 
pressed by 

appears in the Key of CoTnputation of al-Kashi (c. 1430).^ 

Bernoulli lumbers. The case of 2 ^" attracted attention in 
the 17th century, but the rule is first found in the Ars Conjee^ 
tandi^ (1713) of Jacques Bernoulli and involves ivhat Euler‘S 

I, i' 6 'f (fol. ?o, v.). H, ■363, 264. ®Fol. 44. r., I. 25. 

*The Mifidh ai-^isdb of jemshtd itiii ibn Mabmud G-iyIli cd-dJn flJ- 

Kasbi (died c. 1436)- 

'’ 11 , cap. 3 , p. Tropfkifc, Geschkhte^ VI (s), 24- 

^^InstUatkn&t ailcuii dtffersmitjlis, II, & 124 CFetrograd, Eultr's words 

ate " ab inventory Jacobo BemouIH vocatl Eolent BernciiiTli 3 .rti ” 



SERIES 


506 


designated as the '^Bernoulli Numbers.’^ These numbers (A, 
B, Q n) appear in the following summation of powers as given 
by Bernoulli 



I 

c-{- 1 


- f/^+ - — 

2 3 2 . 3^4 

. c , c—I . c—2. . £ — % .^“4 
+ ^— -- —yr - 

3 . 3 . 4 . 3 ^ d 








3 . 3 ■ 4 * S . d . ; . S 


where 


Ax I, 




Cx 


— sVi - 


and where » expresses equality; and the method of deriving 
these values is also given. 

Revival of lafinite Series* The interest in the infinitesimal as 
an element in analysis, which manifeBted itself about the be¬ 
ginning of the 17th century^ carried with it the notion of an 
infinite number of elements* Partly, no doubt, on this account 
the study of series with an infinite number of terms, already 
known to the Greeks, was revived, and the idea of products with 
an infinite number of factors was suggested* 

The first of these products of any special interest has al¬ 
ready^ been mentioned as due to Vieta (1593)* It may be 
expressed in modern form® as 


TT 



"Na NI2 2 2 N2 


and this, with others of the same nature, has already been con¬ 
sidered in this work.* 

There are three general periods in the later development of 
infinite series:" (i) the period of Newton and Leibniz,-—that 


'^An Conjeclandiy p. ^7. -Vo], T, p. 31 j. 

^See the Van Schuntjen edition of works* p. ,3(jo. 

^For logarithitiEc aeriea* see pige 313 and VolLunc I, pn^ge 434, 

* R. ReiiF* tJfijirAsfAtc der wnendUchen R^ih^n, 'riiblngen, rSE^. See also, for 
comparison* H. Wieleitner* "Zur Gcschichfe der unendKcben Rnhen sm ebrist- 
lichen Mittelatter,^ i^ibLMaik., XIV (3), i^o - Tropfko* Ctickichie, VI (a), 34, 
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of its introduction; (2) the period of Euler,—the forinal stage; 
(3) the modern period,—that of the scientific investigation of 
the validity of infinite series. This third period, which may be 
designated as the critical one, began in 1S12 with the publica¬ 
tion of Gausses celebrated memoir on the series 


1 


^ ^ ^ I) - g ^ (^+ i) ^ 

1*7 I .3.7 . (7+ I) 


Euler had already considered this series, but Gauss was the 
first to master it, and under the name of "hypergeometric 
series/^ due to Pfaff (1765-1335), it has since occupied the at¬ 
tention of a large number of matbematidans. The particular 
series is not so important as the standard of criticism which 
Gauss set up, embodying the simpler criteria of convergence 
and the questions of remainders and the range of convergence. 

Cauchy (1S21) took up the study of infinite series and elabo¬ 
rated the theory of convergence which James Gregory (166S) 
had already begun and to which Maclaurin, Euler, and Gauss 
had made noteworthy contributions.^ The term "convergent 
series” is due to Gregory (166S) and the term ^'divergent 
series^’ to Nicolas (I) Bernoulli (1713).“ 

Abel (1S26) gave careful study to the series 



x-Y- 


I ^ “T " " " j 


correcting certain of Cauchy^5 conclusions and giving a scien¬ 
tific summation of the series for complex values of nt and x. 

Bmomial Theorem. The development of (a-f-i)" for any 
integral value of «, or at least a device for finding the coeffi¬ 
cients, was known in the East long before it appeared in Europe. 
The case of w = 2 was also known to Euchd (c. 300 but 

any e\ndence of the generaliaation of the law for other values 


1 On tine history oi criteria of conveigenre see F. Cajon, in ttic of tile 

New York Afath. Soc.^ II, i j aee ;ilso HI, t®&. 

^ F. Cajorj, BwilEtin of the Amer. Math. Soa.^ XXlX, 55. 

TL For a symmaxy of hfi work on algebraic identities see Kcswl- 
mannp Grkchen^ p. 154. 
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of jj first appears, so far as we know, in the algebra of Omar 
Khayyam (c. 1100). This writer did not ^ve the law, but he 
asserted that he could find the fourth, fifth, EJKth, and higher 
roots of numbers by a law that he had discovered and which 
did not depend upon geometric figures/ He states that this 
law was set forth by him in another work, but of this work there 
seems to be no copy extant. 

Pascal Triangle* In one of the works of Chu Shi-kie (1303), 
the greatest of the Ounese algebraists of his time, the triangular 
arrangement of the coefficients is given in the following form, 

X 

I I 

121 
I $ 3 I 
I 4 6 4 J 

r 5 10 10 5 I 


a form now commonly known as the Pascal TriangleH" 

This triangular array first appeared in print on the title-page 
of the arithmetic of Apianus (153 7), as shown in the illustration 
on page 50^/ In the form 

I 3 I 

1 3 3 i 

14641 
I 5 ro Eo 5 r 

ciT'iiipos^ un oiivtage sur Ja d^raonstratioci de T'exactitude de cfea 
mitliodes- * . . ai, en outre, augmfttiti Ics cspices, c’et-a-dlre cluc j’ai 
enaeigne ^ trouver lea cotia du carri^carrrfj t3u qua^ato-cube, du. ciibo- 
eube, etc., a unc etendue qyelcojiEiue, ct qu’ort pea fait prccfidtmrncnt. 

Lea dwnonstratioTfi que j’ai donneea a cette cccasion ne sont que dts d^ln[]naL^a- 
tioTis arithm^tiques ” TranaUted by F. Woepckift, l/Alg^bre d'Omar jJfiAdyyfltnl, 
Jj. r3 (Faria, 1S51I. 

^Mikami, China, p. ro6. 

*Ott the general subject see H. BDitnans, "Noto hiatorique sur le Triangle 
a^itl«^^t^que, dlt de Paacal,^' dnnaiei dp k SodilS dt Ertixtiles, 

XXXIf October, iqod' Tropflte, GesihicktSi \T (i)j 37, 


■)0iitiO !volgfcsr6'norc „„ 

[ nurig in i>Eevf« fchontn 

i vti fragf^ticfciT grtflrn * ^Bun&cr^ 
iict) n?4a f&irl rjirr^) m ter 

SX?£lfcf)Sf)ractfciti?ti Colletrtgc^iwd^t 
tee ^^^l^r«^^l(^ xci^et «i 

^Cecr^fdjcr itc^b m tDclfd^er |J>Meb 
getJticfc. t«rcb peorirm ^ptrtnii 
£.? v/rjiicF/t 

ti 4 /vtrfcm^c^. 
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PASCAL TEIANGL:e AS FXEIST PRINTED^ 1S27 

Title-pagt ^ tit ariUmieUc of Petrua ApianusK Ingolstadtj more tbati a 

centuty btfai^ Pascal investigated the proptftiej of the Erian|le 
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it is first found in StifeFs Aritkmetica Iniegra (1544), appear¬ 
ing a year later in the De N^meris ct Diversis Rationidvs of 
Scheubel (1545). It also appears in the various editions of 
Peletier^s arithmetic (Poitiers^ 1549 and later). Tartaglia 
(1556) gave it as his own invention/ and soon after his time 
it became common property. Bombelli (i57^)j ^or example, 
gave the coefficients for aU powers of is 4 - up to the seventh^ 
using them in finding corresponding roots," and Oughtred 
(1631) gave them up to the tenth power/ The triangular array 
was investigated by Pascal (1654) under a new forna, sub¬ 
stantially as follows: ^ 


I 2 3 4 5 6 7 8 9 io 



He made numerous discoveries relating to this array and set 
them forth in his TraU^ du triangle arithmitique,'^ published 

TTcif-ffliff, eg, v.'i 'ji, ii. (Venictt 5356). p. 64, 

Cajori] W-iiOn'Di OugfttTtd,p. ag (Chka^o, igiQ). 

*Tbis is from the plate in Pascal's (Evvks, Vol. V {Pa^b, The deatrlp- 

tion is given on pages r-S<i. In the eri^lnal there are difieotiAls in the s-bove 
fiEur*- Set abo Troptbe, Cejcfcbfti-e, VI 

®" Le nombte dc ^aque ■ceUuSe est Igal L celui de 3 a ceiluie qui la prietde dans 
soil ranE perpendkuJaire, plu& i ctlui die la cclluJe qul la precede dans, son rang 
parall^le ** (<^uvrssj V, 3) f Paris, iSiq) . 
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posthumously in 1665, and among these was essentially our 
present Binomial Theorem for positive integral exponents. 
After this time the triangular 
array was common in the East 
as well as in the West. 

Generalization of the BinO' 
mial Theorein. The gene rali?.a- 
tion of the binomial theorem 
for negative and fractional 
values of h Is due to Newtouj 
who set it forth in letters 
which he wrote to Oldenburg 
on June 13^1676, and October 
24, 1676/ 

The proof of the Binomial 
Theorem was slowly devel¬ 
oped by later writers. Among 
those who contributed to a 
satisfactory demonstration 
were Maclaurin^ for rational 
values of h, Giovanni Fran¬ 
cesco M. M. Salvemini (de 
Castillon)-'’ and Kastner 
(1745)^ for integral values, 

Euler^ (1774) for fractional exponents, and AbeF (c. rS 35 ) 
for general values of «, taking t? as a complex number. 

^ See Epi^ioUcttm-f London, lyis ■ cd., pp. i^if Xn hia 

JetLer of October 54 he proceeds from (i—p —(r — to 

and (l — ''vei ^encraJitirr T — | and finds, for eiample, 

that " i — jcx\^ vfllettt i — tV-*^ On the doubtful assertiftn 

thftt Pascal may have anticipated this discovery, see fl. Enestrom, Ei&L Math.j 
V (3), 72. 

2 TrenJise oj Fluxwm^ p. 607 (1741). 

Bom at Castiglione, 170S; died 1701. See PAfL rraas., XLEf (1743)1 9r- He 
used the theory of combinatians. See page 326. ■tCantor^ III, 66c. 

■s JV'fluf rpjnffteMi, Pf.irop,, XIX, 203; see Tropfke, Ge^chishts, U (1)1 ^ 3 1. Sec 
aleo tbe Englisb translation of Euler’s Algebra, 1 , 272,177 (Lcmdoiii, ad ed.j iSio). 

®The artide appeared posthumousSy in CrtUe’s JourK^l-, I C1B2&)) 
also Abel^ (Euvrei:, 1 , 119 (Chnatiania, last). 
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The generalization of the Binomial llieorem into the Poly¬ 
nomial Theorem was due chiefly to Leibniz (1695)^ Jacques 
Bemoullij and De Moivre/ 

Finite Differences* The treatment of series by the method of 
finite differences appeared in the 17th century. In 1673 Leibnia 
wrote to Oldenburg concerning the following scheme of treating 
the series of cubes: 



0 

0 


0 



6 

6 


6 


6 


6 

12 

IS 


24 


30 

7 

19 


37 


61 

91 

I 
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27 


64 
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He said that John Pell attributed the discovery to Gabriel 
Moutonj of Lyons.^ 

Taylor^s Formula and Maciaurin^s Formula, In 1715 Brook 
Taylor published the formula which bears his namOj and which 
we now express as follow s: 

f{« + ’t) =/W + hf\s) + 

It was not until 1742 that Colin Maclaurin published the 
corresponding formula 

f¥) =/(o)++^/'{o)+■ ■ 

a relation that is easily derived from the preceding one.* 

Trigonometric Series* The development of trigonometric func- 
tions in series first attracted the attention of mathematicians 

Jloivre's ardclea appeared fti tiit Phil. Trans., XDC XX^ ipo, 

i Conimtrdufn EpistoUc-vm, p. 109 CLoadoiij i?i2; 173^ isij, Gabriel Mauton, 
born at Lyoris, died at September sSj ie.g4. He suggested a 

system of measures not unlilae the metriic system. 

^Mrthcdiis IttcremfnUiriim directs et inversa, prop. 7 (Landin, 1715). The 
series had dready been announced by Eum in 1713. 

A CampliiU Sysiem p/Edinburgbj i£74J, 
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in the r7th century^ To James Gregory (1671) are due the 
following: ^ 

X = tan J tan^ af +1 tan® jc — f tan^ 

tan =:s; + i -, 

sec af = I + ^ ^ a:* -I- rf^x'^+ - ^ 

He also gave the important series 
arc tan at — i — + 

but this is easily deduced from the one given above for tao 
Newton^ gave (c* 1669) the anti trigonometric series for arc 
sin essentially as follows: 

arc sin a: = sin" ^ = + + j H- »* % 

LogaTithmie Series^ The idea of expressing a logarithm by 
means of a series seems to have originated with Gregory and to 
have been elaborated by Nicolaus Mercator^ (i667)j who dis¬ 
covered, for a special case at least, the relation 

log (l -Hi?) = + —+ 

’where i ^ > — i. 

The value of Mercator’s and Gregory’s contributions was 
recognised by Wallis in re’vie’ws which he wrote of their works/ 


12* LoGAUtTHMS 

Technical Terms* The word "logarithm”' means "ratio num¬ 
ber” and was an afterthought with Napier. He first used the 
expression "artificial number,” but before he announced his 
discovery he adopted the name by which it is now known." 

iTtn^se went cflirmuHicated to Collina in a letter from Grogory* See the 
Cotnmerciam Episiolicvm, London, 171a; ed., pp. oSj aion^ 

^CiFfnm^riKim EpisioUcitm, pp. 97, laO; Tropftje> VI {a>, 4&. 

^ Logarithmotecknia stve wwtftfldiw iogarithmoi Lonnon,, 

t 646. Thfi theory was ’worked out the year before. 

Trims.-, ld6S, pp. 640^ 7 ^ 3 . 

From tb* Greek {log'os}, ratio^ + ipiBfiit i{trithmos^}i numbtf* 

*ThU fact is enfident Irona his IfescnpHn, ed. 
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Briggs introduced (1624) the word ’'mantissa.” It is a late 
Latin term of Etruscan origin, originally meaning an addition, 
a makeweight, or something of minor value, and was written 
mantisa. In the i6th century it came to be written mantissa 
and to mean "appendix,”^ and in this sense it was probably 
considered by Briggs. The name also appyears in connection 
with decimals in Wallis’s Algebra (1685), but it was not com¬ 
monly used until Euler adopted it in his Introductio in analysin 
infinitorum (1748). Gauss suggested using it for the fractional 
part of all decimals.* 

The term "characteristic” was suggested by Briggs (1624) 
and is used in the 1628 edition of Vlacq.* 

The characteristic was printed in the early tables, and it was 
not until well into the i8th century that the custom of printing 
only the mantissas became generally established. 

Napier’s Invention. So far as Napier’s invention is concerned. 
Lord Moulton expressed the fact very clearly when he said:* 

The invention of logarithms came on the world as a bolt from the 
blue. No previous work had led up to it, foreshadowed it or heralded 
its arrival. It stands isolated, breaking in upon human thought 
abruptly without borrowing from the work of other intellects or fol¬ 
lowing known lines of mathematical thought. 

Napier worked at least twenty years upon the theory. His 
idea was to simplify multiplications involving sines, and it was 
a later thought that included other operations, applying loga¬ 
rithms to numbers in general. He may have been led to his 
discovery by the relation 

sin^ sin^(cos A-^B — cos A+B\ 

iWith this meaning it appeared as late as 1701 in J. C. Sturm, Malhesis 
juvenaUs. 

*”Si fractio communis in decimalcro convertitur, scriem figurarum dedmalium 
. . . fractionis manthsttm vocamus ...” See E. Hoppe, "Notiz zur Geschichte 
dcr Logarithmcntafcln,” MiltkeUungm der math. Gesellsck. in Hamburg, IV, 52. 

. . prima nota versus slnistram, quam Characteristicam appellare poteri- 
mus . . .” It again appeared in Mercator’s LogorithmoUchma (i66«). 

4 "Inaugural Address: The Invention of Logarithms,” Napier Tercentenary 
Memorial Volume, p. 1 (London, 1915). 
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for^ as Lord iMoulton says, in no other way can we "conceive 
that the man to whom so bold an idea occurred should have 
so needlessly and so aimlessly restricted himself to sines in 
his work^ instead of re^jarding it as applicable to numbers 
generally.” 

Napier published his De^criptio'^ of the table of logarithms 
in 1614. This was at once translated into English by Edward 
Wright," but with the logarithms contracted by one figure. 

In Napier’s time sin (p was a line^ not a ratio. The radius 
was called the sinus totus, and w^hen this was equal to unity the 
length of the sine was simply stated as sin If ?' was not 
unity, the length was t sin^. With this statement we may 
consider Napier^s definition of a logarithm: 

The Logarithme therefore of any sine is a number very neerely 
expressing the line, which increased equally in the meane time, whiles 
the line of the whole sine decreased proportionally into that sine, 
both motions being equal-timed, and the beginning equally swift. 

From this it follows that the logarithm of the jinwy is 
zero, Napier saw later that it was better to take log i = o,'* 

Napier then lays down certain laws relating to proportions, 
which may be stated sjTnbolicady as follows: 

1. If a: b = t :df then log b — log a = log d — log c, 

2. If a:b = b:c^ then log c — a log b “ log a. 

3. If a:b = b\c, then 2 log A = log a -H log c. 

4. If a:b = c:df then log d => log & -H log c — log a. 

5. If a: b ■= c:d, then log + log c = log c -b log d, 

d. If a:b = b\c = c:dj then 3 log ^ 2 log if H- log d and 

3 log c = log a + 2 log d. 

Logariihmoruta Cawfmij Des^ripHOy 1614. 

Description of the Admirable Table of London, ifiiS, pah- 

lishcd after WriKl]t ^5 dtath. 

translatian of the Descripiio-, pp. 4, 5 ' 

'^As to the priority nf this idea, see G. A. Gibson, "XapsEr's Tociarithtns and 
the change to Brigga’^ lOEariUnns,” in the Napier Tercentenary MtTnoriai l^obtme, 
p, 114 (London, 151$); thlsi volume shO'Uld be consulted on all details of this 
kind. See also Dr. Glaishcr’i article on lo^aritbrnfi ui Uil^ eleventh editJon oi the 
Bncyclopadia PritanKica. 
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The system was, therefore, designed primarily for tTigonom- 
etryj but would also have been valuable for purposes of ordi¬ 
nary computation had not a better plan been suggested ^ 

Napier also wrote a work on the coristruction of a table,^ 
which was published posthumously as part of the i6ig edition 
of the Description 

Napier’s logaiitlims are not those of the so-called Napierian^ 
or hyperbolic, system^ but are connected with this system by 
the relation log„ a = ■ log^ lo' — lo— log^ a. The relation 

between the sine and its logarithm in Napier^s system is 

ioza ^ 

sin 4 ’ — ^ ■ e 

so that the sine increases as its logarithm decreases. 

Briggses System, Henry Briggs^ professor of geometry at 
Gresham College, London, and afterwards Savilian professor 
of geometry at Ojiford^ was one of the hrst to appreciate the 
work of Napier. Upon reading the Descriptio (1^14) he wrote: 

Naper, Lord of Markinston^ hath set my head and hands at work 
with his new and admirable logatithms. I hope to see him this $um- 
meCj if it please God; for I never saw a book which pleased me 
better,, and made me more wonder* 

He visited Merchiston in 1&15 and suggested another base, 
of which, however, Napier had already been thinking. In 
Briggs’s Arithmetics Logaritktmea the preface, written by 
Vlacq, contains the following statement® by the author of the 
work itself: 

That these logarithms diHar from those which that illustrious man, 
the Baron of Merchiston published in his Cation Alirificus must not 
surprise you* For I myself, when expounding their doctrine publicly 
in London to my auditors in Gresham College, remarked that it would 
be much more convenient that 0 should be kept for the logarithm of 

tdififici ipfius {^isnffnis 

^ Atilhmetica Loiafiihrnica Live Lpganthmonim CMiarfej Trigiata (London, 
1614), prefaoe. The oripjnal is in Latin; the translation at the statement is from 
?he tfapicr Tercentenary Metncrid Vciumc. 
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the whole sine in the Canon Alirtftcus), . + , And concerning 
that matter I wrote immediately to the author himself; and as soon 
as tho season of the year and the vacation of my public duties of in¬ 
struction permitted I Journeyed to Edinburgh, where, being most bos* 
pitabiy received by hini^ I lingered for a whole month. But as wc 
talked over the change in logarithms he said that he had for some 
time been of the same opinion and had wished to accomplish it. . . . 
He was of the opinion that . * . o should be the logari^im of unity h 

The real value of the proposition inade by Briggs at this time 
was that he considered the values of log 10**^ for all values of n. 
The relation between the two systems as they hrst stood may 
be indicated as follows: 

Napier, logy = “ iog^y), where r = lo'; 

Briggs, log y = io^(io. - ; 

Napier (later suggestion), logy = lo^log^y. 

The first table of logarithms of trigonometric functions to 
the base 10 was made by Gunter^ a colleague of Briggs at 
Gresham College^ and was published in London in 1620.^ 

The Base In the 1618 edition of Edward Wright^s trans¬ 
lation of the BescripHo there is printed an appendix^ probably 
written by Oughtredj in which there is the equivalent of the 
statement that log, ro ^2.30^584, thus recognising the base e. 

Two years later (1620) John SpeidelP published his New 
Li>garUh?neSj also using this base. He stated substantially that 

log n— 10“ ^ (nap log 1 — nap log b) , 
or log n = i[o'{io-hlog. TO”®!). 

ContinjentaL Recognition. The same year (1624) that Briggs 
published his Arithmetica Logariiktmca Kepler’s first table ap¬ 
peared. A year later Wingate’s ArUhmetiqve LogariikTn'iqve 
(Paris, 1625) gave the logarithms of numbers from i to xooOj 
together with Gunter’s logarithmic sines and tangents. 

'‘■Canon TriangvionitK-, jitj# Tabuiot Sinuum ft Tangenlium. 

^See THapifr T^rc^nt^naTy Memoruil VoiMwe, p^p. 13J> aar; F. Cajon, 
of EJeiw, p. 164, rev. ed. (N.V„ 1^17), and Hiitory (?f Math^ p. 135. 

rev. cd, {N.Y., ipio). 

It 
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Holland was the third Continental country to recognize the 
work of Napier and Briggs. In 1636 there was published a 
work^ by Adriaen Vlacqi“ assisted by Ezechiel de Decker. In 
162 S Vlacq republished Briggs’s tables,® filling the gap from 
20,000 to 90,000. The tables in this work were reprinted in 
London by George Miller in 1631,* It is interesting to note that 
the neKt complete edition of Vlatq’s tables appeared in China.'^ 
In Germany the theory was first made known by Johann 
Faulhaber'’ (1630). 

Logarithms in Arithmetic, By the middle of the seventeenth 
century, logarithms found their way into elementary arith¬ 
metics, as is seen in Hartwell’s (1646) edition of Recorde’s 
GrQjtnd of Artes,^ where it is said that ^*for the extraction of all 
sorts of roots, the table of Logarithmes set forth by M. Briggs 
are most excellent, and readyd’ Thereafter they were occa-^ 
sionally found in textbooks of this kind, both in Great Britain 
and on the Continent, 

Foreruniijers of Biirgi, Napier approached logarithms from 
the standpoint of geometry, whereas at the present time we 
approach the subject from the relation This 

relation was known to Archimedes^ and to various later writers. 
More generally, if we take the two series 

01234567 

and 1 2 4 3 16 32 64 


^ Eersie Dcel ^^a?^ de E’ieitist T'eijtcmji, Gnuda, Set D, Blertns de naan 
in Boncouipagni^a 2 dj, 223; J, W. L. GlaisiLer,. "Notice n.-speclLne 

S(Ome new facts Ih the early LLstnjry of logarithTnic tiblcjs," Fhilxisojtk, ^^as., 
October, 

®Eom at Goudi, c. died aiter 165;. The couimcm Duteb aiieillng is now 
Vlack. 

^. 4 n^Am.fiiica Lty^vriiknika, Gcluda^ 162 S. It. was al.^ publj&bcd with a French 
title-page. jl/ilfrjBcijAffi London, 1C31. 

^Afagnui Cofiott Lagarii&fsti^r'ntn- . , . TysCij Situntilnn in Anla Fekinmsi 
. . 1^21. 

*Inginkur^Schiil, enier Theil, darinen dm Canonem LogotithtniiHim 
. , . , Frankfort, rCi^a, FaqlhfUier was born at Uljn, May ijSo; died at 
mm, 1633. f Also the editions of XCb! and r66e. 

® Opera omma, ed. Heiberg, ad iid., 11,^4^; Heath, dr/;h}itiedss, p. 130. 
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the first one being arithmetic and the second one being geo¬ 
metric^ We see that the latter may be written as follows: 

3^ 2' 2' 3® 3* 2 » 2" 2 ^ 

From this it is evident that 

2 *, ( 3 ^)^= 2 ^ 

which are the fundamental laws of logarithms. 

Most writers' refer to Stifel as the first to set forth these 
basal laws, and we shall see that he did set them forth very 
clearly; but he was by no means the first to do so, nor did they 
first appear even in his century. Probably the best of the state¬ 
ments concerning them which appeared in the isth century 
were those of Chuquet in Le Triparty en la Science des Nom^- 
brejy^ written in 1434^ from which Estienne de la Roche copied 
so freely in his Lansmethique of 1520. Chuquet expressed 
very clearly the relations 


and = rt"'" 

in connection with the double series to which reference^ has 
been made, calling special attention to the latter law as "a 
secret*^ of proportional numbers.* 

them is KSstner, Gfschiiikt^ der Matkrmatik, I, 119, who has bten 
geiWiraTiy f oUowed in this matter. S« als* Tb. MiiUer, Der EssUngiir Mathenuiiik^ 
Michael Prog,, p. 16 {Esslingen, whsTe tJie Author states^ '“Dies iat 
das altesti' Buth/ sagt Strobel, ’in wetchem die VerKlcichunE des arilimeti&cliEn 
Reihe mit der geometrijehen ala der Grund der Lo^irithmen vorkoiLmt.*" 

Mudi of the work on this topic api>cftred in the author's paper published in 
the ifdpkr TircenUnary Memsriai Voiume, p. St (Lrindon^ 1915). 

3 "B coTivient pci5er pluses nSbres pporcionalj qomancans 1 t. constituez en 
ti^onnaoce continuee come 1.24.3.16.3s, &q, ou .r.3.5.2?. Spt. <11 Maintenaot con- 
uifint seauoir iiue .i, represente et «t ou lieu des nomhres dot let denam'''’e5t .o./;. 
represente et est ou lieu des premiers dont Icyr dcnomlacioo cst ,i ./4. dent Ic lieu 
des second^ dont leur denomlacton est .2. Et c$t ou lieu des tier? ,16, dent la 
place des quartz’' <foL 36» v., of the Tripariy). ThEs is taken from the copy- madfi 
by A, Marre from the original manuscTipt. BoncottipaRni published it in the 
BitlleiLino, XIII, seq.H fol. S6, v-t being on page 740. 

''tILSemBJenient qui muittplie 4. qui est nombre socond par .3, qui eat nombre 
tiers moEitent .32. qul est noinbre quml ... <![. En cestc consideration est malfeste 
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It is diificult to say when a plan of this kind first appears in 
print, because it is usually hinted at before it is stated defi¬ 
nitely. Perhaps it is safe, howeverj to assign it to Rndolff’s 
Kitmtlkhf. rechmng of 1526, where the double series is given 
and the tnultiphcation principle is dearly set forth; ^ and inas¬ 
much as this work had great influence on Stifel, who in turn 
influenced Jacob, Clavius^ and Biirgi, it was somewhat epoch- 
making. 

The nest writer to refer to the matter was probably Apianus 
(1527), who followed Rudolff so closely as to be entitled to 
little credit for what he did. 

Following Apianus, the first arithmetician of any standing 
who seems to have had a viaon of the importance of this rela¬ 
tion was Gemma Frisius (ig4o)j W'ho gave the law with rela¬ 
tion to the double array 

3 9 37 Si 243 729 

0 1 3 3 4 5 , 

saying that the product of two mimberg occupies a place indi¬ 
cated by the sum of their places (3 x9 occupying the place 
indicated by i i- 2j or 3), and that the square of a number In 
the fifth place occupies the 2 X 5th place.^ 

The first arithmetician to take a long step in advance of 
Rudolff was Stifel (1544), the commentator (1553) on Z>ie 

vnf! secret qui esC ea nombrea ^potcianatz. Ceat que qui multiplie vns noinhrt 
jpporcional tn aoy I] tn •viZt le nombrc du douhlt de sa. dfiuiiiijatian critic qui 
mCtiplie .6. qui tieia en aoy II en vient .64. qu.i cat sb:*. Et .16. qui cat qu^tt 
maUiplie en soy, I) en doit vttiir 35G, qyi eat huyt^. Et qui multtplie qiu 
cst le ^jporctorLal psir ,^i3. qui est k q*, U en doit venir 65:536. qui eat le 16* ” 
{ibid., p. 

^'^Nun merckwenn du zwo sateu init ednindfir miiUlplidrat/ Tidltu wiaaen die 
atftt des quocients/ adder die zalen der natuFlichen ordnun^ sq ob den zweyen nut 
einandcr gnimltiplidrten aaltji K^fundtu/ dj coIlKt bericht dich. Als wtu ich 
S multiplicir mit 16, muss komen laB. darumb das 3 vnd 4 so vber dem S vutid 16 
Ecscbrlben zuaamen geaddirt 7 macheu.” He gives sevec^ eigiaptea, but goK no 
lortber with the law. 

Si "Si euiTn dues quoscuuque «i hia numeria Inuicem inultiplicaucria, produce 
tCimque per primum divlseria,. producatur uumetua co loco ponendus, qufi duo facts, 
indicabunt. - .” (ed, ijS5, fol. e 2, i'., and note by Pe]etler{PeletaTius)i foL 7S, t,.). 
The relation is not 50 ckar as iu some of the otter textSij on actouut of the 
arraneement of the aeries. 
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Ccfjj* It is notj however^ in this work ihat the theory is set 
forthj but in the Arit/imetica Integm of 1544. Stifel here re¬ 
fers several tirnes to the laws of exponents. At Jirst he uses 
the series 

o I 3 3 4 5 6 7 S 

^ s 4 8 e6 32 64 12S 256^ 

distiiictly calling the upper numbers exponents^ and saying 
that the exponents of the factors are added to produce the ex¬ 
ponent of the product and subtracted to produce the exponent 
of the quotient.^ Moreover, he expressly lays down four laws, 
namely^ that addition in arithmetic progression corresponds 
to multiplication in geometric progression, that subtraction cor¬ 
responds to division, multiplication to the finding of powers, 
and division to the extracting of roots. Furthermore, Stifel not 
only set forth the laws for positive exponents but also saw the 
great importance of considering the negative exponents of the 
base which he selected, using the series 

“5 “I o T 2 3 4 5 6 

i ‘I } I 2 4 8 rd 32 64 

and making tlie significant remark: ''I might write a whole 
book concerning the marvellous things relating to numbers, 
but I must refrain and leave these things with eyes closed.*^* 
What these mysteries were we can only conjecture. 


^ '^QualEcunq^ fgdt Aritlireufctltfl. propressio additione, & Bubtractiom, talts facit 
progressio Geomctrica multipUcattonef & diuUionc. ut plen* osttniJi lib. i, cipite 
de geomet. progres. Vide ergo, 

n 2. 3. 4. 5. 6. ?. S. 

2. 4. S- 16. 32. 64. 138, 1^6. 

Sicut es additione (Ec superEore ordiEie) 3 ad g fiunt B, sit (Jn inferiore ordinel 
tx muldplicatione 8 in ^2 Hunt Est sutem 3 esponena ipsius ottonarij^ & 5 
C5t exponena 33^3 est erponena numerl 236, Item ^itut in ordine superimn, « 
Eubtractione 3 dc nemBinent 4., ita in inftriDri ordine ei diuislone 128 per 3, 
fiunt ifi" {fols, 23<S, 237), 

It will he noticed that he sp&aks of 8 as ''CKponens numeri 556/' and not as the 
exponent of 2, but this has uo signifkante with respect to the theory. 

s "Passet hie iere nouus iiber Integer scribi de mirabiiibus iiunwrorum, &ea 
oportet ut me hk subduct, Sl clausis oc uJls aheS.” 
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A Dumner of French writers of this period were also aware 
of the law, and Pektier' (^549) stated it dearly for the case of 
multipUcation, Five years later Claude de Boissiere elaborated 
this treatment and spoke of the '’marvellous operations'^ which 
can be performed by means of the related series. Two years 
after Boissiere's work was published the theory was again given 
by Forcadel (1565), with a statement tliat the idea was due to 
Archimedes, that it was to be found in Euclid^ and that Gemma 
Frisius had written upon it. Ramus recognized its value but 
added nothing to it or to its possible applications. WTien, 
however, Schoner eanre to write his commentary on the work 
of RamuSj in 15S6, a decided advance was made^ for not only 
did he give the usual series for positive e^tponents, but, like 
Stifeb he used the geometric progressions with fractions as wellj 
although, as stated above^ not with negative eaqxinents. Further^ 
he used the word index where Stifel had used "exponent/’ 
and, like this noteworthy writer, gave evidence of an apprecia¬ 
tion of the importance of the law^ In general the French 
writers already named (and in the list should also be included 
tlie name of Chau vet) paid no attention to any of the laws 
except that of multiplication, while the German writers, fol¬ 
lowing the lead of Stifeb took the broader view of the theory. 
This was not always the case^ for Sigismund SuevuSj a German 
arithmeticiaD who wrote as late as 1593^ did not go beyond the 
limits set by most of the French arithmeticians; but in general 
the German writers were in the lead. This is particularly true 
of Simon Jacob (1563), who followed Stilel closely, recognizing 
all four laws, and, as is well known, influencing Jobst Biirgi, 
These writers did not use the general exponents essential to 
logarithms, but the recognition of the four laws is significant. 

^ The extract here given ia iro-m the iiSo^ edition of rArkhmeUqve, p. (5?. In 
speaking cif the series 

3 6 li 2^ 48 56 

012343 

he says : s^auoir qui est Ic ndbre qrii eschet QcLificme Hen en ceste Piogrea- 

Sion Dfluble le dioiEC ^S, qui est aur 4, par le premier nombre de la FrogresaioTi, 
3: prouiennent 16 ; lesquels je multipJic par qui est sur 3 ; (car 4 fr s font 9) 
prouiendTont iS.lb, qiii sera It nombre i mettre au neufleme Iku.'" 
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Biirgi and the Prog ress T abuleiL. In 16 2 o Jobst BUrgi published 
his Progress Tabulen, a work conceived some years earlier. As 
stated above^ it is well known that he was influenced l:iy Simon 
Jacobis work* The tables were printed at Prag and are simply 
lists of antilogarithms with base i*oooi. The logarithm is 
printed in red in the top line and the left-hand columnj and the 
antilogarithms are in blacky and hence Burgi calls tlie logarithm 
Die Rothe ZahL The first part of his table is as follows: 


B 

! 0 1 

500 

1000 

ISOO 

! 20 D 0 

n 

' lOOOOOPUO 

I0050I2271 

101004966 


102030033 

11 

! . . * * lOOOO 

... .11377 

....^5067 


*. . *30^34 


. . . .301:101 

.... 2132^ 

.... 25168 


. * * * 4 *> 43 V 

30 

1 ...,30003 


....35271 

j 

..**41687 

. . . * 5 Q 64 t 


The manuscripts of Biirgi are at the Observatory at Pulkowa^ 
but none seem to be of a dale later than idio, so that he prob¬ 
ably developed his theory independently of Napier. It is evi¬ 
dent that he approached the subject algebraicallyj as Napier 
approached it geometrically.^ 

The only extensive table of antilogarithms Is due to James 
Dodson (London^ 1742). 

Logarithms in the Orient* Logarithms found their way into 
China through the influence of the Jesuits. The first treatise 
upon the subject published in that country was a work by one 
Sie Fong-tsUf a pupil of the Polish Jesuit John Nicolas Smogo- 
lenski (1611-1656). This treatise was published about 1650^ 
although Smogolenski had already mentioned the theory in one 
of his worksVlacq’s tables (1628) were reprinted in Peking, 
as already stated, in 1713* 

^ Thus Keptet says: " , . , qul etiam apites logistici Jiisto multis aimis 

ante crfiticmtm Neperianam. viam praeiveruntn ail bos ipsissimos Logarithimcis. 
Etsi biitno cunctalor et secretnrviim suorEJin cuatos. foetum in partu dotltuit. non 
ad usus pubiicoQ -educavit^^ {Opf.rit. OmtdSf Vll, (Erankfort a. M., iSG3)- 

^The Thn-pii Cbin-yiia-Ji, as suted in Volmnc I, page 436. 
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13. Permutations, Combinations, Probability 

Permutations and Combinations. The subject of permuta¬ 
tions may be said to have had a feeble beginning in China in 
the 1 -king {Book of Changes), the arrangements of the mystic 
trigrams, as in =H, furnishing the earliest known example.^ 
It is not improbable that it was the 1 -king that suggested to a 
certain Japanese daimyd of the 12 th century that he write a 
book, now lost, upon permutations.® 

Greek Interest in the Subject The subject received some slight 
attention at the hands of certain Greek writers. Plutarch ® (ist 
century) tells us* that Xenocrates (c. 350 b.c.), the philosopher, 
comput^ the number of possible syllables as 1,002,000,000,000, 
but it does not seem probable that this represents an actual case 
in combinations.® Plutarch also states that Chrysippus (c. 280- 
c. 207 B.C.), a Stoic philosopher, found the number of combi¬ 
nations of ten axioms to be more than 1,000,000, and that 
Hipparchus {c. 140 b.cO gave the number as 101,049* if ad¬ 
mitted and 310,925 if denied; but we have no evidence of any 
theory of combinations among the Greeks.^ 

Interest of Latin Writers in the Subject. The Latin writers, 
having little interest in any phase of mathematics except the 
practical, paid almost no attention to the theory of combina¬ 
tions. The leading exception was Boethius (c. $10). He gives 
a rule for finding the combinations of n things taken two at a 
time which we should express as j«(« — i).* 

*Sec Volume I, page 25. 

*The theory is referred to as Keishizan in Volume I, page 274, 

*QuaejHones Conviv^ Lib. VIII, 9, ui, 12; cd. DUbner, II, 893 (Paris, 1877). 

♦Tropfke, GucAfcAXe, n (1), 351. 

•Gow, Greek ifath., pp. 71 n., 86; Tropfkc, Gescfachte, II (i), 351. 

•"Centena millia at<iue insuper mille et quadraginta novem.” The number in 
Tropfke is incorrect. 

’W»th respect to the single possible case in Pappus, see cd. Hultsch, II, 646- 
<*49: "Nam ex tribus dissimilibus generis triades divereae inordinatae existunt 
numero decern.** 

There b a slight trace of interest in the subject in the works of Plato and 
Aristotle, but not enough to be worthy of discussion in thb chapter. See J. L. 
Heiberg, PhUologus, XLHI, 475, with references. * 1 . L. Heiberg, ibid. 
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Hindu Interest in the Subject, The Hindus seem to have given 
tlie matter no attention until Bhaskara (c. 1150) took it up in 
his LMvati. In this work he considered the subject twice. He 
asserted that an idea of permutations "serves in prosody , , * 
to find the variations of metre; in the arts [as in architecture] 
to compute the changes upon apertures [of a building]; and 
[in'music] the scheme of musical permutations; in medicine, 
the combinations of different savours.”^ He gave the rules for 
the permutations of n things taken r at a timcj with and without 
repetition, and the number of combinations of n things taken r at 
a time without repetition.® 

Early European Interest in the Subject, Early in the Christian 
Era there developed a dose relation between mathematics and 
the mystic science of the Hebrews known as the cabala. This 
led to the belief in the mysticism of arrangements and hence to 
a study of permutations and combinations. The movement 
seems to have begun in the anonymous Sefer Jesira (Book of 
Creation)^ and shows itself now and then in later works. 

It seems to have attracted the attention of the Arabic 
and Hebrew writers of the Middle Ages in connection with 
astronomy. Rabbi ben Ezra (c. 1140), for example, considered 
it with respect to the conjunctions of planets, seeking to find 
the number of ways in which Saturn could be combined with 
each of the other planets in particular, andj in general, the 
number of combinations of the known planets taken two at a 
time, three at a time, and so on. He knew that the number of 
combinations of seven things taken two at a time was equal to 
the number taken five at a time, and similarly for three and 
four and for siJt and one. He states no general law, but he 
seems to have been aware of the rule for finding the combina¬ 
tions of n things taken r at a time.® 

iColebreoke translation, p. 4:5, p. j?3, 

&D. Herzog, ZophfUith Paneach (tfi Hebrew), Craomw, 1911. It ia an edition 
of J05ef bcti Eliezer^ Eupetcommentary (that is, a comiDentary on a commen¬ 
tary by Itibbi ben Ezra) on the Bible. The passage ocemri in an extract frotn 
Rabbi ben Ezra’s astrolojcical manuscript ho^Olamy now In Berlin. The title of 
the book meang "tbe revealtr af Mcreta.” See also Ginshur^, “Rabbi ben Ezra 
On Peiiuutation^ and ComhinatJoii5,“ MathfmoiUs rencAer, XV, 34 j. 
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Le\i ben Gerson, in his Maassei Choscheb {Work of the 
Computer)^ written in 1321, carried the subject considerably 
farther. He gave rules for the permutation of n things taken 
all together and also taken f at a time, and for the combination 
of n things taken r at a time.^ 

A few years later Nicole Oresme (c. 1360) wrote a work“ in 
which he gave the sum of the numbers representing the com¬ 
binations of six things taken i, 2, 3, 4, and 5 at a time. He 
also gave these combinations in detail, as that jCu=is, 
,C, = 20, and so on, of course in the rhetorical form, and seems 
to have known the general law involved, although he did 
not state it. 

First Evidence of Permutations in Print. The first evidence of 
an interest in the subject to be found in the printed books is 
given in Pacioli’s Suma (1494), where he showed how to find 
the number of permutations of any number of persons sitting 
at a table.* In England the subject was touched upon by 
W. Buckley (c. 1540), who gave special cases of the combina¬ 
tions of n things taken r at a time. Tartaglia (1523) seems 
first to have applied the theory to the throwing of dice.* 

In the 16th century the learned Rabbi Moses Cordovero" 
wrote the Pardes Rimmonim {Orchard of Pomegranates') in 
which he gave an interesting treatment of permutations and 
combinations and showed some knowledge of the general laws.’ 


' Enestrom, BiW. Math,, XIV (3), a6i; G. Lange, German translation of the 
treatise, published at Frankfort a. M., 1909; Tropfkc, Geschichte, VI (2), 64. 

* Tractatus de figurationa potentiarum et mensurarum difformitaium. See 
H. Wielcitner, "Ueber den Funktionsbegriff und die graphbche Darstellung bei 
Oresme,” Bibl. Math., XIV (3), 193. 

»Fol. 43, p. He gives the results for n = i, 2, . . . , 11, and adds ‘‘Et sic in 
infinitum.” 

‘In the General Trattato, II, fol. 17, r., he states that he discovered the rule: 
"Regola gencrale del presente auttore ritrouata fl primo giomo di quarasima 
I’anno 1523. in Verona, di sapere trouare in quanti modi puo variar fl getto di 
chc quantita di dad si voglia nel tirar quelli.” See abo UEnseignement Mathi- 
maiique, XVI (1914), 93. 

"Bom at Safed, Palestine, in 1522; died at Safed, June 25, 1570. 

Salonika, 1552, with later edidons. 

’M. Turetsky, "Permutadons in the i6th century Cabala," Mathematics 
Teacher, XVI, 29. 
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At about the same time Buteo not only discussed the queS’ 
tion of the number of possible throws with, four dice^ but took 
up the problem of a combination lock with several movable 
cylinders like those shown in the illustration of the lock below. 



EAHLT COlIBirTATION LOCK 
From EuLm's XafEVlzcdn ed,> p, 313 


As would naturally be expected^ special cases of combina¬ 
tions of various kinds occur in the works of the 17th century. 
An illustration is found in the Arils Analytical Praxis (p. 13) 
of Harriot, where the following symbolism is used for the 
product of binomials: 


a — 
a — 
a — 

a — 


b 

c 

d 


aaaa — baaa + bcaa 

— caaa -1- bdaa 

— daaa + edaa — beds 

— faaa 4- bfaa — befa 

+ cfaa — bdfa 


4 dfaa “ cdfa -P bedf 


The first WTiter to give the general rule that 

_ ™ i) (w - 2) ■ ■ ^ (w - r-p I) 

" ^ ^ r\" 

was Herigone® (r634). 


^"Ludena ateator teaseris quatuor, quaero qyibijs fr quot modia inter ae ditifiicsda 
lacere posait?" Logiitica, Lyons, igsg; 1560 ed., p. 505. 

^nathtmaticii$t 11 , tqj. Pariia, 1634. 
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In his work on the arithmetic triangle' Pascal showed the 
relation between the formation of the binomial coefficients and 
the theory of combinations, a subject also treated of by Fermat 
and others. Among the early writers upon the theory were 
Huygens, Leibniz,* Frenicle,* and Wallis,* and there is a brief 
tract on the subject which is thought to be due to Spinoza 
(1632-1677).* 

The first work of any extent that is devoted to the subject 
was Jacques Bernoulli’s Ars Conjectandi.^ This work contains 
the essential part of the theory of combinations as known to¬ 
day. In it appears in print for the first time, with the present 
meaning, the word "permutation.”^ For this concept Leibniz 
had used variationes and Wallis had adopted altemationes. 
The word "combination” was used in the present sense by both 
Pascal and Wallis.® Leibniz used complexioncs for the general 
term, reserving combimtiones for groups of two elements and 
coniemationes for groups of three,—words which he general¬ 
ized by writing comnatio^ con^natioy and so on. 

Probability.® The theory of probability was mentioned in 
connection with the throwing of dice by Benvenuto d’ Imola, a 
commentator on Dante’s Divina Commedia, printed in the 


^Written c. 1654 but printed posthumously in 1665. Beginning at this point, 
the reader may profitably consult the EncyklopadU der tnaik. Wiisensck^ I, 39. 

*Ars combinatoria, 1666. 

•"Abrig^ des combinaisons ” (1676), published in the Mim. de Vacad. royale 
des sciences, Paris, V (1729), 167. 

* De combinationibus, alternationibus, et partibus aUqotis, troctatus (1685), in 
his Opera, II, 483 (Oxford, 1693). 

®D. Biercns de Haan, “Twe zeidzame Werken van Bcncdictus Spinoza,” Nieuw 
Archief voor Wiskunde, Amsterdam, XI (1884), 49. The title of the tract is 
Retckening von Kanssen, and the work appeared in 16S7, ten years after 
Spinoza’s death. 

^Posthumously printed at Basel in 1713. There is an English edition of 179$ 
under the title: Permx^tions and Combinations: Being an Essential and Funda¬ 
mental Part of the Doctrine of Chances. 

“f"De Permutationibus. Permutationes rerum voco variationes. , . .” 

*In the latter's De Combinationibus, English ed., 1685; Opera (1693), IT, 
483. His definition of combinations is on page 489 of that work. 

<*I. Todhunter, History of the Mathematicol Theory of Probability, Cam¬ 
bridge, z86s; C. Gouraud, Histoire du Calcul des Probabilitis, Paris, 1848. 
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Venice edition of 1477.^ The gcimbling question first appears 
in a mathematical workj however^ in Pacioli^s (1494). 

Here two gamblers are playing for a stake which is to go to the 
one who first wins n points, but the play is interrupted when 
the first has made p points and the second g points. It is re¬ 
quired to know how to divide the stakes. The general problem 
also appears in the works of Cardan' (1539) and, as already 
stated, of Tartaglia* (1556). It first attracted wide attention 
in connection with the question proposed to Pascal {c. 1654) 
and by him sent to Fermat. The statement was substantially 
the one given in Pacioli to the effect that two players of equal 
skill left the table before completing the game» The stakes, 
the necessary score, and the score of each person being known^ 
required to divide the stakes. Pascal and Fermat agreed upon 
the result, but used different methods in solving. As a result 
of the discussion so much interest was aroused in tire theory 
that the doctrine of probability is generally stated to have been 
founded by Pascal and Fermat* 

The first printed work on the subject was probably a. tract 
of Huygens that appeared in 1657*' There also appeared an 
essay upon the subject by Pierre R^mond de Montmort in 
1708.'' The first book devoted entirely to the theory of prob¬ 
ability was the Ars Conjectandi {I'jiz) of Jacques Bernoulli, 
already mentioned. The second book upon the subject was 
De Moivre^s Doctrine of Chances: or, A Method of Calculat¬ 
ing the ProbabUUy of Events in Play (171S); and the third, 

Cantor, GeichicAli, II (a), 3 ^ 7 ; TTppfke, Gesckichit, II TtJs is the 

fifth or slstli printed edition, Haiti 5542; Coplnscr, I, 185, No. 3^42, 

2 " Una brigita. i^ioca apaEla a .So. el poto e .ig ^cacda. e fflno posta due .lo. 
flcade certi sweideti che proasano fornire t luna |itr. a .50. e ialtra .20. -se 
ditnanda che tooca, y ytt de la, posta." Fol, 19^, r. 

Milan, 1539, "Caput 61. De extnordlnariis & ludis,” No. 17 of the 

chapter, 

* General Trattato (1556), I, fol. 2^3, r., in^here he quotes Patioli under the title 
"Error dl fra Luca dat BorRO." On a trace of the theory in a writing by Giovanni 
Francesco Pcverone (c. iS3o), 5ee L. Carlini, II Fitagora, VII, 65. 

""iJe Kitiocmiis in ludo aleae/' In Vaa Schooten^ Ex£rckatiimuvt noatAp- 
maticarum libri Quince, Leyden, 163J* See also Ihe -pars prima of Bemouhi'a 
Ars Cpfljfciandi, 

d^atmiyse jur iej jeu* d‘hasard, Paris^ 1708 [ 2d ed., ibid., 17141 
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Thomas Simpson’s Laws oj Chance (1740). One of the best- 
known works on the theory is Laplace’s Thiorie analytique des 
probabilHis, which appeared in 1812. In this is given his proof 
of the method of least squares. 

The application of the theory to mortality tables in any large 
way may be said to have started with John Graunt, whose 
Natural and Political Observations (London, 1662) gave a set 
of results based upon records of deaths in London from 1592. 
The first tables of great importance, however, were those of 
Edmund Halley, contained in his memoir on Degrees of Mor¬ 
tality oj Man kind in which he made a careful study of an¬ 
nuities. It should be said, however, that Cardan seems to have 
been the first to consider the problem in a printed work, al¬ 
though his treatment is very fanciful. He gives a brief table 
in his proposition "Spatiura vitae naturalis per spatium vitae 
fortuitum declarare,” this appearing in the De Proportionibvs 
Libri 7 ,* p. 204. 

Although a life-insurance policy is known to have been under¬ 
written by a small group of men in London in 1583, it was not 
until 1699 a well-organized company \yas established for 
this purpose. 

Besides the early work of Graunt and Halley there should be 
mentioned the Essai sur les probabilitis de la vie humaine (Paris, 
1746; supplementary part, 1760) by Antoine Deparcieux the el¬ 
der (1703-1768). The early tables were superseded in the 
18th century by the Northampton Table. Somewhat later the 
Carlisle Table was constructed by Joshua Milne (1776-1853). 
In 1825 the Equitable Life Assurance Society of London began 
the construction of a more improved table, since which time 
other contributions in the same field have been made by the 
Institute of Actuaries of Great Britain in cooperation with 
similar organizations, by Sheppard Homans (c. i860) of New 
York,—the so-called American Experience Table,—and by 
Emory McClintock (1840-1916), also of New York. 

'^PkU, Trans., London, 1693. 

^Base], 1570* For a sketch of the later tables sec the artldes on Life Insur¬ 
ance in the encyclopedias. 
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TOPICS FOR DISCUSSION 

1. Leading steps in the development of algebra. 

2. General racial diaracteristics shown in the early development 
of algebra. 

3. The early printed classics on algebra. 

4. Various names for algebra, with their origin and signiftcanceh 

5. Development of algebraic symbolism relating to the lour fun¬ 
damental operations and to aggregations. 

6. Development of symbolism relating to powers and roots, 

7. Development of symbolism relating to the equality and to the 
inequality of algebraic expressions. 

3 , Methods of expressing equations, with a discussion of tbeir 
relative merits. 

9, Methods of solving linear equations. 

10. Methods of solving quadratic; equations, 

IT, History of the discovery of the method of solving cubic and 
biquadratic equations. 

T2. Histoiy of continued fractions and of their uses. 

13. General steps in the development of the numerica] higher 
equation, 

14. History of the Rule of False Position, with the reasonB for tht 
great popularity of the rule. 

13. Development of the idea of classifying equations according to 
degree instead, for example, according to the number of terms. 

16, Development of the indeterminate equation. 

17, General steps in the application of trigonometry to the solution 
of the quadratic and cubic equations. 

18, General steps in the early development of determinants. 

rp. History of the Rule of Three and of its relation to proportion, 

20. General nature of series in the early works on mathematics. 

21. History of infinite products in the 17th centui^. 

22. The historical development of the Binomial Theorem. 

23. History and applications of Taylor^S and Maclaurin^s formulas. 

24. History of the Pascal Triangle and of its applications. 

25. The invention of logarithms and the history of their various 
applications. 

26. History of permutations, combinations, and the theory of 
probability. 
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ELEMENTARY PROBLEMS 
I. Mathematical Recreations 

Purpose of the Study. In this chapter we shall consider a 
few of the most familiar types of problems that have come 
down to us. Some of these types relate to arithmetic, while 
others have of late taken advantage of algebraic symbolism, 
although at one time they were solved without the modern aids 
that algebra supplies. 

Mathematical Recreations. Ever since problems began to be 
set, the mathematical puzzle has been in evidence. Without 
dehning the limits that mark the recreation problem it may be 
said that the Egyptians and Orientals proposed various ques¬ 
tions that had no applications *o daily life, the chief purpose 
being to provide intellectual pleasure. The Greeks were even 
more given to this type of problem, and their geometry was de¬ 
veloped partly for this very reason. In the later period of their 
intellectual activity they made much of indeterminate problems, 
and thereafter this type ranked among the favorite ones. 

In the Middle Ages there developed a new form of puzzle 
problem, one suggested by the later Greek writers and modified 
by Oriental influences. This form has lasted until the present 
time and will probably continue to have a place in the schools. 

Problems of Metrodorus. So far as the Greeks were concerned, 
the source book for this material is the Greek Anthology.^ 
This contains the arithmetical puzzles supposed to be due to 

‘The first noteworthy edition was that of Friedrich Jacobs, Leipzig, 1813- 
1817. There is an English translation by W. R. Paton, London, igi8, being 
Volu2«c V of the Loeb Classical Library. In this translation the arithmetic prob¬ 
lems begin on page ae. and from these th^ selections given here have been made. 
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Metrodoms about the year 5 oo(?)* A few of these problems 
will serve to show the general nature of the collection. 

Polycrates Speaks : '^Blessed PylhagDrag, Heliconian scion of the 
MuseSj answer my question: How many in thy house are engaged in 
the contest for wisdom per forming excellently?” 

Pythagoras Answers: will tdl thee, then, Folycrates. Half of 

them are occupied with belles lettres; a quarter apply themselves to 
studying immortal nature; a seventh are all jatent on silence and the 
eternal discourse of their hearts. There are also three woitien^ and 
above the rest is Theano, That is the number of interpreters of the 
Muses I gather round me.” 

The following problem relates to a statue of Pallas; 

'T, Pallas, am of beaten gold, but the gold is the gift of lusty 
poets. Christians gave half the gold,^ Thespis one eighth, Solon one 
tenths and Themison one twentieth, hut the remaining nine talents 
and the workmansbip are the gift of ArEstodicus.” 

The following relates to the finding of the hour indicated on a 
sundial and still appears in many algebras, modified to refer to 
modern clocks: t, 

’'Best of clocks,^ how much of the day is pa&t?” 

"There remain twice two thirds of what is gone.” 

The next problem involves arithmetic series^ as follows: 

Croesus the king dedicated six howls weighing six minae/ each 
[being] one drachma heavier than the other,* 

A type that has long been familiar in its general nature is seen 
in the following: 

Ar "Where are thy apples gone, my child ? 

B. "Iiio has two sixths^ and Semele one eighth, and Autonoe went 
off with one fourth, while Agave snatched from my bosom and carried. 

lit ^ould be recalled that this was written probably about the time of sucC 
Christian scholars as CapeUa amd CftsaiodDrua 

^Literally, bour indicator. 

Ttiina oo-titaJncd loo dtathtDas. 

^Tbat is, than tfae one next Emaller- Fi:^d the weight of each. 
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away a fifth. For thee ten apples are left, but I, yes I swear it 
by dear Cypris, have only this one,”^ 

The following problem has more of an Oriental atmosphere: 

"After staining the holy chaplet of fair-eyed Justice that I might 
see thee, all-subduing gold, grow so much, I have nothing; for I gave 
forty talents under evil auspices to my friends in vain, while, O 
ye varied mischances of men, I see my enemy in possession of the 
half, the third, and the eighth of my fortune.” “ 

One of the remote ancestors of a type frequently found in our 
algebras appears in the following form: 

"Brick-maker, I am in a great huriy to erect this house. Today 
is cloudless, and I do not require many more bricks, but I have all I 
want but three hundred. Thou alone in one day couldst make as 
many, but thy son left off working when he had finished tw*o hundred, 
and thy son-in-law when he had made two hundred and fifty. Work¬ 
ing all together, in how many days can you make these ? ” 

This collection of puzzles, now attributed entirely to Metro- 
donis, contains numerous enigmas, one of which is numerical 
enough to deserv'e mention: \ 

If you put one hundred in the middle of a burning fire, you will 
find the son and slayer of a virgin.’ 

Comparison with Oriental Problems. Such problems seem 
more Oriental than Greek in their general form, but if we could 
ascertain the facts we should probably find that every people 
cultivated the somewhat poetic style in the recreations of 
mathematics. It happens, however, that we have more evidence 
of it in India and China than we have in the Mediterranean 
countries, and hence we are led to believe it was more frequently 
found among the higher class of mathematicians in the East 
than among those of the West. 

‘There were 120, for 120 = 40 -f- 15 + 30 + 24 + 10 -I- i. 

*480 + 320 + 120 + 40 = 960. 

*The answer is Pyrrhus, son of Deidamek and slayer of Polyxena; for if p. 
the Greek symbol for 100, is inserted in the middle of the genitive form Tvp6t 
(fire), it becomes rvppht (Pyrros. Pyrrhus). This is the mythological Pyrrhu-s 
(Neoptolemus), fon of Achilles and Deidameia. 
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Medieval Colleetions* The first noteworthy collection of 
recreations, after the one in the Greek Anthology^ is the Propo- 
^tiones ad acue?idos iuvene^^ of which there is extant no manu¬ 
script written before the year looo. This collection is 
attributed to Alcuin of York (c. 775), who is known to have 
sent a list of such recreations to Charlemagne/ It contains 
many stock problems such as those of the hare and hound^ and 
the cistern pipes. Rabbi ben Ezra {c, 1140), Fibonacci (1203), 
Jordanus Nemorarius {c. 31225), and many other medieval 
writers made use of these standard types. 

Printed Books* The first noteworthy collection of recreative 
problems to appear in print was that of Claude-Gaspar Sachet 
(1612)/ While not so popular as various later works, and 
containing much that is trivial, it was a pioneer and is much 
better than some of those that went through many more 
editions. 

From the bibliographical standpoint the most interesting of 
the printed collections is that of a Jesuit scholar, Jean Leure- 
chon (1624).“ He published his work under the name of 
H[endrik] van Etten at Pont-a-Mousson in 1624, It was a poor 
collection of trivialities,^ but it struck the popular fancy and 
went through at least thirty-four editions before 1700, some of 
these being published under other names. 

The nejit writer of note was Jacques Ozanam (1640^1717), 
a man who was self-taught and who had a gift for teaching 
others. He had faith in the educational value of recreations, 
and this fact, together with his familiarity with the subject 
and his success as' a teacher, enabled him to write one of the 
most popular works on the subject that has ever appeared. 

&li<tua3 figuraa Anthmctkac subtilitalia ]aetitiae causa'' (Cantor, 
GischirMti I (a), ?&4)- 

-Prabl^RS plohans tt dtltciabUi, qui ss iotd par les jiAwtirriU. Fartie re- 
caeiUis dt diwTS Authe.itrs, j-nueuies di Ttoumau aiiec l^r demOTiiiratim, 
i&ra. There ia a copy o£ this edition in the Harvard Library. Later tditions; 
Lyons, 1624; Paris, jSM, e3S4. 

^Born at Ear-le-Duc, c. J died at Pont-a^Mousaon, jBnLia.ry 37, 1670. He 
wrote on astronomy. 

*Montuda, in his revisioD oi Ozanam, speaks of it as '^une pitoyable rap&odie.'' 
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The work was first published in 1692 or 1694^ and since then 
there have been at least twenty different editions. 

There have been many other works on the subject,* but none 
of them has had the popular success of those of Leurechon 
and Ozanam. 

Japanese Geometric Problems. The Japanese inherited from 
the Chinese a large number of curious geometric problems, and 

by their own ingenuity 
and perseverance elabo¬ 
rated these tests of skill 
until they far surpassed 
their original teachers. 
Some of these problems 
were mentioned in Volume 
I, and the circle problem 
will be referred to in 
Chapter X of this volume; 
but in this connection it 
is proper to refer to one 
type of interesting problems frequently found in the early 
Japanese works. These problems refer to the inscribing and 
measuring of circles inscribed in various figures such as semi¬ 
circles, fans, and ellipses. 

2. Typical Problems 

Pipes filling the Cistern. Few problems have had so extended 
a history as the familiar one relating to the pipes filling a cis¬ 
tern,® and the traveler who is familiar with the Mediterranean 

'The date 169a is on the testimony of Montucia, in his 1790 edition of Ozanam. 
It is probable that he was in error on this point. See VIntermidiare dts Mathi- 
maticiens, VI, ii3, and various histories of mathematics. 

* Bibliographies that are fairly complete may be found in E. Lucas, Ricriations 
Malhimatiques, 4 vols., I, 237 (Paris, 1882-1894); W. Ahrens, Mathematiscke 
Unterkaltungen und Spiele, p, 403 (Leipzig, 1901; 2d ed., 1918). These are the 
leading modern contributors to the subject, the works of Lucas being probably 
the best that have as yet appeared. 

*See the author’s article in the i4t«er. Matk. Month., XXIV, 64, from which 
extracts are here made. 



A FAN PROBLEM FROM JAPAN 
from Takeda Shlngen’s Satnpo Benran, 2824 



PROBLEM OF TANGENT CIRCLES 
From a manuscript by Iwasaki Toshihisa (c. 177 S) 
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lands cannot fail to recognize that here is its probable origin. 
Not a town of any size that bears the stamp of the Roman 
power is without its public fountain into which or from which 
several conduits lead. In the domain of physics, therefore, 
this would naturally be the most real of all the problems that 
came within the purview of every man, woman, or child of that 
civilization. Furthermore, the elementary clepsydra ‘ may also 
have suggested this line of problems, the principle involved 
being the same. 

The problem in definite form first appears in the Mcrptfo-ct? 
( metre'seis) of Heron (c. 50?), and although there is some ques¬ 
tion as to die authorship and date of the work, there is none as 
to the fact that this style of problem would appeal to such a 
writer as he. It next appears in the writings of Diophantus 
ic, 27s)* and among the Greek epigrams of Metrodorus 
ic. 500?), and soon after this it became common property in 
the East as well as the West. It is found in the list attributed 
to Alcuin (c. 775); in the Lildvati of Bhaskara* (c. 1150); in 
the best-known of all the Arab works on arithmetic, the Kho- 
Idsat al-Hisdb of Beha Eddin (c. 1600); and in numerous 
medieval manuscripts. When books began to be printed it was 
looked upon as one of the standard problems of the schools, and 
many of the early writers gave it a prominent position, among 
them being men like Petzensteiner (1483), Tonstall (1522), 
Gemma Frisius (1540), and Robert Recorde (c. 1542).* 


1 Attributed to Plato (c.380 b.c.) but improved by Ctesibius of Alexandria 
in the second century b.c. On the subject of depsydrje see Chapter IX of this 
volume. 

*In BacheCs edition (the Fermat edition of 1670, p. 271) appears this metrical 
translation; 

Totum implere lacum tubulis i quatuor, uno 
Est potis iste die, binb hie & tribus ille, 

(Quatuor at quartus. 

Dk quo spatio simui omnes. 

*See Taylor’s translation, p. 50; Colebrooke translation, p. 42. 

<In Recorde it appears for the first time in English: *’Ther is a cestern with 
iiij. cocks, conteinjmg 72 barrels of water, And if the greatest cocke be opened, 
the water will auoyde cleane in vj bowers,” etc. (Ground of Artes, 1558 ed., 
fol. A 7,»,). 
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Variants of the Problem. Such, then^ was the origin of what 
was once a cleverly stated problem of daily life. This problem, 
like dozens of others, went through many metamorphoses^ o^f 
which only a few will here be mentioned. 

In the 15th century, and probably much earlier, there ap¬ 
peared the variant of a lion, a dog, and a wolf, or other animals, 
eating a sheep/ and this form was even more common in die 
r6th century.® 

In the 16th century we also find in several books the variant 
of the case of men building a wall or a bouse, and this form 
has survived to the present time. It appeared in TonstalPs De 
Arte Supputdtidi (1522)* and in Cataneo^s work (1546)/ and 
in due time became modified to the form beginning, ^Tf A can 
do a piece of work in 4 days, ^ in 3 day5,^' and so on. 

The influence of the wine-drinking countries shows itself in 
the variant given by Gemma Frisius (1540)/ who states that 
a man can drink a cask of wine In 20 days, but if his wife 
drinks with him it will take only 14 days, from which it is re¬ 
quired to find the time it would take his wife alone. 

The influence of a rapidly growing commerce led one of the 
German writers of 1540 to consider the case of a ship with 


1 Johann Widman (148$) tender the chaptfr titJc "Eyn jTiisz mit 3 zapffen.” 
Hi£ fflrm is: " Lew Woltf Hunt Itm des gleichen i lew vnd i bum vn 1, wolff 
dipsp es&cn mit cEnauider 1 schaH. Vnd der lew esz das sctiaH allein in einet stund. 
Vnd d’ wolf in 4 stundcn, Vnd dcr hunt in 6 stundcn. Nun isf die fra^ wan sy 
das Hchaii all 3 nait einader essen/ in w|e laser idt sy das essen^' ed., 

fpi]. 42 s 1514 ed., fol. IIj), 

=Thu5 Cataneo, Le Pratkke, 1546; Vttiice edition of 1367, fol. jg-, 1?.: ''Sc un 
Leone mangia in 2. hare una, pecora, &. 1' Orso la niansia in 3. Lore, & il Leopaido 
la mani^ia in 4. hore, dimandssi camincEuido a man^iare una pecora tutti e 3. a 
un Ltatto Su quanto tempo la finirthbeno.” 

This Jorm ia alw found in J. Albert’s work of 1334 (1361 cd., fol. N viiil, In 
Coutcrecls (1631 ed., p. 353 ), and in the works of numeroua other wrilere. 

In this chapter a few author of textboaka will be menticmed whose names are 
not af sufficient imparLance to entitle tiiem to further attention. The dates wot 
aerve to ahow their relative chronological poaitian. Fot nanic!; of major im¬ 
portance consult Volume T. 

awith the statement that jt ia acmilar ta the ant ab^ut the clatem pipes: 
'^Qucstlo bfito aimilis est illi de ciatema tcea hahete fistulas t el simill mod a 
solueniJa” (fo!. f il. '^Sce fol- do, v., of the Venice edition of 

*15*3 edition of his atithmefic, fol. 3S, 
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3 sails, by the aid of the largest of which a voyage could be made 
in 2 weeks, with the next in size in 3 weeks, and with the 
smallest in 4 weeks, it being required to find the time if all 


Uncondoao cmpieu 
nafonK in 4 dirqijn 
do e purna non mctfcn 
do ilcondocto x Ihira 
doiluotacoio fiuoro’c 
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PROM CALAKDSl’S WORK OF 1491 

The problems of the pipe filling the cistem and of the serpent crawling out of the 
well. Calandri’s was the first arithnietic printed with illasttations 


three were used. Unfortunately several factors were ignored, 
such as that of one sail blanketing the others and the fact that 
the speed is not proportional to the power.* 


'"Item/ I ein Schiff mit 3 Siegeln gehet vom Sund gen Riga/ Mit dem 
grfisten alkin/ in 2 wochen/ Mit detn andem/ in 3 wochen/ Vnnd mit dem 
ileinsten/in 4 wochen,” etc. (J. Albert (1540; 1561 ed., fol. N vii)). 








THE TURXS AND CHR1STLA.NS 


541 


The agricultural interests changed the problem to that of 
a mill with four ^'Gewerckerij”^ and other interests continued 
to modify it further until^ as is usually the case, the style of 
problem has tended to fall 
from its own absurdity. Its 
varied history may be closed 
by referring to a writer of the 
early ipth century moved by 
a bigotry which would hardly 
be countenanced today, who 
proposed to substitute a prob¬ 
lem relating to priests praying 
for sO'Uls in purgatory. 

Turks and Christians^ There 
is a well-known problem which 
relates that fifteen Turks and 
fifteen Christians were on a 
ship which was in danger, and 
that half had to be sacrificed. 

It being necessary to choose 
the victims by lot, the question arose as to how they could 
be arranged in a circle so thaC in counting round, every fifteenth 
one should be a Turk. 

It is probable that the problem goes back to the custom of 
decimath in the old Roman armies/ the selection by lot of 
every tenth man when a company had been guilty of cowardice, 
mutiny, or loss of standards in action. Both Livy (II, 59) and 
Dionysius (IX, 50) speak oif it in. the case of the mutinous army 
of the consul Appius Claudius (47^ b.c,), and Dionysius fur¬ 
ther speaks of it as a general custom^ Polybius (VI, 5S) says 
that it was a usual punishment when troops had given way to 
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THE TURKS AND CHRISTIANS 

From EuttO’S Logiitica, LyftnS, 1559 
^1560 ed., Ph 304). The piotilem tw" 
gins: "In naui vtctares quiadeeim 
ChH^tioni ; ludu, subcurta 

tfipwtate 


Miilmeister hat ein Mille mit vier MU dem mehlt 

et in 23 atflden 35 &cheffe]/Mit dcm andern 3^ Scheffel/ Mit rfein dritlen 4^ 
Scheftel/VTvnd mit dem vitrttn 53 Schellel,” etc. The question then fe, Hoiv long 
it will take them togiethcr to grind Wiapel (i Wispel = J 4 ScheffelJ 
^R. Hay, The Btautus d/ ArilhntttK, p. aiB 
B’E, Aritkmiligue Arnmantf, p- 17 (I'aris, 1895!. 
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panic. The custom seems to have died out for a time, for when 
Crassus resorted to decimation in the war of Spartacus he is 
described by Plutarch {Crassus, lo) as having revived an an¬ 
cient punishment. It was ex- 
tensively used in the civil 
wars and was retained under 
yZ. the Empire, sometimes as 
^ vicesimatio (every twentieth 
man being taken), and some¬ 
times as centesimatio (every 
hundredth man). 

Now it is very improbable 
that those in charge of the 
selection would fail to have 
certain favorites, and hence 
it is natural that there may 
have grown up a scheme of 
selection that would save the 
latter from death. Such cus¬ 
toms may depart, but their 
influence remains. 

In its semimathematical 
form the problem is first re¬ 
ferred to in the work of an 
unknown author, possibly 

THE JOSEPHUS PROBLEM IN Ambiose of Milan (t. 370), 
japan wrote, under the nom de 

From Munuxmtsu KudayQ Mosei’s plume of HegesippUS, a work 
MoiUoku Jinko-ri (1665) bello fuduico.^ In this 

work he refers to the fact that 
Josephus was saved on the occasion of a choice of this kind.* 
Indeed, Josephus himself refers to the matter of his being saved 
bj'^ lucky chance or by the act of God.’ 




^Edited by C. F. Web«r and J. Caesar, Marburg, 1864. See W. Ahrens, Math. 
VnterkaiiUHgen und SpieU, p. 286 (Leipzig, 1901 ; ad ed., 1918). 

2"Itaque accidit ut interemtis reliquia losepbus cum altcro supercsset neci" 
(quoted from Ahrens, loc, cit .). 

'KaraXcia-rroi Si ovrot, rfre iri xpk iJai QwOtrpckolas, vSw tripi^ 








THE JOSEPHUS PROBLEM S 43 

The oldest European trace of the problem, aside from that 
of Hegeslppus^ is found in a manuscript of the beginning of 
the loth century. It is also referred to in a manuscript of the 
ijEth century and in one of the 12th century. It is given in 


THE JflBEPHUS PROBLEM XN 

Prora Miyake Kenryll's Shojutsn Sangakn Zityn (j’7^s Gd.), shoiA'ing the prohlem 
of the atcpmother,. referred to od page 544 


the Ta'hbula of Rabbi ben Esra (c. 1140), and indeed it is to 
this writer that Elias J,^vita, who seems first to have given it 
in printed form (1518)^ attributes its authorship. 

The problem^ as it came to be stated, related that Josephus^ 
at the time of the sack of the city of Jotapata by Vespasian, 
hid himself with forty other Jews in a cellar. It becoming 
necessary to sacrifice most of the numbetj a method anal¬ 
ogous to the old Roman method of dechnutio was adopted, but 
in such a way as to preserve himself and a special friend. It is 
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on this account that German writers still call the ancient 
puzzle by the name of Josephsspiel. 

Chuquet (1484) mentions the problem, as does at least one 
other writer of the 15th century.‘ When, however, printed 
works on algebra and higher arithmetic began to appear, it 
became well known. The fact that such writers as Cardan* 
^d Ramus* gave it prominence was enough to assure its com¬ 
ing to the attention of scholars.* 

Like so many curious problems, this one found its way to the 
Far East, appearing in the Japanese books as relating to a 
stepmother’s selection of the children to be disinherited. With 
characteristic Japanese humor, however, the wo man was de¬ 
scribed as making an error in her calculations, so that her 
own children were disinherited and her stepchildren received 
the estate. 


Testament Problem. There is a well-known problem which 
relates that a man about to die made a will bequeathing of 
his estate to his widow in case an expected child was a son, the 
son to have |; and | to the widow if the child was a daugh¬ 
ter, the daughter to have The issue was twins, one a boy 

and the other a girl, and the question arose as to the division 
of the estate. 

The problem in itself is of no particular interest, being legal 
rather than mathematical, but it is worthy of mention because 
It is a type and has an extended history. Under both the 
Roman and the Oriental influence these inheritance problems 
played a very important r 61 e in such parts of analysis as the 
ancients had developed. In the year 40 b.c. the lex Falcidia 
r^uired at least ^ of an estate to go to the legal heir. If more 
than I was otherwise disposed of, this had to be reduced by the 
rules of partnership. Problems involving this "Falcidian 


YII (2), 3a; Curtre, iWd., 


> Anonymous MS. in Munich. See Bibl. Math. 

VIII (2), ii6; DC (2), 34; Abhandlwigen, HI, 121. 

*In his Practica of 1539. 

*See his edition of 1569, p. 125. 

Ve^cktyckh (1644 ed., I, 16), in Wilkens's urithmetic of 1660 
(P. 39 S). and m many other early works. a«mraeuc 01 1009 
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fourth” were therefore common under the Roman la-w^ just 
problems involving the widow’s dower right were and are com¬ 
mon under the English law* 

The problem as stated above appears in the writings of 
Juventius Celsus (c. 75}j a celebrated jurist who wrote on 
testamentary law; in those of Salvianns JulianuSf a jurist in the 
reigns of Hadrian (117-138) and Antoninus Pius (138-161); 
and in those of Csecilius Africanus (c. 100) j a writer who was 
celebrated for his knotty legal puzzles.^ 

In the Middle Ages it was a favorite conundrum^ and in the 
early printed arithmetics^ it is often found in a chapter on in¬ 
heritances which reminds one of the Hindu mathematical col¬ 
lections. It went through the same later development that 
characterizes most problemsj and finally fell on account of its 
very absurdity. That is, Widman (1489) takes the case of 
triplets^ one boy and two girls/ and in this he is followed by 
Albert (1534) and Rudolff (1526). Cardan (1539) compli¬ 
cates it by supposing 4 parts to go to the son and i part to 
the mother, or i part to the daughter and 2 parts to the mother^ 
and in some way decides on an 7j i division** Texeda (1546) 
supposes 7 parts to go to the son and 5 to the mother, or g to 
the daughter and 6 to the mother^ while other writers of the 
16th century complicate the problem even more*® The final 
complications of the "swanghere Huysvrouwe” or donna 
grauida” are found in some of the Dutch books, and these and 


1 Cotitiertefe (Evtr&dyck edili™ of i6SS, p. gSi) tracK tbe problein tack to lib. 
aSj title law 13, of the Digest of Julianus. Hie gives the usual 1, 1 division 
as foUowel hy Tartas-listi Rudotfff Rainus, Trencliaiit|,VaiiderScl]uere,aiid others, 
CDutcrMg, however, augues for the 4, 3? ? divisiDiri, and in this he hss the sop[>o.“* 
of varlcma writers. Peletier giv^s 2, 5, i, and others give 6 , 4. Brief historir-ai 
notes appear in other books, as in the Schoner edition of Ratnus ^-p P-186). 

iThuawt. hive '*Eiti Testament'" (Wid[tiati>j^ErbteyuTig vnd voimund&cbBft"' 
(Riese), "Erf-DceTingbe” LVan dex SohnereL and " ErbtheiluSs-RecJihunft 
(Starcken). 

“Edition of 1553, fol. He then divides the property in the proportion 4, 
2, I, I. ^■FractkaT. cap. e^. 87. 

®Ghaligai (isti), KShel (1514), Riese (RecAn-wMf naek leag^t iggo td.}, Tren¬ 
chant Van der Schuere (1600) f Peletier *d-i P- 244 L Coutereels 

ed-, p. 358)1 Starcken til'14 «!-. p- 444 ). TatLaglii {Tjrtte t^opere 
flieticiti L^gj ed., II, 136). 
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the change in ideas of propriety account for the banishment of 
the problem from books of our day/ The most sensible remark 
about the problem to be found in any of the early books is 
given in the words of the ”Scholer” in Robert Recorders 
Ground of Artes (c. 1542): “If some cunning lawyers had this 
matter in scanning, they would determine this testament to be 
quite voyde, and so the man to die vntestate, because the testa¬ 
ment was made vnsufficient.”* 

Problems of Pursuit. Problems of pursuit are among the most 
interesting elementary ones that have had any extended his¬ 
tory. It would be difficult to conceive of problems that seem 
more real, since we commonly overtake a friend in walking, or 
are in turn overtaken. It would therefore seem certain that 
this problem is among the ancient ones in what was once looked 
upon as higher analysis. We have a striking proof that this must 
be the case in the famous paradox of Achilles and the Tortoise.® 

It is a curious fact, however, that the simplest case, that of 
one person overtaking another, is not found in the Greek col¬ 
lections, although it appears in China* long before it does in 
the West. It is given, perhaps for the first time in Europe, 
among the Propositiones ad acuendos juvenes attributed to 
Alcuin, in the form of the hound pursuing the hare.® There¬ 
after it was looked upon as one of the necessary questions of 
European mathematics, appearing in various later medieval 
manuscripts. It is given in Petzensteiner’s work of 1483, 
Calandri® used it in 1491, Pacioli has it in his Suma'' (1494), 


i”Soo ontfangt sy ter tijdt haerder baringhe eenen Sone met een Dochter/ 
en een Hermaphroditus, dat is/half Man/half Vrouwe.” Van der Schuere, 1600, 
lol. 98. In this case he divides 3175 guldens thus: d. 354, m. $08, s. 1534, h. 889. 
The same problem appears in Clausberg, Demonstrative Ruhen-Kunst, 1772. 

*1558 ed., fol. X8. 

*For a study of this problem see F. Cajori, Amtr, Math. Month., XXII, i seq. 

*For example, in the Nine Sections (c. nos b.c.?) and in Liu Hui's com¬ 
mentary (c. 263) on thb classic. See also Volume I, page 33. 

®"De cursu canis ac fuga leporis." 

^"Una leprc e inatizi aun chane 3000 passi et ogni s pass! delcanc sono p 8 
diquegli della lepre uosapere inquanti passi elcane ara giOto lalepre.” 

7 "Vna lepre e dinan^e a vn cane passa .60. e per ogni passa .5. che fa el cane 
la lepre ne fa .7. e hnalmente el cane lagiongni [la giongi in the edition of 1523, 
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and most of the prominent ’writers on algebra or higher arith¬ 
metic inserted it in their books from ±at time on;’- 

In those centuries in which commercial comm’unication W'as 
chiefly by means of couriers ’who traveled regularly from city 
to city (a custom still determining the name of correo for a 
postman in certain parts of the ’world) the problem of the hare 
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PROBLEM OF THt HA&F- AND HOUND 


From a MSr <3f Benedetto da Firenze, c- 1460. It begins, "’Una lepre e inana 

a j:'’. taoit” 


and hound naturally took on the form of, or pkcrhaps paralleled, 
the one of the couriers. This problem ’was not^ however, always 
one of pursuit, since the couriers might be traveling either in 


frtmi la giugnere, to overtake her] diniandd in tjuanti paeia c] caiie giiliicra la 
lepre.^^ Fol. 42 , v. He says that the problem is not clear, because we do not know 
whether the "pa^sa .6d." are leaps of the dog or of the hare, showing that 
he felt bound to take the problem as it stood, without impro-viog upon the 
phraseology. 

^-Thils Rudalff {KunSilicite richnU-ng^ 1^34 ed-, fob N vj) r Kbbel {R£- 

chtKbiickti^i^; 1549 ed.| iol. SS, under the title "Von Wandern [tber Laiidt,’' with 
a picture in which the hare is quite as largo as tbe hound) , Cardan {Praclica, 
I3J0, cap. S6}; Wentse] (rspp, p, 51) ’ CJncdii fFegefe generaU d’Abbaco, p. 730, 
Florence, ; Couterpek iCy^er-Eit^ck, ififlO' ed., p. 354), &Tid many others. 
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the same direction or in opposite directions.^ This variant of 
the problem is Italian, for even the early German writers gave 
it with reference to Italian towns.* As a matter of course, it 
was also varied by substituting ships for couriers.* 

It was natural to expect that the problem should have a fur¬ 
ther variant, namely, the one in which the couriers should not 
start simultaneously. In this form it first appeared in print in 
Germany in 1483,* in Italy in 1484,* and in England in 1522,® 
although doubtless known much earlier. 

The invention of clocks with minute hands as well as hour 
hands gave the next variant, as to when both hands would be 
together,—a relatively modem form of the question, as is also 
the astronomical problem of the occurrence of the new moon. 
One of the latest forms has to do with the practical question 
of a railway time-table, but here graphic methods naturally 
take the place of analysis, so that of all the variants those of 
the couriers and the clock hands seem to be the only ones that 
will survive. Neither is valuable per se, but each is interesting, 
each is real within the range of easy imagination, and each 
involves a valuable mathematical principle,—a fairly refined 
idea of function. 


^See Padoli's SUrna, 1494, fol. 3 q, for various types. 

*Thus Petrensteiner (1483, fol. S3)» in Ws chapter "Von wandem,” makes the 
couriers go to "rum" (Rome), thus: "Es sein zween gesellen die gand gen rum. 
Eyner get alle tag 6 meyl dcr ander geth an dem eraten tage i meyl an dem 
andem zwue etc. unde alle tag eyner meyl mer dan vor. Nu wildu wissen in 
wievfl tagen eyner als vil hat gangen als dcr ander." Giiniher, Math. Vnurrichts, 
p. 304 - 

*Thus Calandri (1491) says: "Una naue ua da Pisa a Genoua in 5 di: unaltra 
naue uiene da genoua a pisa in 3 di. uo sapcrc partendosi in nun medesimo tempo 
quella da Pisa per andare a Genoua et quella da Genoua p andare a pisa in Quanti 
di sintscon terrano insieme." 

^Petzcnsteincr’s arithmetic, printed at Bamberg. 

“Boighi's arithmetic. 

• Tonstall’s De Art 4 Suppittarub, fol. 4, "Cvrsor ab Eboraco Londinvm pro- 
ficiscens," etc. See also Cardan {Practica, 1539, cap. 66, with various types); 
Ghaligai (15*1; iSSa ed., fol. 64); Albert (1540; 1561 ed.. fol. Pi); Baker (1568; 
1580 ed., fol. 36); Coutereels (1631 ed., p. 371, and Eversdyck cation of 1658, 
p. 403); Trenchant (1566; 1378 ed., p. 280); Wcntsel (1599, p. 51); Peletler 
(1549; 1607 ed., p. 290); Van der Schuere (1600, fol. 179); Schoner (notes on 
Ramus, 1586 ed., p. 174), and many others. 
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The Chessboard Problem. One of the best-known problems of 
the Middle Ages is that relating to the number of grains of 
wheat that can, theoreti¬ 
cally speaking, be placed 
upon a chessboard, one 
grain being put on the 
first square, two on the 
second, four on the third, 
and so on in geomet¬ 
ric progression, the total 
number being 2^* — i, or 
18,446, 744 ,073,709, 55 ^r 
615. The problem is 
Oriental. A chessboard 
problem of a different 
character appeared in the 
writings of one I Hang, 
a Chinese Buddhist of 
the T’ang Dynasty (620- 
907),' so that games on 
a checkered board had 
already begun to attract 
the attention of mathe¬ 
maticians in the East. 

Ibn Khallikan,* one of 
the best known of the 
Arab biographers (1256), 
relates* that when Sissah ibn Dahir invented the game of 
Chess, the king, Shihr^m, was filled with joy and commanded 
that chessboards should be placed in the temples. Further¬ 
more, he commanded Sissah to ask for any reward he pleased. 
Thereupon Sissah asked for one grain of wheat for the first 
square, two for the next, and so on in geometric progression. 

^G. Vacca, Note Cinesi, p. 13S (Rome, 1913). This problem is ratlier one of 
permutations. 

^Or C^allikin. Bom September 22, 121X; died October 2g, laSa. 

* In his Biographical Dictionary (translation from the .\rabic by Mac Guckin 
de .^lane, 4 vols., Paris and London, 1843-1871), in, 60. 

11 
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PROBLEM OF THE COURIERS 

From KobePs Reckenbuch (1514), the 
edition of 1564 
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The r^ult of the request is not recorded, but as an old German 
manuscript remarks, "Daz mecht kain kayser bezalen/” 

The problem goes back at least as far as Mas'udi’s Meadows 
of Gold^ of the loth century. It also appeared in the works 
of various other Arab writers,* and thence found its way into 

Europe through the 
Liber Abaci*^ (1202) of 
Fibonacci. It is found in 
numerous manuscripts 
of the 13th, 14th, and 
iSth centuries and in 
various early printed 
books.® The problem 
was much extended by 
later writers." It found 
a variant in the problem 
of the horseshoe nails 
which appears in sev¬ 
eral manuscripts of the 
15th and 16thcenturies. 

A Dutch arithmeti¬ 
cian, Wilkens," takes the 
ratio in the chessboard 
problem as three instead 
of two, and considers not only the number of grains but also the 
number of ships necessary to carry the total amount, the value 
of the cargoes, and the impossibility that all the countries of 
the world" should produce such an amount of wheat.® 

>"No emperor could pay all that.” Curtze, Bibl. Math., IX (a), 113. 

^Mas'Qdl died at Cairo in 056. A French translation in nine volumes, with 
Arabic text, appeared in Paris, 1861-1877. See also Boncompagni's BuUeUmo, 
XIII, 374 . 

*H. Suter, Bibl. Math., II (3), 34. 

^Boncompagni ed., I, 309. 

‘E.g., Padoli’s Suma (1494), fol. 43; Cardan’s PracUca (1539), cap. 66. 

*As by Gavius, Epiionu (1585), p. 297. 

’1669 ed., p. 112. 

•''"Al de Provintien van dc gbehede werelt" 

•For further historical notes see J. C. Heilbronner, Hisloria Matheseos Uni- 
verste, p. 440 (Leipzig, 1743). 
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CHESSBOARD PROBLEM, C. 1400 

From an Italian manuscript of c, 1400, now in 
the Columbia University Library 
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THE PROBLEM OF THE HORSESHOE NAILS 
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From an anonymous MS. written in Italy c. 1535* As the problem is usually 
stated, the blacksmith receives one penny for the first nail, two pence for the 
second, four for the third, and so on, and there are twenty-four nails. This manu¬ 
script is in Mr. Plimpton’Is library 
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The Mule aoid the Ass. Among the recreational problems that 
have come down to us there is one which appears in the form 
of an epigram with the name of Euclid attached. Rendered 
in English verse it is as follows: 

A mule and an ass once went on their way with burdens of wine-skins; 
Oppressed by the weight of her load, the ass was bitterly groaning. 
The mule, observing her grievous complaints, addressed her this 
question: 

Mother, why do you murmur, with tears, for a maiden more fitting ? 
For give me one measure of wine, and twice your burden I carry; 

But take one measure from me, and still you will keep our loads equal.” 
Tell me the measure the>' bore, good sir, geometry’s master.^ 

3. Commercial Problems 

Economic Irroblems.® For the student of economics there is an 
interesting field in the problems of the 15th and i6th cen¬ 
turies, as may be seen from a few illustrations. The manu¬ 
scripts and early printed books on arithmetic tell us that 
Venice was then the center of the silk trade, although Bologna, 
Genoa, and Florence were prominent. Florence w’as the chief 
Italian city engaged in the dyeing of cloth. ”Nostra magnifica 
CittA di Venetia,” as Tartaglia so affectionately and appro¬ 
priately called her, carried on her chief trade with Lyons, Lon¬ 
don, Ajitwerp, Paris, Bruges, Barcelona, Montpellier, and the 
Hansa towns, besides the cities of Italy. Chiarino (Florence, 
1481) indicates the following as the most important cities with 
which Florence had extensive trade, his spelling being here 
preserved: Alessandria degypto, Marsilia, Mompolieri, Lis- 
bona, Parigi, Bruggia, Barzalona, Londra, Gostatinopoli, and 
Dommasco, with the countries of Tunizi, Cypri, and Candia. 
Tartaglia gives Barcelona, Paris, and Bruges as the leading 
cities connected with Genoa in trade a half century later. 

^EucHdis Opera, ed. Heiberg and Menge, VIII, 286 (Leipzig, 1916). The 
translation is by Professor Robbins, University of Michigan. Sec The Classical 
Journal, XV, 184. 

* See the author^ article in the Amer. Math Month., XXIV, jzi, from which 
extracts are here made. 
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We also know from Chiarino the most important commodi' 
ties of Florentine trade in the decade before America was 
discovered. These were rame (brass), stoppa (tow), zolphi 
(sulphur), smeriglio (emery), lana (wool), ghalla (gall), tre- 
mentina (turpentine), sapone (soap), risi (rice), zucchari 
(sugar), cannella (cinna¬ 
mon), piombo (lead), lini 
(flax), pece (pitch), ac- 
ciai (thread), canapa 
(hemp), incenso (in¬ 
cense), indachi (indigo), 
mace (mace), cubeba 
(cubebs), borage (borax), 
and the ever-present saf¬ 
fron, the king of plants,” 
then everywhere used as 
a sine qua non in daily 
life, and now almost for¬ 
gotten. 

The problems also tell 
us the cost of the luxuries 
and the necessities of life. 

Spanish linen was worth, 
for example, from 94 to 
120 ducats per himdred- 
weight, while Italian linen 
ran as high as 355 ducats 
and Saloniki linen as high as 380 ducats. French linen was 
much cheaper than the latter, selling for 140 ducats. The arith¬ 
metics tell us that the linen was baled and sent from Venice to 
towns like Brescia on muleback. 

The problems "delle pigione” tell us that the houses of the 
bourgeoisie rented in Siena, in 1540, at about 25 to 30 lire per 
year, while a century later they rented in Florence for from 
120 to 300 lire. We also have the prices of sugar, ginger, pep¬ 
per, and other commodities, showing that these three, for ex¬ 
ample, were only within the reach of the wealthy. 
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THE PROBLEM OF THE MARKET WOMAN 

From Kobel's Rechenbiichlein of 1514 (1564 
edition) 
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Hotel life in a grand establishment is also revealed in various 
problems, of which this one, printed in 1561, is a fair type: 

Item/Wenn in einem Gasthause weren 8 Kamem/in jglicher 
Kamer stiinden 12 Bette/in jglichem Bette legen 3 Geste/vnd ein 
jglicher Cast gebe dem Hausgesinde 6 ^ trinckgelt/Wie viel thuts in 
einer Summa? 

That these conditions of 12 beds in a room and 3 guests in a 
bed are not exaggerated, many travelers in remote parts of the 
world today can testify. 

Partnership. There are three historic stages in the conduct 
of mercantile business; (i) that of individual enterprise, 
(2) that of partnership,’^ and (3) that of corporations." The 
first of these has always existed, but in extensive business af¬ 
fairs it early gave way to partnerships in which the profits were 
divided according to the money invested, the time that it was 
employed in the business, or both. As business operations be¬ 
came still more extensive the partnership generally gave place 
to the corporation. Although the corporation has only recently 
come into great prominence, there were societates publicano- 
rum* in Rome, each directed by the magister societatis and 
made up of members who receiv^ shares of the profits in pro¬ 
portion to their investments. These societies were not formed 
for the conduct of general business, however, but only for col¬ 
lecting taxes for the censors.* The division of profits according 
to amounts invested goes back to the Babylonian merchants 
and is frequently mentioned in ancient records.® 

Partnerships and Usury. Aside from the necessity of joining 
capital in large business enterprises there was another reason 

*•"Partner" is from the Latin partwnarius, from partilio, a share or part. It 
comes through the Old French parsonnier and Middle English parcener. 

• -Latin carporatio, from corpus, a body. Compare "corporeal," "corps,” 
" corse,” and " corpse.” 

®That is, societies of the farmexs-general of the revenues. 

^From censere, to valtie or tax, whence our "census.” 

5 A. H. Sayce, Social Life among the Assyrians and Babylonians, p. 63 
(London, n. d.). 
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why partnerships flourished so extensively in the Middle Ages. 
The laws and the popular prejudice in Christendom against 
taking interest on money placed the ” pope’s merchants at a 
disadvantage with respect to the Jews. Merchants in need of 
money w’ere generally helped by their guilds, ordinary borrow¬ 
ing being resorted to only in cases of emergency, as in the 
Merchant of Venice.^ Hence, if a man had money lying idle 
for a time, it was natural that he should join with others in 
some temporary venture and take his share of the profit. He 
thus secured interest on his capital without incurring popular 
odium. A man might even be taken into partnership for a 
limited time only, or he might be compelled by his partners 
to withdraw; * in these cases it became necessary to divide the 
profits according to the amount invested and the time. 

Various Names for Partnership. There is hardly a medieval 
writer on business arithmetic who does not give this subject 
an important place,^ and nearly every printed commercial 
book for a period of four hundred years devoted a chapter to 
the topic. The Latin arithmeticians called it the Regula de 
societate^ or Regula consortiij*' while the Italian writers com¬ 
monly used the plural term compagnic,' WTien the services of a 


iW. Cunningham, The Growth of English Industry and Commerce during the 
Early and Middle Ages, pp. 339, 364 (London, 1896). 

*The Christian laws had forced the business of money-lending into the hands 
of the Jews, as in the case of Shy lock. 

•An interesting case is told in the records of the famous business house of 
Kress, in Numberg: "Und do die rcchnung geschah, do zalt man Paulus Forchtcl 
sein gelt und wolten sein nit linger in unser gcscllschaft haben.” The records 
also relate: ** Item wir haben gantze rechnung gemacht an sant barbara obent do 
man zelt von gotes gepurt 139s yar und es westund [belonged tol yeden 
XXXI gld. zu gewinn.” G. von Kress, Beitr&ge zur Numberger Handelsgeschichle 
aus den Jahren 1370 bis 1430, See Giinther, Math. Unlerrichts, p. 391 n. 

*E.g^ Fibonacd (isoa), Liber Abaci, I, 139; Johannes HispalensU (c.1140), 
Uber algorismi (No. II of Boncompagni's Trattati), p. in; and many others. 

•Thus Huswirt (1501): ''Regula dc societatc mercatonim ct lucro” and "Dc 
sodetate et intercessione tjjis" (temporis). Cardan (iS39» c^. S^) bas "De 
societatibus.” 

•Thus Gemma Frisius (1540) : "Regula consortij, siue, vt dicunt, Societatis." 

^Thus Felidano (1336) has a chapter Dele compagnie (1545 ed., fol. 30). In 
Spanish the word appears as compahia and in Frendi as compagnie, but the word 
sociiti was also used, as by Pcletier (iS49). 
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partner were considered instead of any money contribution 
that he might have made, they used the term soccite.^ 
English writers, following ^e Italian practice, often used 
the word "company,”* although in general the word "fellow¬ 
ship”* was preferred. 
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PROBLEM IN PARTNERSHIP 
From Masterson’s Aritkmetikt (1592) 


If 


^Thus Cataneo (1546) follows his chapter Delle Compagnie by one DelU 
Soedte, saying; ”lequali son simili alle compagnie,” but that the latter con¬ 
sider ”il capitale e non la persona & I’altro mette solo la persona senza altro 
capitale.” Practically, he says, these problems have to do wiUi the case in which 
some “gentil' huomo” puts in his cattle and some "uiltano 0 soccio mlnore” puts 
in his time. The 16th century books also use the form soeddt. The modern form 
is soedo, soedta. 

»"Two men Company, and make a Stock of 700 1 ,” in Hodder’s Anikmelick, 
loth ed., p. 152 (167a); but be caUs the subject “The Rule of Fellowship.” 

■Thus Recorde (c. 1542) speaks of "the rule of Fellowshyppe ... or Com¬ 
ply” (*558 *d., fol. Ni), and Baker (1568) gives “the rule of Felowship.” 
The term is used by the American Greenwood (1729) and in Pike's well-known 
arithmetic. 
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The Germans ordinarily preferred the term Gesellschajt^ 
and the Dutch writers followed their lead.^ 

Pasturage Problems. Akin to partnership problems, and often 
classified with them, are pasturage problems.* These may 
have begun with the custom of the Roman publicani of renting 
to stock owners sections of the estates which the government 
had farmed out to them, payment being made in proportion 
to the number of cattle.* It is probable that the early use of 
commons by the shepherds was regulated according to the 
principles inherited from the early Roman conquerors. 

The importance attached to the subject in the i6th and 17th 
centuries may be inferred from the fact that Clavius (1583) 
devotes thirty-two pages to it and Coutereels (1599) allows 
forty pages.® 

Profit and Loss. The expression "profit and loss,” still found 
in our arithmetics, although not always used in commercial 
parlance in quite the same sense, is an old Italian one. The 
books written in the vernacular used the term guadagni e 
perditCy^ while those written in Latin called their chapter on 
the subject De lucris & damnisJ The term passed over into 
German as Gewin und Verlust* into Dutch as Winst ende 

^Tbus Kobel (1514) has GeseUschaJt der Kaufieit, and Albert (iS34) has 
Cesellschaft / odtr der Kauffleut Regel / von eigelegiem Gelde. Sucvus (iS93) 
gives the Latin form also, Regvla societatis. Regel der Gesellschaft, 

*Thus Van der Schuere (1600) has Reghel van Gheselschap. 

•Cardan (1539) speaks of them under the head De societatibus bestiarum, and 
Ortega (1512, the Rome edition of 1515) speaks of compagnia pecoraria. In the 
Dutch books of the 17th century the subject commonly went under the name 
V ee-IF eyding he. 

♦Ramsay and Lanciani, Manual of Roman Antiquities, 17th ed., p. 548 
(London, 1901). 

•Similarly, Pagani (xS9*)» twenty-four pages; Werner (1561)1 twenty-sre 
pages; Van der Schuerc (1600), twenty-six pages; and Cardinael (1674 ed.), 
twenty-five pages. 

•"Gains and losses,” as in Sfortunati (iS 34 )i Cataneo (1546), and Pagani 
(iSPi). 

7 As in Cardan, 1539, cap. 59. 

•Thus Rudolff (rS26) gives an "Exfpel von gewin vn verlust,” Riese (1522) 
has "Vom gewin vnd voriust,” and Kobel (1514) has "Regel vnd frag/von 
gewlh der Kauffleut angekaufftet wahr / Regtila Lucri.” 
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^erlkSj^ and into French as gain <Sf The English writers 

used "Moss and gain," Records [c. I 54 s) saying that ^'the 
fourth Chapter treateth of Losse and Gaincj in the trade of 
Marchandise.” 

The early American texts followed the English phraseology^ 
speaking of '^loss and gain.” Thus Greenwood (17^9) remarks 
that "the Intention of this Ride is, to discover what is LQst, or 
Gained per Ce^iL in the SaU or Purchase of any Quantity of 
Goods : in Order to raise, or fall the Price thereof accordingly**’ 

The popularity of the subject in the i 6 th century may be 
inferred from the fact that Werner’s Rechenbuch (15^1) de^ 
votes forty-seven pages to it, and that other commercial arithi 
metics were similarly generous. 

Commission and Brokerage. Although the subject of commis'. 
Sion and brokerage is not new, these terms are relatively 
modem. The early printed books use such terms as "factor¬ 
age"* and "factorie,”' from "factor,’^ “ a middleman in the pur¬ 
chase and sale of products. The term "factor" was used in this 
sense in the Middle Ages, when the father of Fibonacci was 
(c. 117s) a factor in Bougie, and in the Renaissance period.'’ 
It is still used, although less commonly, in America and Great 
Brita-in, and warehouses for goods to be exported are still called 
factories" in various parts of the world. 

in Van dtr Sihiieire (i6od). It alsc apptai^ as Wintsitish fci zjeriifj, as in 

“So th-t Byt'cb'Frqnch work of Coutereels {^631) has "CompL'ES dc pain 
perte.” 

^Even as 3 atc as tile tentuiy Pike’s arithinctic (Sth ed., p. 504 tNeW 
Yotk, I Sift)) has Ui* definitian' Factorage, Is an allowance of so much per 
ceiit. to a Factor or Correspondent, fdt buying and aelliti^ goods.” It defines a 
bruit er as a ijiierchant’s assiscanl in buying or selling, 

^Tbus Rudolff fijaft) and Wenirr have Faaorry^ Of the Dutch 

writers, Eartjtiis (Tftgj) has Faciorts; Ratts (ijSo), Rek^ninshea van Fa£if.nri- 
jfjjj and Van dcr Schucre (iftco), FaclcitT-Rekemnshe. 

!=Tkat Sa, operator, from the Latin /treera. to act or do, Compare the far Lor 
of a number. 

^Tfiua Werner (i^ 6 i): "Item mn Kaiiffman macht semem Factnr ein geding"; 
Trenchant (13*6): compa.itTiiea d’enlre marchans & faetcurs”? Recnrde 

(c.. 1343); “A Merchant doth put in Soo pound into the hrinda of bts Factor'^ 
(rb4* ed,, p. 319). 
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The word “broker” is not so common as "factor” in prob¬ 
lems before the 19th century, although it appears in Middle 
English^ to designate one who does business for another or 
acts as his agent.^ 

The term “commission,” as now used to indicate a percent¬ 
age, is relatively modem. 

Equation of Payments. The absence of banking facilities to 
the extent now known in America, the difficulties in transmitting 
money, and the scarcity of currency before the great improve¬ 
ments in gold-mining in the 19th century rendered necessary 
until very recently an extensive credit system. Importing houses 
bought on credit and exported goods on credit to those from 
whom they bought, balancing their accounts from time to 
time. The process of finding the balance due, so that neither 
party should lose any interest, was the problem of the equation 
of payments. The subject is found in many manuscripts of 
the 14th and 15th centuries, and when textbooks began to ap¬ 
pear in print it was looked upon as of great importance. Thus 
Recorde (c. 1542) says: 

Rules of Payment, which is a right necessarie Rule, and one of 
the chiefest handmaydes that attendeth vpon buying and selling.’ 

The subject went by various names,* but the later English 
and American writers generally used the expression “ Equation 
of Payments.” 

Interest. The taking of interest is a very old custom, going 
back long before the invention of coins, to the f>eriod in which 
values were expressed by the weight of metal or by the quan¬ 
tity of produce. The custom of paying interest was well known 

^ Brocour or broker. It probably came from the An^Io-Saxon brtlcan, to use 
or employ. The root is found in the Scandinavian and Teutonic languages, re¬ 
ferring to business in general. 

3 A word coined in the i 6 th century from the Latin agere, to act or to do. 

sMellis ed., p. 478 (1504)- 

■*Thus Hodder (167a cd-, p. 1631 calls the chapter "Of Bkjuation," and the 
Dutch works have such names as "Den Regel v'an Paeyement of BetaJingbe” 
(Evcr 5 dyck*s Coutereels, 1658 ed., p. 181) or simply "Reghel van Payementen” 
(Stockmans, i6og ed.. fol. Q4; Houck, 1676 ed., p. 108). 
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Id ancient Babylon. In Sumeriaji tablets of the period before 
2000 B.c. the rate is often given as varying from the equivalent 
of 2 0 per cent to that of 30 per cent, according to Tvhether it 
Tvas paid on money, that is, on precious metals, or on produce. 
In general, in the later Babylonian records, the rate ran from 
5j per cent to 20 per cent on money and from to per cent to 
33 J per cent on produce, although not expressed in per cents 
Even princes engaged in trade and insisted upon their interest, 
for one of the tablets relates the following: 

Twenty manets of silver, the price of wool, the property of Bel- 
slia22ar, the son of the king. . . . .^11 the ptcjperty of Nadin-Mero- 
dach m town and conntry shall be the security of Eelshas^ar, the son 
of the king, until Belshaziar shall receive in full the money aa well as 
the interest upon it.’ 

Tablets of Nineveh as old as the 7th century have the 
following records: 

The interest [may be computed] by the year. 

The interest may be computed by the month* 

The interest on ten drachmas is two drachmas. 

Four manehs of silver . . . produce five drachmas of silver per 
month*^ 

Interest in Ancient India. The custom was also known in an¬ 
cient India, appearing in the early legal writings of the Sutra 
period, some centuries before the beginning of our era.^ In the 


Jastrow, Je., TAfi CtvitiidO'im of SaiiyJopiia {UtJ vljsyria, pp. 3^5, 

3jS (Philadelphia, ; A. H. Sayce, Ziitichri^i V 

T, G, Pinchts, I, igS, Mif A. H. Sayoe, Life atjtiyjis iha As- 

jyrwMj chap, v, p. 6^ (London, n. d.] (htreaiter referred to as 

Sayce, Life ); G- Blllcter, des Zmsfusses ku griKhiseft^dn^r 

AIltTlum (Leipzig, iSga),—ths leading authority. ^Sayoe, .Sflctai Lf'/e, p, ^S. 

^ Since four isaaehs was about |iSo, and five dramas was 9 ,bDut the in.- 
terest on tifio was ^24 a year, the rale being per cent. See J. Menant, La 
Bibiiclh^Qtis da palais de iVihiifi, p. yi (PaiiSh iSSc). 

*Thits the Dharma^sdttms state that MdsM^ for every 20 
may be taken every memtii,-'’ Since ao iTidjftni were probsibiy equai tn a kdr~ 
shdpfpia, the rate wai rj per cent per month, m ij per gent aimually. Set R, C, 
Dutt, A Histary oj Civfiisatien in ArKifnt /mikij 1 , 174, 237 (Loodfln, 
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medieval period there are many evidences of the taking of 
interest. For example, MahavTra (c. 850) has various prob¬ 
lems of the following type: 

O friend, mention, after calculating the time, by what time 28 will 
obtain as interest on 80, lent out at the rate of 3^ per cent [per 
month]. 

Bh^kara (c. 1150) also paid much attention to the subject, 
giving such problems as the following: 

If the interest of a hundred^ for a month be five, say what is the 
interest of sixteen for a year. 

If the interest of a hundred for a month and one third be five and 
one fifth, say what is the interest of sixty-two and a half for three 
months and one fifth. 

If the principal sum, with interest at the rate of five on the hun¬ 
dred by the month, amount in a year to one thousand, tell the prin¬ 
cipal and interest respectively.* 

Interest Customs in Greece. The rate in Greece seems not to 
have been restricted by law and to have varied from 12 per 
cent to 18 per cent. In the time of Demosthenes 12 per cent 
was thought to be low. There were two general plans for com¬ 
puting interest: (i) at so much per month per mina, and 
(2) at such a part of the principal per year. Interest was 
usually paid at Ae end of each month.* 

Interest in Rome. In Rome the rate of interest was at first 
unrestricted.* The Twelve Tables* limited the interest charged 


'That is, the rate per cent. 

* These extracts show that the rate of interest in India in the 12 th century 
was about 60 per cent, and that interest was computed on a percentage basis. 
See Colebrooke's translation of the Lilavali, pp. 36, 39. 

»F. B. Jevons, A Manuai of Greek (London, 1893) ; Harper’s 

Did. of Class. Lit. and Antiq., p. 665. 

Interest was called faenus, or fenus, a later term being usttra (from uti, to 
rise), commonly expressed in the plural, usurae. So Cicero has “pecuniain pro 
usuris auferre.” From this came the French usure and our ‘’usury.” Capital was 
caput (head, originally a head of cattle) or occasionally sors (lot or chance). 

^Duodecim Tabulae, the first code of Roman law, 451-440 b.c., and the 
foundation of that law up to the time of the Corpus luris of Justinian, c. 530. 
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to Romans to one Uvelfth (Sj per cent) of the capital, and 
later (c. 100 B.c.) this limitation was extended to aliens as well. 
The Lex Genucia (342 b.c.) prohibited the taking of interest 
altogether,* but like the medieval canon law this seems not to 
have been enforced. 

In later Roman times the Eastern custom of monthly in¬ 
terest came into use, the ordinary rate being i per cent per 
month, payable in advance, or 12 per cent per year. In Cicero’s 
time 48 per cent per year was allowed, and under the first 
emperors 25 per cent was common. A little later 12 per cent 
per year was made the maximum; Justinian reduced this rate 
to h per cent per month, which gave rise to the common rate 
of 6 per cent. In classical Latin works the rates of interest are 
usually mentioned either as jenus unciarum" or as usurae 
ccntesimae.^ 

Interest in the Middle Ages. In medieval Europe the canon 
law forbade the taking of usury, that is, the payment in ad¬ 
vance for the use of money. The time had not come for bor¬ 
rowing money for such remunerative purposes as extensive 
manufacturing or as building railways and steamships, and so 
the principal was often consumed by usury instead of being 
increased. Usury would therefore have speedily resulted in 
the enslavement of the peasants, who were without money or 
financial ability. Hence the Church came to recognize a dis¬ 
tinction between loans for production, which might reasonably 
have carried some remuneration, and those for consumption, 
which were contrary to public policy.* 

'M. Cantor, PoUiischt Arithmetik, p. 2 (Leipzig, 1S9S). 

8 Uncial interest, that Is, interest by twelfths, iV being the common rate. This 
tH P«r month when the ancient year consisted of ten months. When the 
year was later divided into twelve months the rate was still y | n per month or 
tVo per year. Since interest was paid by the month, this made the former rate 
per cent and the latter 10 per cent per year. See Ramsay and Lanciani, 
Maniiol of Roman Antiquities, 17th ed., p. 47a (London, 1901). 

" Hundredth interest, or i per cent a month. This was the ancient" per cent.” 
If the security was poor, this was raised to binae centesimae (2 per cent per 
month) or even to quatemae centesimae (4 per cent per month). 

♦See the decree of the fifth Lateran Council (1512-1517) in Janet, Le capital, 
la spiculation, et la finance, au XIX* sUde, p. 8i (Paris, 1892). 


INTEREST 


563 

There was, however, another reason which was not so openly 
stated, namely, the desire of the Church and of the ruling 
classes to prevent the dangerous rivalry to authority which 
would have resulted from the accumulation of too large for¬ 
tunes ; in other words, to avoid the dangers of capitalism. 

Origin of the Term ” Interest.” To overcome this restriction 
there accordingly developed a new economic custom. The bor¬ 
rower paid nothing for the use of the money if it was repaid 
at the time specified. If, however, he failed so to pay the prin¬ 
cipal, he was held to compensate his creditor by a sum which 
represented the difference, or "that which is between” ("id 
quod interest^^) the latter’s position because of the delay and 
what his position would have been had he been paid promptly. 
Id quod interest was recognized by the Roman law, but as a 
certain per cent agreed to in advance it first appears in the 
13 th century, possibly suggested from the East.' Speaking of 
this method, Matthew Paris (1253) tells us that in his time 
10 per cent was exacted every two months, and adds that in 
this way unscrupulous men "circumvented the needy in their 
necessities, cloking their usury under the show of trade.”* 

Among the economic movements of the Renaissance period 
was a serious questioning of the validity of the canon law 
against usury and a determination to recognize a new type of 
interest, namely, usury paid at the end of the term of borrow¬ 
ing.* As a result of this feeling the subject of interest found 
place in many of the early printed books, particularly in Italy,* 

1 Compare Bhiskara’s LUdvati {c. iiSo)i Colebrooke’s translation, p. 39. Fibo¬ 
nacci (1203) gives problems involving 20 per cent interest, but the Hindu works 
give rates as high as 6o per cent. 

*CAro«i’fo Majora, III, 32Q, published in the RoUs Series. See also W. Cun¬ 
ningham, The Growth of English Industry and Commerce . . . , p. 329 (London, 
1E96). One of the best historical sketches to be found in the early arithmetics 
is given by Sfortunati, Nvovo Lvme, rs34 (iS 44-*545 fol. 60). 

•See such works as F. dc Platea, Opus restitutionum usurarum et excom- 
murdcationum, Venice, c. 1472 (dc Platea lived c. 1300); J. Nider, Traclcdus 
de contractibus mercaiorum (s. 1 . a., but Cologne, with at least seven editions 
before 1501); and many other similar works of the period. 

•So Calandri (1491), who uses thirty days to the month, sometimes using 
per cent ("per 3 anni a 10 per cento lanno^') and sometimes stating the rate as 
the equivalent of so many pence in the pound. 
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although sometimes against the protest of the author.' This 
spirit of protest showed itself in the people’s literature of Eng¬ 
land, as in Francis Thynne’s (i6th century) epigram: 

Stukelie the vsurer is dead, and bid vs all farwell, 
who hath a loumcy for to ride vnto the court of hell. 

A similar testimony is found in Lauder (1568): 

Credit and frist [delay] is quj'te away, 

No thing is let but for Usure; 

For euerie penny thay wyll haue tway: 

How long, Lord, will this warld indure?* 

In spite of these protests the English parliament in 1545 
sanctioned the taking of interest,* fixing the maximum rate at 
10 per cent. The protest was such that the law was repealed 
in 1552, but it was reenacted in 1571,* and since that time all 
works on commercial mathematics have included the topic. 

In Germany the opposition to interest was also very strong, 
and Martin Luther published a sermon on the subject in 1519.® 

Compound Interest. The compounding of interest was known 
to the Romans and was not forbidden until rather late.® The 
late medieval and the Renaissance Italians, from whom we de¬ 
rive so much of our modern business arithmetic, used the word 
merito^ for interest in general, and where it was computed 
“simply by the year”* it was called simple interest.* 

*So Cataaeo (Le Pratiche, 1546), under the title De stmpUci meriii vsvrtschif 
speaks of the practice as often "diabolical,” and Pagani (1591) calls it "Cosa in 
vero molto biasmeuole, & diabolica.” 

*W. Lauder, The Lamentationn of the Pure, twicking the MiserabOl Estail 
of this present World, published by the Early Eng. Text Soc., p. j 8 (London, 
1870). "37 Hen. Vra, C.9. 

*E. P. Cheyney, Industrial and Social History of England, p. 17a (New York, 
*901) • *Eyn Sermon von den Wucher, Wittenberg, 1519. 

•Harper’s Diet, of Class. Lit. and Aniiq., p. 663. 

passed^ into the French as merite, although the word interest was also 
used. Thus Trenchant (1566): "A calculer les merites ou interestz" (1578 *d., 
p. J99). The Italians also used the term asttra. The 1515 Italian edition of Ortega 
(1512) has Regvla de lucro. 

•"SimpUcemente all’ anno," as Tartaglia (1556) says (1592 ed., II, fol. 95). 
See also Cardan’s Practica, 1539, capp. 57 and 58, 

•Ciacchi (1675, pp. 80, 228), a later writer, speaks De' meriii semplici. 
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Compound interest among the early Italians was computed 
from the beginning of each year' or period* and was called 
by the English writers of the 17th century "interest upon 
interest,^'* The taking of such interest was frequently charged 
against the Jews/ although unjustly so/ and is even character¬ 
ized by their name.® 

In the 15th and i6th centuries interest was usually computed 
either on a percentage basis or at so many pence to the pound." 
The rate varied from the 60 per cent mentioned by Bh^kara 
{c. 11 so) and his European contemporaries to smaller limits.® 

The difficulty in computing interest gave rise in the i6th cen¬ 
tury to the use of tables. These were extended in the 17th 
century, a table of compound interest appearing in Richard 
Witt’s ArithmeticaU questions (London, 1613). 

Discount. The computing of discount® for the payment of 
money due at a future time is relatively modern. It is found 


capo d’ anno,” as Tarta;;Ua (1556) describes it (1592 cd., II, fol. 9S)* 

*‘*A capo d’ alcun tempo,” as Tataneo (iS4<^) describes It <1567 ed., fol. 53). 
Similarly TartaRlla (1592 cd., Ilf'Iol. 119): ”Del meritar k capo d’ anno, 6 altro 
termine che d’ alcuni ft detto vsura.” The expression passed over into French as 
"meritc k chef de terme” (Trenchant, 15W; 1578 ed., p. 299). 

*So in Hodder, loth ed., 167a, p. 139. The Dutch commonly called it "in¬ 
terest op Interest” or "Wins-ghewin (VVinsts-Gewin).” 

♦Thus Pagani (1591, p. 147): "c questo modo di meritarc e communcmente 
vsitato da gl’ bebrei ne suoi Banchi.” 

“Giinther, Math, Unterrichts, p. 290. Pagani also says that the Christians 
were equally to blame. 

®"Ma d’ altra sorte e la ragion dcIF usura, che chiaraano Guidaica” (sic, for 
"Gludaica”), as in the Italian edition (1567, fol. 32) of Gemma Frisius, but not 
in the Latin edition. SImQariy Van der Schuere (i6oo, fol. 127) speaks of "een 
loodtsch profijt.” 

T"Mcriter est bailler ses deniers pour profiter k raison d’vn tant pour +. ou 
pour 100: par an” (Trenchant, 1566; i5?8 ed., p. 298). 

•For example, Sfortunati (1534) gives the rate "a denari a. la libra fl mese,” 
which is 10 per cent a year, and goes even as high as 4 pence per pound per 
month, or 20 per cent a year; Trenchant (1566) gives one problem at 12 per 
cent; Tartaglia (iSS6) gives 10 per cent, 16 per cent, 20 per cent, and other rates; 
one of the Dutdi writers. Raets (1580) gives from 8 per cent to 14 per cent, 10 
per cent being stated thus: " Soo roo winnen in een iaer 10 ”; and Cardinael 
(1674 ed.) gives rates ranging from 10 per cent to 20 per cent. 

• Formerly "discompt,” from the Old French descompter, to reckon off, from 
des-, away, compter, to count. 

It 
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in some of the i6th century arithmetics’ but is more common 
in the century following, appearing under various names.^ 

Assize of Bread, One of the standard problems of the i6th 
century books related to the variation in size of a loaf of bread 
as the wheat varied in value. For example, if a lO-cent loaf 
weighs 14 02. when wheat is worth ft 1.80 a bushel, how much 
should it weigh when wheat is worth ®2.2o a bushel?^ 

The problem had its genesis in real conditions. Loaves were 
formerly of two kinds: (T) "assized bread,” always sold at 
the same price but varying in weight according to the price of 
wheat, and (2) "prized bread,” always of the same weight but 
varying in price.^ The legal regulation for the assiaed bread 
goes back at least to 7^4, being found at that time in a Frank¬ 
fort capitulary, and is probably of Roman origin. London 
regulations are found as early as the rath century, and in the 

assize of bread” of Henry H (1354-1189) these are worked 
out by inverse proportion.^ As a result of these regulations, 
tables of the assise of bread were prepared and their use was 

P 

^Thua Catanefi [1546^ has a clftaptcrDt] s^plict sconto” and one (cune- 
sfjondtng bo coiujjQuiKi interest) ^'DelJo scoot* ^ capo d' aJcv'o tempo,” Tr-cn- 
dnatit (1566) discouota in amount due ir lour ycua taison de 13 pour xno 
par an." 

^Thus in Coutereels'a (1690 ed., p. it appeaia as " Rabat- 

tctrcDi Diacootcereoi of af-liprteii,^' snd in Hodder's^WJA-flMlfcfefi&ya td., p. 17s) 
as "The Rule of Rebate, or Dtscount.'' 

“Thus Ortega Cigia, 1515 ed-, foE. 59)- "<£], Si de vno mtEuta de grano tht: 
costa 10 cartmi mi dano 4 vnae de pane per vno dinaro si voi sapett se de vm 
altra miaura che costeia 20 carlini ■quante vnzie n* darano per uno medesimo 
dinarD." ais* Gemma Friaius t,T 54 &; 1353 ed., fol. 66), Rudolfl iKHttsilichs 
reckfntns, 1334 ed., fol. K4), Albert iSdr ed., fol. Ki, under Ji/iguia 

Detfi Cfla-ifprrct), Suevua (i3Q3f p- with tw* pages “Vom Brodg&wicbte in 
thcTOren vtid wolEeihlen Jaren”), and many other writers of tbs i6Lh century 
and later. 

*J. Nasmith, An examinatjoji of ststut^es . . . AAfi dtijiae of bread, Wisbech, 
jflao^ Sr Baker., ArtaeAthos Or q ^tu\ Booke dedtirm^ the AssUe or Weight of 
Bread-, London, iSai. 

'"Qaando ^Mortkrsurti frumanti ee vendit pro sei aul.' tunc debet pania esje 
bonjts et alhus et ponderare sexdecrnt sol, de lores [j.e., sod. to i oz.]. . . , 
Qw^do pro qMtttuOT scihdia time debet ponder are triginta =41 so), et aUi« quad- 
raginta 5 « aaf. . . . and 50 on tor different weights. W. Cunnfnisbain, The 
Growth of B-rigiisA Indiatry and Cottimerce durnig ifia Harly and Adiddl^ 
p. 36S {LondoUi, rSp6). 
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made obligatory.^ This problem of the size of loaves ’v^^as a 
common one in the early printed books and is often found as 
late as the second half □£ the 29th centuryThe following, 
from the tS37 edition of Dabolbs well-known American arith¬ 
metic, illustrates the type: ^Tf when wheat is 7s. 6d. the bushel, 
the penny loaf will weigh 9 oz. what ought it to weigh when 
wheat is 6s. per bushel?” 

Tare and. Tret. Until the middle of the 19th century the sub¬ 
ject of ^^tare and tret” -was found in most of the English and 
American commercial arithmetics, ^^Tare” meant an allow¬ 
ance of a certain weight or quantity from the weight or quan¬ 
tity of a commodity sold in a box, cask, bag, or the like. The 
word came from the Arabic (what is thrown away) 

through the Spanish tar a and the French tare, and shows the 
commercial influence exerted by the Arabs in Spain. 

"Tret" meant about the same thing, but the word shows the 
Italian influence, meaning originally an aUowance on things 
transported.* In England it was an allowance of 4 lb. in 
every 104 lb. 

There was also a third term that w'as related to "tare" and 
"tret" and is commonly found in the English books of the x6th 
century. This term is "cloffj” meaning an allowance of 2 lb. 
made on every 3 cwt. of certain goods in order that the weight 
might hold out in retailing. Tlius Records (c. 1542) has prob¬ 
lems of this type: 

"Item at 3s 4d the pound weighty what shai 354^ be worthy 
in giuing 4 1 weight vpon euery loO' for treate.” 

"Item if TDD 1 be worth 365 3 d^ vrhat shall Soo 1 be worth in 
rebating 4 pound upon euery 100 for tare and cloffe.”'^ 

^Siicti a Lable, from the Record Bofik ol tlit cLty of Hull, is ToproduceJ in 
fatgimtit in E. P. Cbeyney, Indfisirial atid Social HiHOTy oj Engtond, p. 67 {New 
York, igioi), 

* A rare and intercstJnK ttajct on Ike subject ia that c£ J. Pnwd, q} 

Bread, London, a guide for tko^e who had to intcrpi^ct the old law, 

3 From farfljfl, he threw do win. 

*The word is frfm the Latin iraher^f to draw or pull, whence iractu^, Italian 
irfUio, and French fj'ojf. From the same root we have "tract" and "traction.” 

fiCrpiiJid of Artts, ed., p. 4^:. The origin of the term is uncertain, 
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Ixi Baker’s arithmetic (e 563) "the eyght chapter treateth of 
Tares and allowances of Marchandise solde by weight,’^ and 
other arithmetics of the period also presented the subject at 
considerable length.^ 

Cutting of Clotfi* Problems relating to the cutting of cloth 
correlated so closely with, the needs of merchants that the com¬ 
mercial schools seem generally to have included them in the 
1 6th century. Thus Grammateus (151S) has problems on the 
cutting of cloth by tailorsand Tartaglia (iSSb) also devoted 
considerable attention to them.® No attention was paid to the 
pattern^ and the problems show that drapers had fieaiible con¬ 
sciences with respect to advising as to the amount needed for a 
garment.* Baker (rsbS) says that "the 5 Chapter treateth of 
lengthes and bredthes of Tapistiie^ & other clothes,”® and 
John Mellis has a similar chapter in his addition (15S2 ) to 
Recorders Ground of Ar£os^ 

The custom of carpeting rooms, which reached its highest 
point in the 19th century, led to the inclusion of problems 
relating to this subject. The return to rugs in the 20th century 
L3 leading to a gradual elimination of the topic in America. 

Barter, Of the appheations of arithmetic none has had a more 
interesting history than barter,® a subject now very nearly 
obsolete in texlbooksj although temporarily revived among 
nations as a result of the World War of 1914-1918, owing to 
conditions of exchange. There ate three fairly well defined 
periods in the exchange of products. The first is that of pure 
barter, seen today in the exchange of guns and ammunition 
for a tusk of ivory in remote parts of Africa,—a period lasting 
throughout the era of savage life. This is also seen In the 
ancient method of paying taxes "in kind ” so many fowls out 

iTlius rjrs ed., foJ. gj), "Re^vta dt tre dc tata”; StocJiinans 

vftn Taia’^i CiaocM (i6^^)/'Ddk tare a vn tantu per cento 
Coutereels {1690 edOi "TaTa-Rekeningh.''' 

2'’<ll,^ichneidcr (1535 ed., fol. Cfl), 

ed., n, ioL -^Tart^^lia, loc. flC, fo], 8i, “■T^So fgJ, ia6, 

®Pg5Srb]y irom the Od Fnench inirfft, baraie, bar^tCj whtnee bof eierj to cheat 
orheguil*. It appears to Italian as baratto (Ortega,igia; 1513 Italian ed.,^cil- 78) 
or baratli (Feliciano d^ 
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of a dozenj or one cow out of a given number,^ The second is 
that wherein a fixed value was assigned to ceitain products, 
such as grain or dates,^ these products acting as media of 
exchange or as bases for determinir^ values in. bartering other 
products,—a period lasting until money was invented and in¬ 
deed until currency became common* The third period is that 
of the adoption of money aa a medium of exchange, this 
medium taking such forms as wampum, shells, coins, ingots, 
and government certificates* 

Two influences perpetuated barter long after the first of 
these periods and indeed down to the present time, namely, 
the scarcity of currency^ and the international fairs* In these 
fairs* the merchants found that barter was a necessity on 
account of the scarcity and diversity of money*^ 

Various Names for Barter. Barter also went by the name of 
^'exchange,” quite as we use the word ”trade” at present. Thus 
an English writer of 1440 has the expression "Bartyrn or 
changyn or chafare'^ oone thynge for a othere, cambio "'^ and 


^For erainpli!, in Egypl, See H. Miispcro, Financn FE^ypte jphj ies 
LifiHJeJ, p. (Paris, 

®A. H. Sayce* Sottai Life among the Assyrians and BabyionianSr chap, v 
(Inondon, n, dO i W. Cunningham, The Gro-Jinh c/ English Industry and Cpw- 
merce., p. 114 (Landcm, iSq6}. 

^Ciacdij Tntn!jijn& this effect in hig Regale genereU d'oiibQCOt p. 11+ iFInrence 
It ^anM he oh&ervied Uiat output of gold fram 1&50 to 1^00 was 
greater thui thut of the preoedmg tlit££ hundred and hfty yeara, which accounts 
in part for the greater amount of currency now avaUahle. 

^Compare the fair of Nijni Novgorod and the smaUet fairs of Leipzig, Munich, 
and Lyona, alJ of which attU continue, and the various intemaUnmd cjcpo^itions 
which ate modern relics of the ancient gatherings of merdiants. In a MS. on 
arithmetic, written in Italy in 1684, nine pages are given to a Unit of great fairs, 
mostly European, which Italian merchants of that time were in tic habit of 
attending. 

®Thu5 Cataneo (154*), speaking “De baratti," says: Necessarin at buon 

mercante non uolendo receuer danno essec molto expetto nel haralterc" (is&? ed., 
foL 4fl>. 

''Middle English nhagare^ nhtfiefaret from the Anglo-Saxon c-lainan (to bny> 
+/orp (to go). T^etc is tbe same root In the word ’’cheap," originally a bargain, 
and in " Cheapsidc,” the well-known London street. 

^ Italian for '■’exchange." So Gbaligai speaks of ''’Burattort, oner 

cambiare una Mercantia a un’ altra’'^ and Pellos (1492) has ”10 .idij. capitol qui 
ensenha efihiar aut baratar vna causa per lautra.'" 
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Baker (1568) gives fifteen pages to Lis chapter which ''treateth 
of the Rules of Barter: that is to say to chajige ware for ware.'^ 
The early German writers had a similar usage.^ 

The French writers of the r6th century often used the in¬ 
teresting word troquer^^ a word meaning to barter, the diapter 
being called Dej Troqu^s. From this word we have the Eng¬ 
lish “truck ” the material bartered, a word which came to mean 
the most common objects of eschange^ such as garden trucks 
and the cart (truck) in which the dealer (truckman) carried 
it, and finally to mean worthless material in general. 

Since merchandise was often bartered for future delivery, as 
in the case of goods from Damascus or China,^ the question of 
interest, or its equivalent, often had to be considered. This 
gave rise to the distinction between barter without time and 
barter with time.* 

Barter in America* In American colonial life the subject of 
barter played an important part. A diary of 1704, kept by 
one Madam Knight of Boston, gives an idea of the arithmetic 
involved, as the following extract will show: 

They give the title of merchajit to every trader; who Rate their 
Goods according to the time and spetia they pay in: viz* Pay, mony, 
Pay as mony^ and trusting. Pay is Grain, Pork, Beef, fi;c* at the 
prices sett by the General Court that Year; mony is pieces ot Eight, 
RyaJls, or Boston or Bay dlillings (as they call them,) or Good hard 
money, as sometimes silver coin is teimed by them; also Wampom, 
vizt, Indian beads wch serves for change* Pay as mony is provisions, 
as aforesd one Third cheaper than as the AsBembly or Genel Court 
sets it; and Trust as they and the meccbt agree for time, 

^Ufiing their word meatiEng csclianEe. Thus FetEensLeiner (1483)1 "Nu 
menct LQbscfi recEitnjn^ von stEch.” Rudolii telh how "zwcn R,t«:ticn 

mit ebander,*^ a phrase now used with respect to dice, and Atbett (1,334) relates 
Lhat “Zxveen woJlen mitdnander atechen,” 

^Thu,s Trenchant (7366): “DeuK marcMiis veident troquer leurs marchan- 
dises.” Compare the Dutch llangelinge {A^fmshslinge^ i\f{ingelingh) as a syn¬ 
onym for fro flies and change in the i6th and 17th century arithiueties. 

^These two ca*efi are mcntloneiJ in a MS. of 1684^ written at AnDcma, now in 
the library of Mr. Plimplon. 

*Thua Ortega (1512; 1513 cd., fol. ^S); “ . . . baratto , . . j) tempo como 
senza tjpo.^^ 
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Now, Vfhen the buyer corns to ask. for a commodity, sometims 
before the mercliant answers that he has it, he sais^ is Your pay redy ? 
Perhaps the Chap Reply's Ys: what do You pay in ? say’s the mer¬ 
chant. The buyer having answered, then the price is set; as suppose 
be wants a sixpenny hnife, in pay it is i5d—in pay as money eight 
pence, and hard money its own price; ^id. It seems a very Intri¬ 
cate way of trade and what Lex Mercatoria had not thought of. 

Another diary, kept by one Jeremiah Atwater, a New Haven 
(Connecticut) merchant, about iSoo, had various entries of a 
similar nature, among w^ch is the following: 

To 5 yds Calico at 2 s 6d per yaid. 

To be paid in turnips at is 6d and remainder in ^oes. As far as 
the turnips pay, the calico is to he as hd and the remainder toward 
shoes at 2s 8d* 

Taxes. Of all the applications of arithmetic, taxation is one 
of the oldest. The tax collector is mentioned in the ancient 
papyri of Egypt/ in the records of Babylon/ in the Bible/ 
and, indeed, in the histories of all peoples. His methods reached 
the extreme of cruelty among the Saracens, and a decided trace 
of this cruelty is still seen among some of their descendants. 

In Greece the tax^ was levied directly on property or in¬ 
directly by tolls or customs. Resident aliens paid a poll° 
tax, and an indirect tax'” of c per cent was levied at the custom¬ 
houses. 

Rome had an elaborate system of taxation/ and this was the 
source of our present systems. It included the tariff,'* the 

^See Volume I, page 4 ^. ■^Sayce^ SoaU Life, p. 63. 

^ E.g., 3 Kings, xxiiT, Luke, u, i. *T^>ios (Jri'esj. 

“Head, from the. Danish Ck?(, a bail, bowl, bulb, or hesud. Hence the '‘polls,’' 
where the heads of the dettora ire counted. The Greek term waa /fenriwiair 
{meteVkhnh 

“The iiftietii. This is the word as our "pen- 

tecost,” which reters ta the fiftieth da.y after tbt Passovtrin tbe Jewish calendar. 
In Greek taxation the word referred to the tsuc or 2 per cent, on exports 

and imports. 

^Latin ta^atw, from latidre, to estimate ot evaluate. 

®Spanish iarifa, a price list or book of rates; from the Arabic i-i'rif., eivinff 
mforTnation, from the root ''arf, tnowin^. The word shows the Arab influenite, 
through the Spanish, upon modern business. The Spanish town Tariffs was 
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ground the poll tax,"* the tithes (still familiar bn certain 
parts of the worldand^ in later times, the tax on traders/ 

It is a curious and interesting fact that the subject of tax¬ 
ation commanded but little attention in the early textbooks. 
It is possible that authors hesitated to touch upon such a sensi¬ 
tive spot because of the necessity for receiving an impri 7 }^i^iur 
from the taxing powers. Although it is occasionally found in 
the i6th century,* it was not common until textbook writers 
were more free in their offering, 

Banldng and Exchange. In the days when Europe was made 
up of a large number of small principalities^ each with its own 
system of coinagCj the subject of exchange was much more 
familiar to the average business man than it is today. How 
recently this was the case may be seen in a remark of Met- 
ternich^s in iS45j that Italy "represents simply a group of in¬ 
dependent States united under the same geographic term." 
The European traveler gets some idea of the early situation 
today^ for at the railway stations on the borders he finds the 
exchange office,® where he may exchange the money of the 
country' he is leaving for that of the country he is entering. 

So important was the subject considered that the 1594 edi¬ 
tion of Recorde's Ground of Aries devotes twenty-one pages to 
itj saying that it is of great value to the merchants dealing with 
Lyons, inasmuch as "there are 4 faires in a yeere, at which 
they do commonly exchange.’” 


named from tbc fact Lbat It wai tbc lesudiiiE customhouse at one time. The 
Latin tctm was portoriutn, from porlarc, to tarryi 35 in “import,'^ "eiport,” 

“ transport." 

soH, tribute of the landf coming from tribuer^f to bestow 

or pay. ^Tritfut^m (wapitis. *i?eeFmac. 

hJiiriitir, This was especially prominicnt in the 5 th century, when 
the great social upheaval led to the aggrandiietnertt of the aristocrafy. See S. Pilij 
Roman SdCJiiy la the Latt Century vnd^r the Weitern p. 204 (London, 

iE5S). 

II As in Savonne (1563; iS?^ ed., fol. 41), wEth the name "Reigtes des bn- 
pO^tlOBS," 

^B^r^au (iej cAowjffijj Weihseibnrea’Uf IVijjel Bureau, CQm-fcio. 

I'The editor, Mellis, gives a long list of the leading fairs which an Engli^ 
merchant might attend. 
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Chain Rule» In the days when the value of coins varied 
greatly from city to city as well as from country to country^ 
money changers employed a rule, probably of Eastern origin, 
which was known by various natnes^ but was most commonly 





RnFTAlSSANCE nEAT.t^t IN exckange 
From the 1500 edition of Widman^s arithmetic (146^) 


called the chain rule® or continued proportion. The following 
problem Is axlaptcd from Widman (i48g) and illustrates the 
type and the solution: 

A man went to a money changer in Vienna with 30 Nurnberg 
pence and asked that they be exchanged for Viennese money. 
Since the money changer was ignorant of their value^ he pro¬ 
ceeded thus: 7 pence of Vienna are worth 9 pence of Linz, and 
S of Linz are worth ii of Passau, and 12 of Passau are worth 


example, Re-^la conjuncia, ZarainEevatgdtn Regelt 

Regel van V^ergeiykinge, and Ds Gemonghde Rs&el, these terms being taJf.en from 
various Dutch and Dutch-French books of tbe i^Eh and iSth centuries. 

^Den Kettingk-Regelf Dm iTeiiwg Reegelt, in the early Dutch boolss. "Gkicb- 
S4Tti wie die Ghedcr eincr 'Ktttfi,”' ay R. Just, a modem Gennan writei-f h?i 3 
it in his Ka-ufmiintiiscites ReekaeUt I, (Lflip^ig, 1901). 
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13 of Wilsshofj and 15 of Wilssbof are worth ro of Regensburg, 
and 8 of Regensburg are worth iS of Neumarkt, and 5 of 
Netimarkt are worth 4 of Nurnberg. Then 



so that 


7 ■ 8^ 12 ■ 15 > S ^ g ^ 30 . 3.^ 

9 »ir*i3-io-j8-4 ' 


the valve of the Nurnberg money in pence of Vienna.^ 

Like many Eastern problems it is found in the works of 
Fibonacci (1202)5* thereafter it was common until the 
latter part of the 19th century. 

Early Banks, The early banks w'ere established in places of 
greatest relative safety and these were usually the temples. 
All kinds of valuables were thus protected from the depreda¬ 
tions of thievesj both private and governmental^ civil and mili¬ 
tary* This is seen, for example, in the great business interests 
carried on within the prednets of the temples in the Ur Dynasty 
(c* 245^^-^330 E,c*) of Babylon*^ On the tablets of this period 
may be found the records of loans, receipts, promissory notes, 
leases, mortgages, taices, and other commercial activities. A 
little later, in the first millennium b.c., drafts appear'* in quite 
the form used even today* 

For the reason above stated, the priests in the Greek temples 
were frequently money lenders.® It was also on this account 


^The rule closes: "Vff miUtiplicir m ^;reuc3 diirchauss aiuff j fey] vn tlividir” 
(fol. 355). 

biTactja naonEtanifli tutti pTiircs moncte lattr siniiles” iLib^ Abad, 

p. 326). 

JasdroTV, Jr., Tie Ci■!^^iiza^i^n oj Babylotua md /Ijjyris, p, tPttila- 
ddptiia, igijK 

*A. T. CJay, Bobyitminn Rtcord^ m the- Library cf /, Bkrpont M^rcaiti Part 
T tN'cw York, 

■= J. P. Maiiaffy, Did Gr£$k Lipa, p, 38 {London, r8S^> t hereafter rtferrsd to 
as Mahaffy, Creak Life. 
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that coins wete struck' at the temple of Juno Moneta- in Rome. 

The later Greek bankers and money changers were called 
a word derived from rpctTrs^a* a table^ just as 
"bank” comes from "benchTheir tables were placed in 
the agorje (public places) and the finding of "the tables of the 
money changers”'’ in the Temple at Jerusalem was not at all 
unusual. Indeed^ one may see similar sights in the temples of 
Southern India today, or in the entrance to the great pagoda at 
Rangoon^ Burma. 

The business of the trapezitai included bu3dng foreign money 
at a discount and selling it at a premium^ paying interest on 
deposits, acting as pawnbrokersj and performing the duties 
of modern notaries^ 

Banks in Eouie^ Bankers are mentioned by Livy (IX, 40^ 
r6) as carrying on business as early as the 4th century b.c. 
At first a private banker was called an argeniarim (silver 
dealer)^ an officer connected with the mint being a nummu- 
larius.^ Somewhat later these terms were used along with 
litensarms^ and coltect^irius^^ to represent any kind of banker. 


i-Tn early d&ys they were stamped by the atruke of a hatnuner. and the word 
has remained in use. 

“Juno th* Admonisher (Adviser^ Instructor). On this account the Romans 
used the Avotd mofiEta to mean money^ whence also our word ''rnint.’' 

^Trapsii'tidj literally, ’'tablcra" Tbe Hebrew usage h the Eame. 

whence our "trapeiium,” a BffUte representing a table ^ originally 
with two parallel aides) ^ and "trapezoid,” a figure shaped like a trapesium (origi¬ 
nally with no parallel sides) ^ The hankers were also called afiyvpa/fK^alt nr^yra- 
moii}oi\ money cbanficrs. See Harper's Diet. C^ass. Lit., p. igoy; Mabaffy, Gr^tk 
Life, p. 33; F. B. Jevons. Manuai of Gresk Aniiq., p. 395 (London, t 3 ci 5 ) , 

^Late Latin a bench; French banc, a long seat or table. So we have 

a bench of judges and the bank of a stream. ''Banquet,” amply a diminutive 
iorni, came to mean a feast instead of the tabic. In Italy banco. camG to mean 
a tradesman’s stall, a counter, and a money tbanger^ table, as well as a bank. 

® As late as we find Enfilisb writers tetllns of how "Christ overthrew the 
Exchaungers baJikes/' 

^M. S- Koutorga, Essai khtoriQ^iC sur Its irtipizites on tanqiiiers d*Athin^, 
Paris, I&S9, 

a Coin-man. Ori^nally an officer of the mint who tested the silver before it 
was coined. 

s Or mens^lariusy froTn ruenrn, table, influenced by the Greet name for banker. 

toLate usage, found in Justinian’s Imtituios. 
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The exchange bureau Vt^as called the permututm} In the bank^ 
ing department the funds of the creditor were called the dcpod- 
whence our "deposit.” This was subject to a perscripiio,'' 
a check, quite as it is at presentn The d&pD.situm drew no 
interest,* being like our common open accounts; but there 
developed also a kind of savings-bank department in which a 
deposit known as a cr^ditumP drew interest.** 

Letters of Credit The ancient bankers issued lediters of credit 
quite like those issued at present,’^ and also made drafts on one 
another.* The idea is therefore without foundation that it was 
the Jews who, driven from France to Lonubardy in the 7th 
century, first made use 0/ foreign drafts.^ 

Stockholders. Among the "seven greater arts” recognized 
in medieval Florence was that of the money changers.'^ As 
early as 1344 the city government, finding itself unable to pay 
some $300,000 that it owed, formed a bank*^ and issued shares 
of stockwhich were transferable as in modern corporations.^** 

1 Compare Dur ''permutation.’' J, Marquardt,. La vis privis dei 
French tratlslaUon, p. 15 (Paris, IS?:!')- 

^De + ptfFtfrc, to p[a«. A dipasiiiiTH is that which is placed down. 

^Fer + j£ri&ere, to write; a written order. 

*It was tdcud p^fiiiTiTai unproductive money. 

^ From criderf, to trust, to have coufidcnce in, to believe, whence our " creed “; 
in banking business a sum heJd in trust. 

sptcaoSe of this interest feature, the ckims of the depasiUirii were leGaJly pre¬ 
ferred to those of the crediiJerej in case of the failure of a batik. Sec the 
XVr, 3 , 

^Mahafify, Grssk Life, p. 3B. They were called ty thq Greeks ffi^mriKui 
^TTifl-reXai (.TyJtatikoi’ epjjitifoi'), letters of introduction. 

® Cicero uses "pemUitare .Athenaii” to mean '^to draw on Athens"; and '’ah 
Epmatio solvat"' to mean "to pay by draft on Egnatiua." 

® Unger, Dk ^sth-odi^, p. ^jo. 

^‘^Arts del cambw or dti cafttbkiori. The other six arti ivert thost 

of fi) dressers of foreign cloth, (2) dealers in wool, (3! judges and notaries, U) 
physicians and apothecaries, {5! dealers in sBk, (d) futriera. E. G. Gardner, 
Tk^ Story cf FiorsK-ce^ p. afi (London, igcio). 

mount, bank, money; compart the French mont-dn-pkti. 

^“Originally the word meant a thing that was stuck or fixed, and hence a po-st, 
the Anglo-SaJiDn Jiocu, as in "stockade.’^ The sama root is found in "etiquette" 
(Old French estiquei}, a littic note "stuck up" on the gate of a court. From the 
same source we have "stack" and "ticket.” See also page e^4, 

^*C. A. Conant, /fiytory pf Modtrn Banks of Issvs, p. 21 (New York, iSo^h 
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The idea of issuing notes payable in coin but only partly 
covered by a reserve was a development of the 17th centuryj, 
beginning in Amsterdam (i6og) and developing into more 
modern form in Stockholm (i66i)d 

Bills of Exchange. Probably the first bill of exchange to ap¬ 
pear in a printed work on mathematics is the one given by 
Pacioli (1494), the form being substantially the same as the 
one now in use,“ 

Four Kinds of Exchange* In the early printed arithmetics 
there were four kinds of excbangCj of which we have preserved 
two. The four types were as follows: 

1. Common exchangej the mere interchange of coins^ the 
work of the money changers*"^ 

2. Real exchange, by means of drafts.* 

3. Dry exchange/ a method of evading usury laws by means 
of fictitious biUs” of exchange,—drafts that bore no fruit.' 

^Ibid.y p. 24. 

^ 1454 adL ^ agoato 1 v *. 

Palate per questa prjma nostra a Lodouici] de franctsco da fabriano e com- 
pagni once cento dom napojitane insv la pnoximaL feera de fuligni per la valiita 
dattretanti rcccnuti q^ui dal MagniEco homo miaci Donato da legge quondl jxiiaer 
Frcam-o. E ponetc ^ aoi. IdEO da mal ve guiatdj. 

vo&tro Faganmo dc paganinl da Bresda as. . . . 

Domino AJpbauo de Alphaisis e copagni in pcrcacia. . * . 

SHma, 1494 ed., fol. 167, tt. 

For later examples, &ec Cuitan’a Pfuclica-, 15^9, cap. 56; TrenchanFa arltli- 
metic £?f 15*6 (15^5 cd., p. 3So)j and other corumercial works. 

*The Ttalianji. called it "eambio menuto, ouer commune,'" as in TartagliaH 
work (1^592 ed., II, led. ih)- In Spanish il appeared as “cambio por uienudo"" 
(Saravia, iS44h itnd in French as change menu ou nomraun” {Trenchant, 
1^66). It is this form that is referred to in 1335, in the English art 01 g Edw. 
Ill, stjLt. ij t. 7; “Et que table deschajigi: aoit a Dovorri & alUoucs, ou & q"iit 
ilsembltta a uos k uotre consad par faire csthangc,"—out ^'bureau das changes.'' 

*Satavla (1^44) makes two divisicim of this type. See his Italiaji translation 
of 1561, fols, 708, no- 

Italian,, cambw jecco; French, ciiange jec; German, troeftener TFscAjei, as 
the terms appear in the ifith century. 

®From the Latin fiitlfc., a bubhle,. a leaden seal that looked like a bubble, and 
hence the sealed document, like a papal bull. Prom the. same root wc have 
"bullet," “bulletin,” "bowl,” and "bullion'’ (a mass of sealed or stamped metalJ. 

^So called, as Saravia (Italian translation, 1561) says, Irom their tesemblancie 
to an "albtro secco, il quaJe non ha humore, ne fophe ne fruCto.” 
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Such exchange was placed under the ban by an English statute 
of 14S 5/6: ''eny bargayne . , . by the name of drye exchaunge 
, . , be utterly voide.’' English writers sometimes spoke of it 
as "sick" e:Kchangei'' confusing the French sec (dry) with an 

English word of different 

I erknow the Pair^ which the 

* Italians call Pari."* 

PROM TUP MARGARITA PHYLOSOPHICA 

(joDo) Days of Grace, The Ital- 

CT, ■ , r 1 j ian cities had fixed rules as 

Showini; jfeomelry as largely tonMinel ^ 

with gaging and aimirar practical work tO the number of days after 

sight or after date at which 
drafts should be paid. Drafts between Venice and Rome were 
payable ten days after sight; between Venice and London^ three 
months after date; of Venice on Lyons^ at the next succeeding 
quarterly fair^ and so on, thus giving the payer time to obtain 
money. In these customs is to be found the origin of the 


T, VViLsoa, writing on uaury in speaka oi "sickje and difSe exchange." 
sThc cciniijio of the Italian writers of the i&th centJUTy, and the cftflwg* 

Jffi of the French. 

s 15^4 £d.|, p. 5s;f. We also have such Dutch termi m tjasder Fury 

(lUieEs, 15 So) and Den Rcghil Farij (Stockrcfinij i6?d ed.), and such Frencli 
terioa as fe ^er iSavonne, 
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of grace,” formerly allowed In England and America, 
but genetallyj owing to improved banking faciliticB, abandoned 
In the latter country about the opening of the soth century. 



IHE GAGEK (OAUGEP) 

Feqiu Ki^bel'a Vytirbtich, atiowing the tools, of the art 


Meaning of a Cheek* At present the check (in England, 
cheque) is extensively used instead of a bank draft. The word 
has an interesting history, coming from the Persian shah^ a 
king. In the game of chess the player called out 
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when the king wa& in ckrtgec and shoh-mat^^ (^'the king 
is dead") when the kiiag could no longer move. From this 
we have our check" and "checkmate" in chess, "check" 



THE. GAOna AT WOEK 

■piqin J&tiann Frey’s .Eiti ntw Virffa' bUchinin, Niirnbtrg [1543] 


being thought to mean simply "stop." Hence we have the Mid¬ 
dle English chek, French Schec (a check or defeat)^ Italian 
scacco (a chess board), "checkers," and "check" (a stop in 
one*s account at a bank). 

Gaging, Before the of casks was standardised as the 
result of manufacturing in quantities or of general laws affect¬ 
ing large territories, the subject of gaging^ (gauging) played 

iThe Middle English wis gasen cr ta gage, The u cfuue in thFough 

tlie Old French fau^sr. In mcdipuaJ Latin gaugia itjcant a atandard wine caaJt, 
but tb« origin of the wckrd ia Uncertain 
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an important role in applied mathenaatics. Tlie word relates 
to the finding of the capacity of casks and barrels. In Ger* 
many a gager was called a Visierer/ and in the 15th century 
there appeared niimerous manuals with such titles as Vysirbucht 
Vysierhuch^ and Visyrbutchleynn.^ The custom was carried 
over to England, and even in our early American arithmetics 
there were chapters on gaging. The first notable Gierman book 
on the subject was Kbbel’s work (see page 579) of 1515, al¬ 
though the Margarita phylosophtca of 1503 pictured geometry 
(see page 57S) as chiefly concerned with such measurements. 

Other Applications. It would be difficult to give a satisfac¬ 
tory list of all the applications of elementary mathematics to 
the manifold interests of man that have developed in the cen¬ 
turies past. These applications include, besides those already 
mentioned, such topics as the adulteration of goods/ account¬ 
ancy and exchange,^ small commerce from town to town/ the 
leather trade/ grazing, and baking,—a list that might be 
extended to include many otlier topics and that illustrates 
the way in which arithmetic has met human needs* 


^From vbiirSK, to via^, to indoftfi 1 standard,, to show that St has t>ecn seen 
^subjected to vision} and approved. 

Grammatcua, 

^Thua Kdbtl; ^'Die Rcdtci Fusci mic jbrEr Erkl&rijnjDt/foleet hemach. . . . 
Das wort Fu^ci/bedent nkbt anders/dann eSn icrbrodicn gill gemulb/oder andere 
vnreynigkeit/so in dfir Specerei lunden wirtyaJa under den Negelin/Imbcr/Saf^ 
fran/&c- Auch Silber vnderm Golt/Kupffcr vndtirm SiJber.'' Rechsnbikftleia, 
1514; 1^4^ ed., lol. 7?, S« also other Cxcrman works of the period^ such ns 
Albert {1334; eS6e ed,* fob D viii> and Thterfelder p. ndj. The word 

also appears as Fuiii- 

* Frequently found in the early Dqtth books as ^^Rckeninghe vaor cassiers” 
(Van der Sohuere, rfioa, fob "Rednetio, ofte Cassicra Rekeninge” (Cook. 

ed.i p. gfi), "Casaiers Rekeningbe" (Mots, 3 & 40 f fob i)/^Dan Regel vander 
Munta Oft den Reghel ghehed^n Regula Cassiers^' (StoekmaTrs, me ed., p. 105). 

common topic in the Rrendis Dutch, and German hooka of tb* idth and 
17th centutifs under such titles as "Rechnunf; vberlaud^^ (Rudoiff, KamtUch-e 
rechttans iS 34 ed., fob ki))^ "Overlantsdhc Rckeningbe” andComptes 

da Voyage(CoutcrecU, Dutcli and Frencli arithmetic, idji, p. 3S3); “Uytlandt- 
flche Rekeningen'' and "Voyages” (Eversdyck's edition of Couteneets, 
p. sqq}; and "Voyagien” (Houck, idrfi ed., p. 148). 

Particularly in such centera as befpiig, where wc find arithmetics of about 
1700 with SLitb chapters as " Ledex und Rauchwakren-Rechnung.” 
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General H'ature. The first applications of algebra were in tie 
nature of number puzzles^ Such was the first algebraic prob^ 
lem^ of Ahmes (c. 1550 b.c.), already mentioned,— "Mass, its 
whole, its seventh, it makes 1:9.” Such are, m general, the 
problems of Diophantus (t, 275), and the problems which still 
form the large majority of those given in current textbooks. 
When a pupil is called upon today to solve the equation 
jc -H |-ar = rp, he is really solving the first problem of Ahmes, 
and all our abstract w^ork in equations is a development of 
this type^ 

The second general application is geometric, and this char¬ 
acterizes the works of the Greek writers, with, the exception 
of Diophantus^ 

The third general application is to fanciful problems relating 
to human affairs, and this is essentially Oriental in spirit. 

The fourth type is characterized by the attempt to relate 
algebra actually to the affairs of life. The first steps in this 
direction were taken when algebra was more or less a part of 
arithmetic, problems often being given that were essentially 
algebraic but were solved without any further symbolism than 
that afforded by the medieval algorism ^ It is with this type that 
we are working at present and are making some advance. 

We shall now consider the first three of these stages in detail. 

The Number Puzzle. It was with the number puzzle that al¬ 
gebra seems to have taken its start. The desire of the early 
philosophers to unravel some simple numerical enigma was 
similar to the child’s desire to find the answer to some question 
in the puzzle column of a newspaper. A few types will be 
selected involving linear equations, the quadratic being con¬ 
sidered later. 

Ahmes (c. rs 5 <^ numerous problems like "Mass, 

its its its ^, its whole, it makes 33.”® 

iNfl. 14 in Peec, Papynss-, p. 6i, tfiUi slightly ditferetu tfinalatton. 

sitzcE., Nv, 31. In flsodem ^yrtibofe,, 

-*' + |jf!= 33. 
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The problems of Diophantos (c. 375) were often of this 
typCj as in the first one given in Book "To divide a given 
number into two having a given difference,” with the partioulaT 
case of 2^;-|-4o = 100. 

In the Middle Ages, in Europe the standard algebraic prob¬ 
lem was of the same general nature ^ This is seen^ for exampICj 
in the De Numeris Datis of Jordanus Nemorariug (c* 1225), 
where all the problems are abstract^ as in the following case: 

"If there should be four numbers in proportion and three of 
them should be given^ the fourth would be given.” “ 

From early times to the present the number puzzle has 
played a leading part in algebra, and under current conditions, 
when algebra is required as a school subject, this Is not alto¬ 
gether fortunate. 

Simultaneous Linear Equations. Problems involving simuh 
taneous linear equations were more numerous iit the Orient in 
early times than they were in Europe. Thus we find in India 
a considerable number of such problems, together with rules 
that amount to directions tor solving various types of simulta¬ 
neous equations. For example, Mahavira (c. 850) has the 
following problem: 

The mixed price of 9 citrons and 7 fragrant wood-apples is 1075 
again, the mixed price of 7 citrons and. 9 fragrant wood-apples is 10 
0 you arithmetician, tell me quickly the price of a citron and of a 
wood-apple here, having distinctly separated those prices well. 

His rule for the solution is similar to the one used today for 
eliminating one unknown.^ 

Another of Mahavlra^s problems, evidently suggested by one 
that appeared in the Greek epigrams and was there attributed 
to Euclid, is as follows: 

Three merchants saw [dropped] on the way a purse [containing 
money]. One [of them] said [to the others], "If I secure thb purse, 

1 Heath, Diophantvsj 3 d ed„ p. 13^, 

sprcibEein 30: "Si fuerit [jic] Iin numeri propo-Tcionatea et tres eorain datl 
et quirtui datus erit" {AbfuiTidlitiigdti, II, 143K 

®See his work, p. 730. 
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I stall become twice as rich as both of you with yotjr moneys on 
tand/^ Then Ihe second [of them] said, "I stall become three times 
as rich."' Then the other f, the third,] said, "I shall become five 
times as rich,” What is the value of the money in the purse^ as also 
tlifi money on hand [with each of the three merchants]?^ 

Indeterminate Problems, The indeterminate problem^ leading 
to what is now called the indeterminate equation, is very old. 
It is probable that it formed a type of recreation long be- 
fore the time of Archimedes, since in the problems assigned to 
him there appears one of very great difficulty. This problem 
has already been discussed on page 453.“ 

Although Diophantus (c. 275) proposed many indeterminate 
equations^ they were not in the form of applied problems. 
Cases of the latter kind seem to have come chiefly from the 
Orient, at least in early times. 

In the Greek Anthology (c. 500?) there are two problems in¬ 
volving indeterminate linear equations, The first (XIV^ 48) is 
as follows; 

The three Graces were carrying baskets of apples and in each was 
the same number. The nine Muses met them and asked them for 
apples^ and they gave the same number to each Muse, and the nine 
and three had each of them the same number. Tell me how many 
they gave and how they aU had the same number.® 

The second (XIV, 144) is a dialogue between two statues: 

A. How heavy is the base on which I stand, together with myself J 

B, My base together with myself weighs the same number of 
talents. 

A. I alone weigh twice as much as your base. 

E, 1 alone weigh three times the weight of yours.* 

^See his work, p. 153. 

^ The problem was tlucovered by tbs German dramatist G. E, Lessing, in 17^^, 
while hE was srrviug as tourt Hhrarfan at WoWenbutttl. On. the history of the 
problem set B. Lefebvre, JVetM dfs Maih^aii^Sf p, 33 n. {Louvain, 

igaoL On a few rndctcrminate pioblems ane to Heron, see Heath, H'!j(ory, 11 , 
444. 

^The equEUions reduce to = 4y. There weie ran apples in all. 

*Tbe eauationa are x + y:iiii-t-vsjc = zu, «?= 4 j. 
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WitE their usual desire to give a fanciful but realistic touch 
to algebra^ the Chinese applied the indeterminate equation to a 
problem commonly known ag that of the Hundred Fowls^ This 
problem goes back at least to the 6th century^ and differs so 
greatly in its nature from those of the Greeks that it seems to 
have originated in the Eastn The problem is as follow’s: 

If a cock is worth 5 sapeks; a hen, 3, and 3 chickens to¬ 

gether, I sap&k^ how many cocks, hens, and chickens^ 100 in all, will 
together be worth loo safieAj? 

From China the problem apparently found its way to India^ 
for it appears in Mahavlra^s work (t:* ^50) in the follo’wing 
form: 

Pigeons are sold at the rate of 5 for 3 [panas] , sariisa birds at the 
rate of 7 for 5 and peacocks at the rate of 3 for g [paKas]. 

A certain man was told to bring at these rates 100 birds for 100 
panas for the amusement of the king's son, and ’was sent to do so. 
U^at [amount] does he give for each [of the various kinds of birds 
that he buys] ? 

Mahavira gave a method for solving such problems that ’was 
sufficient to satisfy those who were interested in puzzles, but 
’which had little merit otherwise.^ 

This fanciful type of problem was probably made known in 
Europe at the time of the general penetration of Oriental ideas, 
and here it developed into a form somewhat like this: 

2D persons, men, women, and girls, have drunk 20 pence worth of 
wine; each man pays 3 pence, each ’woman 2 pence, and each girl 
^ penny; required the number of each. 

Algebraically, wj + ti; 20 

and + 


^Kaye, Indian p. 40 i L. Vanh 6 e, "Les cents volaillcs tiu l^analvK in- 

dfitetmin^ en Chine,” XTV, and reprint; L. M&tthicssen, ^'^Verglei'- 

chung der indischen Cnttacft- und der ehinesiacheni Tayen-Rtgel, unhestiminte 
Glcichungen und Ccinsrueiizen ersten Giades siiF^sldaeri ” Sitswigsberichif. der 
matA.-naturwiis. Section der Vf-rhandi. der FAdoi. Fftj. ^oslack, iS?s. 

= See bia wqrk, pp. ij 3-135, 
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which 'Would be ijideterminate if it were not for the fact that 
there were some of each and that the result must be in positive 
integers, thus admitting of only one set of ans’wers, namely, 
ij 5, and 14. In general, all problems of this type are of the 


form 


X -Ly -H J 


ax -h 4 - = n., 


reducing to 


px 


thus being indeterminate unless the physical conditions are 
such as to exclude ah but one set of values. 


The Regula Coeds. Such problems are known in European 
works as early as the gth century, and thereafter they become 
common,^ In the 15th century they begin to mention the per-^ 
sons as being at a cscha^ and hence the rule for solving such 
problems became kno’wn to i6th century writers as the Regula 
Coeds. There has been much dispute as to the origin of the 
terra cQ^cis^ but from such historic evidence as we now have it 
seems to relate to the fact above stated, namely, that the per¬ 
sons 'were at a cechaA The problem seems to relate to drinking 
where each paid his own share," very likely from the fact that 
Eccke. meant originally the money* paid for the drinks. 


^Thu 6 a r4th oentuiy MS. in Munich (end. lat. Mocistc. 14654): "Siat hie 
cntlitcs, pcdit £5 nt puellc, et ^nl. in unlversa £3, et hab^nt 12 psinca, perdenda^s, 
ct quihbet miJe$ ardpiat duoa, {(uilibct pbdes -quartern partem panisr quilibet 
puclla medietaitm panis: queiicur, quot emnt militea^ pediEea et putlle.’^ Jj&J. 
Molh., EX (^), 79, 

“Curtie, for eiimiptc, toqrid, in a MS. (jf 14601 a problflm begmnmg : '^penam 
casus, qund sint 20 persiinc: in una cecha” {Abkandlwtginf VUj 35). 

^Wbich also appears in such form*, as ced, cotci, faed, and 

caedi. BibL Mat&.f XUI (i), 54, and VI (3)^ 

* We find similaT eipreasLons in the i 6 tb centuTy, Thus Rudotff (KuntUicAt 
reckaun-g, 1556) has a topic "Von tnanthcrley pflr&on an einer zeefi," and says 
further: " Es eitaen j* person an einer aeth/man/frawen/vnd jungfrawen . . . 
addiojT that this k the '^Mgejywelche ^ ncnneti Cccis odcr Virg'inV” (155+ ed., 
fot, Nvij). 

^L. Diefenbachn in his .Voukiw (JiojJdri-iiMt (Frankfort a,M.i jSfi7i p. 335)» 
says: "EymbolLim . . , vuljjo sedia quo quSsque suam porLioneiai confett.” In 
American slang, a steka ti'as a "Cutch treat.’* 

^Italian scfco; compan; z^r^Jaere, a mint master, a$ in Ciacchi, gtne- 

rcK d’ Abbacs (Florence, 1S75, p. 247), 
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There have been various other si>eculations as to the word. 
One of these is that it comes from an Arabic expression signi¬ 
fying not content with one but demanding many, referring to 
the many possible solutions.' It has also been thor^ht to come 
from the Latin caecus (blind), with such fanciful explanations 
as that a problem of this kind wa.5 solved by tl^e blind Homer, 
or that the solver went blindly to work to find the solution. 
Indeed, it was often called the Blind Rule in the i6th and 
17th centuries.^ 

Another name for the rule was Repila potatorum (rule of 
the drinkers), and this gives added reason for tire interpreta¬ 
tion of zecha as a drinking bout.^ A still more common name 
was Regula virginumy rule of the girls, usually explained by 
the fact that the solutions show more girls than men or women.^ 

In spite of the fact that this style of problem is interesting, 
the arithmeticians often discouraged its use because of its in¬ 
determinateness,® although there were found others who in^ 
creased the difficulty by using more than three unknowns. 

Alligation. Beginning apparently in the Renaissance period 
as an application of indeterminate equations, the Regula AUi- 

T'^Cintu Sekjs, hoe eit adulLetaim indisttaruut: propLtrea, ut opinor, quod 
uno ac Ifigitimo quaesti^uia snodatu nom cemtenta, pJures pleruraquo adtnittat 
solutionesr'” J, W. Launemberj', Aritktmtim (S^ro, 1643), quoted by Zouthcii in 
L^Intermidiaire iiej Afathimutickm, p. tS 3 lagfr) (hereafter referred 

tx) as UttitsrmddUiire) 5 Ribl. Adnih.f X (s), 9*+ Carra d? Vaui (Bibi. Math.., XI 
(2), 32) says that Lauremberg^ expression should hive the word jtjfeJfelr, which 
rnoana toper, and this h more reasanabtc- 

=Thus Thierfelder asks: "Warumb wirdt disc RcRti Ceds genannt?” and 
explains that the problem is iudctcmiinaEt and Ihal "ein Ungciibtei- nkht bald 
finden kan/darumb ist es jm ein blinde Itjeeel” (1587, p. an). Cardiaael speaks 
of it as "Dan BJinden-Rcjnhcl” (1674 ed., p. S8). 

^The Dutch writer, Bartiens, also speaks of it aa “TSachua-reteningc '' (^753 
edi, p, 313), Sgc also Dn^cr, D15 Afethod^^l^ p. roi. 

*Thi 5 Origin is stated by Jacobus Micyllus (1SS5)’ "reprnla quam ab to, ut 
videtur, appeiiarunt, quod vir^nutn personae ac nomen inter creinpla ilHua suh- 
indc rcpctuntuf." So we find "Coecis oft Virginum” (Van dcr Schuere, r 6 oo, 
fol, r74),"I(ekfininse Coeds, ofte (Bailjens, 1*33), and similar forms, 

cxpecialJy among the early Dutch writers. 

“ Thus Stookmaua: " Desen regel niet soo seker en is in fljn werckiriEc als da 
ander vooTRin^e” (i&7^ ed., p. 380) , and Couteifeels reinarks that it is “meer 
vcrmakelijkheyd als sekerheyd” (1690 edition of the CyS^r-3otck^ p. SS?). 
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gationiSf^ or Rule of Alligation, attracted considerable attention 
for nearly three hundred years. Problems in alligation were 
sometimes indeterinlnate and sometinies not* The follo’wing, 
for example, is indeterminate: 

How many Eaisim of the Sun^ at ?d. psr lb. and Malaga Raisina 
at 4 d. psr lb. may be juiced together for 6 d. per Ib.J^ 

Such a problem becomes determinate by the addition of some 
further appropriate condition^ as in the following case: 

A tobacconist miied 36 lb. of tobacco, at is. 6d. per lb. 12 lb* 
at 2£* a pounds with 12 lb* at is. lod, per Ib. i what is the price of a 
pound of this mixture ? ^ 

In general, such problems were simply ingenious efforts to 
make algebra seem realj but they were usually solved without 
the aid of algebraic symbols, and hence they found place in 
higher aritbiuetics until the close of the ipth century, when 
they generally disappeared except as a few remained in the 
form of mixture problems* in the elementary algebras. Indeed, 
Recorde {c. 1542) remarked that the rule of alligation "might 
be well called the rule of Myxture.”^ He was the first English 
writer to suggest other applications than those referring to 
alloys, saying: "it hath great vse in composition of medicines, 


^FrnTii fld, t&, -1- ligorii t& bSjftd. Fmkl the sam* sroOti come the French a/- 
liatA, and our wonda aiJflj snd ally. So we have in French "La ncfile de aJiages'^ 
(Trenchant, 1566; 1576cd,, p. and "La Reigte d'AltEgation’’ (Peletitr, 134?; 

1^07 cd., p.54?)r 

^T. Dilmorth, The SchoOltiuaUrs Assisl^t, new ed., p, 57 (London, 1753). 
Ttirs Was ant of the niogt calebriW English arithmeLica o£ the pcried; it had 
great influence an ArneEiiiaji textbaoks. 

*K. DahoU, 1S57 ed., p. 177. This was one of the 

most celebrated of the early American arithmetics. 

'The Dutch writers called them problems solved by "Den llleghel van 
Menginghe" (Caidinael, 1674 ed„ p, i56, with pages to the subject). So we 
find " Alle^tio, Menginghc'’ (Van dor Schuere, i 5 m), "Rekcningben van Men- 
Ecliugea” (Raets, 1580 el., fob Kj), "Alli^tiania, ofte McngEngbe^^ (Bartjens, 
1676 ed., p. t65), and "Allij^atl*, Alltage, of MenginKb'* (Cautereels, Cy^er- 
Boeek, ifipo ed., p. 4S4). The ItaJian writeH aometimes had a chapter mescoU 
{on inistwres), and thh may have suggested the German jtf'fjcftTuaEJrecftnEins. 
For a recent use od the topic in Germany, set R, Jvst, Kaufmannisches Rsek- 
nen, I, p, BS {Leipzig, ipoi). * Ground pj Artei, 1558 ed., faJ. Y J. 
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and also in myxtures of metallesj and some vse it hath in myx- 
tums of wineSp but I wshe it were le&se vsed therin than it is now 
a dales.These practices rendered the subject so popular that 
Baker (156S) gave forty-eight pages to it in his 1580 edition. 

Mint Problems^ One of the leading applications of alligation 
was found in the general need for the mixing of chemicals and 
metals by the alchemists of the Renaissanceby bell founders, 
and by mint masters. As to the coining of nnoney, it should be 
remembered that this was not in general a government monop¬ 
oly in the Middle Ages^ so that it was looked upon as some¬ 
thing unheard of that Ferdinand and Isabella should assert this 
right in 1496.^ The privilege belonged rather to cities or dis¬ 
tricts and even in a single small country was often claimed by- 
several people,^ often as an inherited right.* Add to this fact 
the great awakening in the mining industry of Germany in the 
latter part of the 15 th century and the extensive importations 
of gold and silver from the Americas in the first half of the 
16th century, and it will be seen that the subject of alligation 
naturally had at that time a new and popular field in the mixing 
of alloys for purposes of coinage." This explains the interest 
in the subject of coinage in the i6th century.® 

coriaolarF oro, cd argeiito non k sJtro, che vn^ &llegazionje di quc’ due 
metaiii, per li quati la jna^gior parte degli Alclilmiati aon, diuenutl miaeri, e mcti- 
dichif per volere inueatiRare ]i congelazione dd Mexcuriu in vera, ed ottima Lunaf 
0 Sole, la qyala sema il dtuino aiuto in vfuin da pli Alchimlsti vien tentata.*^ 
Ciacchif Regale genersH AbbacOy p. 144 iFlorcnce, 

E. Ctarke, m the Catnbridge I, ciiap. si. 

^W, Cunninpjhatn, in the Cambridge Mod. Hist., I, chap. iv. 

‘^E. P, Cheyiicy,i?uca-iwefi£i Illustrative of p. 34 (Philadelphia, 1 9 ^ 3 ). 

coLirae alloj'a for tbia purpose had been known and used to aome extent 
ever since the early coinage from natural electron- in Asia Minor and from bronze in 
Rome. On the iaiXvr, see F. Cneccbl, iifcjncte ifeiMane, 2d ed-, p. 5 * (Milan, igoci). 

“So Rudolff (ia2d; IE34 ed., fol. M^) and Grammateus (is*®; iSiS cd., 
fok. C B, D 4, etc.) have chapters an Mttnisseiilag, and various writers speak of 
the problems of the milntsmebttr (RudollI), Muntr^meester (Van der SchuetEj 
rfioo), and inint-master fHnddcr, ed.). The Germans also had chapters on 
saber Rechmtng, Gaidi RfsckTitiHg, and Kupfer Reahnwig (Riese, ijza; 55^0 ed., 
fok. 37-40); the Dutch, on Rekeninghe van- Goudt end Silber.^ with Ccmples 
d’or & d’orgent (Couteteekk Dutch and Ftcndi editions of 1631, p. zgS, and other 
dates) \ and the Itadians, on Del ctmsQlare dell' oro et efaii' {STgrnta (Cataneo, 
i$4bf Tartagliij 1556). 
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Problem of Hierd^s Crow, Closely related to this subject is 
the problem of Hiero^s crown, which Robert Recorde (c* 1542) 
states in quaint language as foDows: 

Hiero kynge of the Syraiciiaans in Sicilia hadde caused to bee made 
a croune of golde of a wonderfull weight, to be offered for liis good 
suceesse in warres: in makynge wherof, the goldsmyth frauduletly 
toke out a certayne portion of gold^ and put in syluer for it, [Recorde 
then relates the usual story of Archimedes and the bath, telling how 
the idea of specihc gravity came] as he chaunced to entre into a 
hayne full of water to washe hym, [andj reioycing excedingly more 
then if he had gotten the crown it seif, forgat that he was naked, and 
so ratme home^ crying as he ranne IvpijrHt, I haue foud, I 

have found. 

Cardan^ asserts that the story is due to Vitruvius, who sim¬ 
ply transmitted the legend. It appears in various books of the 
r6th century and is still found in collections of algebraic 
problems. 

First Problems in the New World* To those especially who 
live in the New World some local interest attaches to the prob¬ 
lems that appear in the first mathematical work (1556) to be 
printed there* Among these problems are the following:’' 

I bought Id varas pf velvet at 20 pesos less than cost, for 34 pesos 
plus a vara of velvet. How much did it cost a vara? Add 20 pesos 
to 34 pesos, making 54 pesos, which will be your dividend* Subtract 
one from 10 varas^ leaving 9. Divide this into 54, giving 6, the price 
per vara. 

I bought 12 varas of velvet at 30 p^s l^s than coat, for ^3 pesos 
minus 4 vaxa$. How much was the cost per vara ? The following is 
a short method: add the 30 pesos and the pS pesos, making 323 j 
add the Dumber of varas, 12 and 4, making 16; divide 16 into 12S, 
giving S, the price per vara. 


^Ew'reka-t eu'rgka; tnone predsely, hm*reha. 

^Frocitca-, 1539, cap. 6&, ep. 45. Be. relates that Architneda "nudus e balneo 
exults dornij reuertebatvr,'’ addins, “nestio an ob amor£ vciititis potius lau- 
dandus eiui ol) imnortuiia 4 irnpudicS, nuditatE vituperadua.'” 

^Sec flJ&o pages 3 SS, ■“d Volume 1 , pagts 3,53-356. 


SPANISH-AMERICAN PROBLEMS 


591 

I bought 9 varasi of velvet for as much more than 40 pesos as 13 
varaa at the same price is less than 70 pesos. How much did a vara 
cost? Add the number of pesos, 40 and 70, mahing tio. Add the 
number of varas, 9 and 13, mating 22. Dividing no by 22^ the 
quotient is 5, the price of each vara. 

A man traveling on a road asks another how many leagues it is to 
a certain place. The other replies; There are 50 many leagues tbatj 
squaring the number and dividing the product by 5, the quotient will 
be So." Required to know the number of leagueSn 

A man is selling goats. The number is unknown except that it is 
given that a merchant asked how many there were and the seller 
replied: “There are so many that, the number being squared and 
the product quadrupled, the result will be 90,000." Required to know 
how many goats he had. 

The work contains other and more difficult problems in oL 
gebra and the theory of numbers, but the above are types of the 
ordinary puzzles which the author places before his readers. 

5. Magic Squares 

Oriental Origiu- The magic square seems unquestionably to 
be of Chinese origin. The first definite trace that we have of 
it is in the I-king, where it appears as one of 
the two mystic arrangements of numbers of 
remote times. This particular one, the ln-shu^ 
is commonly said to have come down to us 
from the time of the great emperor Yu, c:. 2200 
B.c. The tradition is that when this ruler was 
standing by the Yellow River a divine tortoise 
appeared, and on its back were two mystic 
symbols, one being the lo-shu already described in Volume I, 
Chapter II. As may be seen from the illustration there given* 
it is merely the magic square here shown. 

This particular square is found in many recent Chinese 
works* and every fortune teller of the East makes use of it in 
his trade. Little by Httle the general knowledge of magic 
squares seems to have been extended* and when Ch'eng Tai-wei 






MAGIC SQUARES IN' JAPAN 

Half of a magit square as givfu in Hciahicio Saneuobu^ Ko-ko-sen ShS^ 


MAGIC CIRCLE FROM SEKI^S WORKS 
from the reprint ol tie Trnrks of the great Japanese mathcttiatidan, Selti KSwa 
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^ote his System^itiz^d Treatise on Af^thmetic^ in 1593;,, he 
included not onJy a discussion of niagic squares but also one of 
magic circles, 

Japan. The Japanese became particularly interested in the 
subject in the t7th century, as the illustrations from the works 



MAGIC CIRCLE OF 12914 UMBERS 

Ftam MiirAmfl-tsy KudiyEi Mosei'lfi Mccntoku JinkS-kif 1665. Tbe numbers in each 
radius add to ^34, or 523 with the center 1 


of some of their leading writers show.^ Among the prominent 
scholars who gave attention to these forms were Muramatsu 
Kudayii Mosei^ who wrote several works on arithmetic and 

^5«cin-/(i Tang-intHg. See Vulume page 355. 

2 For their treatment of the suhjett see SmiCh-Mikarai, p^i. 57, ddi ^ij 73 j 
irfi, i2Cj 17J. 
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geometry^ beginning in 1663 ; Hoshino Sanenobu, whose Trian¬ 
gular Extracf^ appeared in 1673; Isomura Kittoku^ whose 
Keisugl-shd appeared in 1660; and the great Seki Kowa, who 

devoted one of his Book^- to 

the theory of magic squares and magic 
circles. 

India. From China the magic square 
seems to have found its way into India 
and the adjacent southern countries^ 
but whether this was direct or through 
the Arab influence we can only conjec¬ 
ture ► It appears in a Jaina inscription 
in the ancient town of Khajuraho, India^ where various minSr 
bear records of the Chandel dynasty (370-1200)^ and is prob¬ 
ably not older than the 11 th or 12 th century. This Indian square^ 
shown above^ displays a somewhat ad¬ 
vanced knowledge of the subject, for 
not only has it an even number of 
squares on a side, but each of the four 
minor squares has a relation to the 
others, as may be seen by the illustra¬ 
tion at the right. 

This is perhaps the earliest trace 
of such fantastic elaborations of the 
magic square^^ although no careful study of the history has yet 
been made * It is probable that the astrologers carried such 
ideas to the West, where their influence upon the medieval 
mathematics of Europe is apparent. 

Today the magic square is used as a charm all through India^ 
being found in fortune bowls^ m rnedicine cups^ and in amulets. 
In Thibet it is particularly in evidence, being found in the 

^ Sh 5 . 

sOf Sfiiciiibia fitfr The particular book 1 & the Jfojm revised in MS in 

1683. 

ScJiilling, E?er dauischen Math. Vrrein., XIII, 383. 

see such ivorJsE as W. S. Andrtw% Magic Squares (Chicisc], and 

subsequent articles m The Open Cojift. For Roman and Egyptian daims see 
E. Falkener, GameSf Aniicrtf and Oricalalj p, i'j’j (London, rS^a), 
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“wheel of life"^ and worn as an amulet to ward otf evih It is 
also seen in Sumatraj in the Malay Peninsula, and in the other 
countries which have had dose relations with India and China. 

The squares are 
not always of the 
pure typCj however; 
that is, the sums of 
the rows^ columns, 
and diagonals are not 
always constant. In 
some of themj for ex¬ 
ample^ the columns 
add successively to 
300, 200^ lOOj and 
thelikcj^ and in many 
of them the numbers 
are repeated when¬ 
ever it was necessary 
to make the sums 
come as desired. 

Connectioa with Al- 
cheitiy^ It seems that 
the numbers must 
often have been con¬ 
nected with the old 
alchemistic idea of 
the planets and the 
metals,,—-an idea that 
permeated the doctrines of many of the medieval mystics. Of 
the three triads made up of the nine digits^ the first had the 
following relations: 


THrEEI'AN TALISMAN 

with of the 2odiac> the andent pa-kua or 
trignLTTis, and the In Tbihetau numerals 


1 = gold = the sun, O 

2 = silver ^ the moonj 1> 

3 = tin = Jupiter, IL (the hand grasping the thunderbolt) 


'See the illustration in VDlume T, pflj!e 37. 

^S. S. Stitt, "Notes- fin somt Maldivian Talismans ” Joitrn. Royal Asialie Soc^ 
pp. 12 r, rgo (Londont igofi)- 
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The second triad was as follows: 

4 = gold again = the son, Q 

5 mercLiTj' = Mercury, ^ 

6 = copper = Venus, 9 

The third triad was as follows: 

7 = silver again the moon, 3 

8 = kEwd = Saturn, 

9 iron Mars, ^ 

With such a relationship it is possible to understand such 
talismans as one found in the Maldivian Islands, in the Indian 
Ocean, where the charm to protect a virgin sums to iS, whose 
digits sum to 9, the number of Mars, the protector^ In these 
numbers there also enters the idea of congruence, particularly 
to the modulus 9. Thus a talisman to keep out Satan has its 
rows 80 ^ S, 1600 = 7, iSo = w^hich ha,ve for their 

sum 69 ^ 15 = 6 = Venus,—a vagary that can be explained 
only by conjecture.^ 

Hebrews. The magic square played an important part in the 
cabalistic wTitings of the Hebrews. Rabbi ben Ezra (c. 1140) 
mentions it^ although it had been used by Hebrew writers long 
before his time.“ The Eastern Jews early 
found in the ancient Chinese h-shUj with 
its constant sum 15, a rehgious symbol, in¬ 
asmuch as 15 in Hebrew is naturally iT 
(10 + 5)^ which is made up of the first two 
letters of Jabveh (Jehovah), that is, m-T, 
although, Jest they should be guilty of pro¬ 
fanity, they always wrote 9 + 6 for 15. If 
the corner numbers of the common form of square are sup¬ 
pressed, the even (feminine) elements are eliminated and there 
remain only the odd numbers, this cruciform arrangement 
serving as a charm among various Oriental peoples.® 

iStit±t p- 144- “Mr SLcinaiilincider, Abhtmdiungetij HI, 

*D. Martiiies, Orffmc « progrts^ deU’ 4Hfniefico, p. 35 ^Messina, witt 

cohsldcraWe infDrmiti&n upon this subject. 
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Arabs. Whether the magic square reached the Arabs from 
Indiaj from China, or from Persiaj we do not know. It might 
readily have come from any one of these countries through 
either of the others, but at any rate it was well known to 
various late Arab writers, appearing, for example^ in the works 
of the philosopher about iioo. 

Christians. In general the magic square found no recognition 
as a Christian symbol, although the occult writers naturally 
made use of it. Wlien it appears in medieval mathematical 
works it is usually in the form of a problem whose solution 
requires the arrangement of the ordinary 9-oelled square 
shown beloWn.^ 

The textbook writers of the T6th century paid considerable 
attention to the subject. Cardarr^ for example^ gives seven 
different squares bearing respectively the names of the sun, the 
moon^ and the five planets then known, and gives some direc¬ 
tions for the formation of such squares 

In art the first instance of the use of these forms is probably 
the one in the well-known Mtilancholia by Diirer. 

One of the most elaborate examples found in architectural 
decoration is cut in the wall in the Villa Albani at Rome.'^ It 
contains eighty-one cells and is dated 1766. 

J-Motsammed ibn Mohaiumed ibn Makammcd, AM al-GazzHJ', born 

s-t died at Tfia, jni. Tim Arabic name of tlie magic siCiuare is 

jAflifetii turdbi. See E. Rehartacki Ejupfanationi and Ficairoilea of eight Arabic 
Talismanic Medicioe-cupe,” lovrtir tfffhv Bum^cty Brancft 
oj ihi Reyai Aiuiiic Spc., X, 

^For e,’?aTiQpic, Gunther reports 4 13th century MS. 
with this problem; ’'Tres eraiit fratres in Coknift, ha^ 
benfei g. vail vini, Primum v&s cantinet i jcmata, *ecun- 
dum 2y teitium ■ nonum g. Divide vinuGa, iUud 

aequaliteT, inter lUos tres, vasats mconfractis." 

The divTSion isE-bs+g, 3 + 4 + 3 , s + but 

that this is indeterratnate U Mtn by the magic square 
bent represented. 1359, capp. 4^, 66. 

*Thc inscription is "Caetanus GOardouus Roraanys pbilutcchnns inventor. 
A, Dr MDCCLXVI.” On the reoent mathematica] inveatigationg the reader tviU 
du wpii to dons-ult such worhs on. mathematics! recreations aa those of Lucas, 
Bail, Schubert, and Ahrenst the wort by IV. S. AndrewSi mentioned on pa^e Sg4T 
and the references in G. A. Miller, Hts^arkni Iniroduoticn- MaikemitiUni Lilera^ 
tun, p. 20 {New York, 1916). 
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TOPICS FOU DISCUSSION 

T. The genefal progress of matlicmatical recreationSj with a can.- 
sideration of tbe leading worlds upon the subject, 

s. The influence of mathematical recreations upon the develop¬ 
ment of mathematics, 

3. Traces of the ancient puzzle problems in the elementary mathe¬ 
matical literature of the present time, ^vith a consideration of the 
value o£ these problems. 

4. Types of puzzle problems dependent upon indeterminate eqjua* 
tiona, with a study o£ their history, 

5. Mathematics as an aid to the study gf the history of eennomics 
and commerce. 

6. The historical development of the corporatioa, as traced 
through the problems of aiithinetic, 

7* Racial influences upon business customs, as seen in commercial 
problems. 

S. The standard applications of arithmetic from remote times 
to the present, ’with a consideration of their important changes. 

p. Commercial problems at one time important and now nearly 
obsolete, with a consideration of the causes of their rise and fail. 

10. Certain commercial problems and customs, at One time im¬ 
portant but now nearly or quite obsolete, left their impress upon our 
language. Consider a few such cases. 

11. Ancient problems of the bank compared with those of the 
present time. 

iz. The need for barter in ancient times and the roasons for its 
retention, even In highly dvDized countries, until recently. 

13. The history of various types of taitation in ancient, medieval, 
and modern times. 

14. The reason why gaging was considered as an important branch 
of mathematics in the early printed arithmetics and geometries, and 
’why it lost its standing in the 19th century. 

15. Reasons for the study of magic squares in ancient times^ in 
the bliddle Ages, and at the present time, with typical illustrations. 

id. Instances of the use of tbe magic square in the East as a talis¬ 
man or amulet, 

17. The relation of magic squares to alchemy, and the relation of 
alchemy to modern science. 




CHAPTER Vm 


trigonometry 

I. General DEvELOPiiENT of Triconomutry 

Meaning of tie Term. If we take trigonometry to mean the 
analytic science now studied under this name, we might prop¬ 
erty place its origin in the 17th century, after the development 
of a satisfactory algebraic symbolism. If we take it to mean 
the geometric adjunct to astronomy in which certain functions 
of an angle are used, we might look for its real origin in the 
works of Hipparchus [c* 140 b.c.), althougli there are earlier 
traces of its use. If we take it to mean literally "triangle 
measurement,”^ the origin would naturally be placed much 
earlier^ say in the second or third millennium b.c. Since this 
third phase is considered under geometry, we may properly 
confine our work to the development of the idea of the func¬ 
tions of an anglcj giving first a brief sketch o^f the rise of the 
science and then the history of certain 
of its details. 

In the Ahmes Papyrus (c. 
1550 B.c.) there are five problems' re¬ 
lating to the mensuration of pyramids, 
and four of these make mention of the 
seqt'"' of an angle. Ahmes is not at all 
clear in expressing the meaning of this 
word, but from the context it is thought that the seqt of 

triangle) -f-fi^paritMei’r/sM, measure). 

-Nos, in tbe list. See Feet, jjAijii? Papyrus, p. ^7; Eiiscnlohr, Akmes 

Fapyrvi, pp. ijj-nS, Thr&ughout this chapter much use hiS bctti made of 
A. Brauumuhl, GtschUhtc dtf TrigDnomitriE, s vols.j Leipzig, ipoo, 1503, here¬ 
after referred to as Bri-untniiW, Gescftkkte. 

J'Elsenlohr takes the word t* mean ratio number. Tt is also transliterated 
iifed and It may be siguilitant that the Hebrew .ifi iteans ''beywing.^ 
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the regular pyramid shown on page 600 is probably equivalent 
to cot ^OMV?- The Egyptian pyramids were generally con¬ 
structed so that AOMV was approximately constant (about 
52°) and Z.OAV was about 42*, At present we are without 
means of knowing what use was made of this function. 

Babylon. The relation betw'een the mathematical knowledge 
of the Egyptians and that of the Babylonians in the third 
millennium n.c.j as seen in the unit fraction (p. 210), leads us 
to suppose that the latter people may have known of the primi¬ 
tive Egyptian trigonometry. We have, however, no direct 
knowledge that this was tire case. There are evidences of 
angle measure at a very early date, as witness fragments of 
circles which seem to have been used for this purpose and 
which have come down to us. Thesfe fragments seem to have 
been parts of primitive astrolabesj as stated on page 34S. 

There is also extant an astrological calendar of King Sargon, 
of the 28th century e.c., and a table of lunar eclipses beginning 
747 B.c.j so that evidence of an interest in astronomy is not 
lacking tliroughout a long period of Babylonian history. All 
this involved a certain amount of angle measure, but there is 
no direct evidence of any progress in what we commonly un¬ 
derstand as trigonometry. 




The Gnomon. Herodotus (c. 450 b.c.) tells us that the 
Greeks obtained their sundial from Babylon. This is very 
likely true, for we know that the Egyptians used a sun clock 
as early as 1500 e.c., and the Baby¬ 
lonians could hardly have been behind 
them in the knowledge of such a device. 

The relation of the sundial to trigonom¬ 
etry is seen in the fact that it is an 
Instrument for a form of astronomical 

observation. A staff GN^ called by the Greeks a gnomon (p. 16), 
is erected and the shadow AM observed. It is longest at noon 
when S, the sun, is farthest south, this being at the w'inter 



^For discLi&aioii see Br^unmuhl, Giicktchie^ J, e: Eisenjohr, FapyruSy 

IJ. 137. Peet, iEAinji Fapyrta, p. gS, fiivca cot ^OMF. 
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solstice^ and shortest when it is farthest north, at the summer 
solstice; and hence an examination of its limits enables the 
observer to measure the length of the year. The daily lateral 
motion of the point A allows for the measure of diurnal time^ 
quite as the motion of noon along /iy allows for the measure of 
annual time^ The gnomon being constant^ the length of AJV at 
noon varies with and to us this means a recognition, that 
is a function ofZ^, namely, the cotangent 
We have no traoe, however, of any name (except the ssqt) for 
such a relation in the period of which we are speaking, 

China. In the Ch 6 u-pd Smn-king (c. 1105 E.c.) ^ the right- 
angled triangle is frequently used in the measure of distances, 
heights, and depths, and it is quite probable th'at the ratios of 
the sides were recognized. One passage reads, ^'The knowledge 
comes from the shadow, and the shadow comes from the 
gnomon,^’ so that possibly a primitive plane trigonometry was 
known in China in the second millennium bX. Aside from this 
there is no evidence that the early Chinese had names for any 
functions of an angle. The early astronomical interests of the 
Chinese, however, like those of other ancient peoples, necessi¬ 
tated some kind of angle measure. 

Greece. When Thales measured the height of a pyramid by 
means of its shadow, he used what was already known, prob¬ 
ably in various parts of the world, as ^"shadow reckoning,”^ 
In his Banquet of the Seven Wise Men" Plutarch speaks of 
Nilax, one of the guests, as saying to Thales: 

Whereas ha^ honors you, he particularly admires you for divers 
j^reaf accomplishments and particularly for the Invention whereby, with 
little effort and by the aid of no mathernatical instruments, you found 
so accurately the height of the pyramids. For, having fixed your staff 
erect at the point of the shadow^ cast by the pyramid, tvi^o triangles 

1 But see VQlumfc I, jiagf 30; alse Mitami, CMna, p, 4. 

2 We have this term, subatantiatiy at Itust, in the ChiSu^pei 5TMn-J6trt^; in 

the weeks BrahmaRupta fc- under ’'Measure by Shadow,’' p, 3175 

in Mahilvirar tc. S^q), under "C 3 Jcu]a,tion 5 rclitiiig to Shadows," p. 3^5; and in 
Bhaehara, uride;r ''Ch'hayi-vyftvaiiru." (detcriaination of shadon'), p. xa6. 

3 The king of Egypt, catted by the Greeks Araasia, c. ^70 s.c. 
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were formed by the tangent rays of the sun^ and from this you showed 
that the ratio of one shadow to the other was equal to the ratio of the 
[height of the] pyramid to the staff. 

Essentially the measure of heights by means of shadows in¬ 
volves the knowledge that, in this figure, BC AB‘. 

To us it seems as if tan A would be suggested by such a 
relation, but we have no evidence that this was the case in 
the time of Thales. We only know 
that, centuries later, AB was called 
the utndra recta (right shadow), show¬ 
ing that the relation of AB to BC 
entered trigonometry through shadow 
reckoning. 

It is said that AnaJtimander (<:, 575 b.c.) erected near Sparta 
the first gnomon in Greece. It was probably in the form of 
an obelisk, a mere post placed perpendicular to the apparent 
plane of the earth’s surface, and not the triangular form later 
in use. It could have been used for determining the meridian 
line, and tradition says that this was done; but besides this it 
served, as it probably did in Egj^pt and Babylon, to measure the 
year, the seasons, and the time of day. 

Relation to Astronomy. In this early of Anaximander, 
as in sirnilar cases among the Babylonians and Egj'ptians, it is 
evident that the real purpose in view was the study of astron¬ 
omy, the unraveling of the mysteries of the universe. This led 
to the study of the celestial sphere, the triangles being, there¬ 
fore, spherical figures. This accounts for the fact that the 
study of spherical triangles kept pace with that of plane tri¬ 
angles in the Greek trigonometry. We find, however, no tan¬ 
gible evidence of the definition or even of the idea of a spherical 
triangle before tlie appearance of the work of Menelaus on 
spherics (c. roo).^ 

Early Works on Spherics. The oldest extant works on spher¬ 
ics, and indeed the oldest Greek mathematical texts that have 
come down to us, are two astronomical treatises by Autohycus^ 



^Heath, Hhtoryi II, 36^. 


A^T-^Xirsor, Sec Htathj Ilis^ary, 1 . 34&. 
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of Pitane (c. 330 E,c.)* The first is on a moving sphere' and 
consists of twelve elementary propositions relating to the prin¬ 
cipal circles. The second work was on the risings and settings 
of the fixed stars^^ in two books* Neither of these works shows, 
however, any knowledge of spherical trigonometry. 

Aristarchus* The next important step in the development 
of trigonometry was taken by the astronomer Aristarchns 
of Samos (c. afio He attempted to find the distances 

from the earth to the sun and the moon, and also the diame¬ 
ters of these bodies. His geometric reasoning was accurate, 
but his instruments were so crude that he could come no 
nearer the ratio of the distance of the moon to that of the sun 
than to say that it was between his proof he 

makes use of ratios which are suggestive of the tangent of 
an angle.* 

Hipparchus* In his commentary on the Almagest Theon of 
Alexandria (c. 390) asserts that Hipparchus (c. 140 u*C.)j the 
greatest of tJie Greek astronomers, wrote twelve books on the 
computation of chords'* of angles, but of these hooks we have 
no further trace. Hipparchus himself, in the fragment of his 
work that has come down to us, leads us to believe that he was 
engaged in such computations and in the graphic solution of 
spherical triangles.' It therefore seems reasonable to assert, 


KiBDV)i4rf)i r^ctlpfls. 

^ Ilfp! imT 6 }i.Sy xa2 S^sidtv. Hit two wtirkg wflre edited Hultsch in 1SS5. 

3 P. Tannery tiiinks that thta step, TPhiii ii usuilty attributed to Artatarchua, 
W35 taken b(y EudDius e.c,). Ste bla "Ariitanque de Samos” de 

ifl SoCr dfs jcteiwffj df Bordsa-ax, V fsj, 341; Mimotres Sciefni^qusi, I, 371; 
Heath, HuWryt II, 1. 

^Thia proof is given in Braunmubl, Gtsshkhte, I, S, and by Tannery, Mi- 
jsioires SdenlifitjtteSt I, 376. See aha the Commandino edition of Aristarchua, 
1572; R. Wolf, Geschichte der Astrononziej p. 172 (Munich, 1677) . The work of 
Arialarchns, Uf^ iml ijXUiv was translated by 

A. Nokk and published, with a. commentary, in a Pro^ramm, Freiburg, 1S54, See 
also Heath, History, II, 4. 

French transJation, p. no (Paris, t&si). 

^The Greeks called the chord tbe Latin chpfda being from 

the Greek {chcrde'i intestiney, whence It meant a string made of dried fn- 
testine used in a lyre, and henw a straight chord of a bow (arc), 

’'Erauninuh], G^sc^hichlej I, toj Heath,/ffjtcpry, H, 257, 
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from the evidence that we have, that the science of trigonome¬ 
try begins with HipparchusIt has been asserted, but the 
proof is unsatisfactory,, that the formulas for sin (A ± B) and 
cos {A±B), and for the radius of the circumscribed circle 



j were essentially known to him.® 


In order to solve a 


triangle Hipparchus and other early writers always supposed 
it inscribed in a circle. The sides were then considered as 
chords, and these were computed as functions of the radius► 
In this way the table of chords was of special value. Triangles 
on a sphere were always decomposed into right-angled triangles, 
and these were solved separately. Although not mentioning the 
subject of spherical triangles in any of his works now extant: 
Hipparchus solves a certain problem in which he must have 
used the equivalent of the formula tan b = cos A tan c, where 
C = and both he and Ptolemy (t;. 150) knew the relation 
which we express by the equation sin“ ^ + cos^ A=i.^ 

The treatise of Theodosius of Tripoh (c. loo) on the sphere* 
may be passed with mere mention, since it contains no work 
on trigonometry* 


Heron of Alexandria. Although Heron (50 ?) “^ showed much 
ingenuity in his mensuration of the triangle, and was thoroughly 
conversant witli the art of surveying as practiced in Egypt, it 
cannot be said that he gave any evidence of appreciating the 
significance of trigonometry. He made use of certain rules 
which we should express in formulas for finding the area of 
regular polygons, giving in each case the product of the square 
of a side by a certain number, and these rules afford some evi¬ 
dence of a kind of prognosis of trigonometric functions. That 


^On tis astronoitiical work, see J. B. J, Ddambne, ffistairi Pctsirgimmie 
aiichnnej Tr rob iSi^) P. Tannery, JlecJKrcfKS 5 ttf I’hlsioirt dt Toilnf- 

nomts anc!e»Hes Paris, 

2 That they art essentialJy involved in Evdid^ .EJewssatj, "VI, is sbj£iwi]i In 
the SimsoTi additions, Props. C and D. See Heath^s EacUd, Vo). H, pp. *^4, 

® Heath, Ristifry^ IIi 355. 

ed., Paris, Greek ed., Beauvais, 1558- See Volume I, page 12J, 
^Or possibly as late as e. soo. See Volume 1 , page 125. 
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is, taking ^„a3 the area of a regular H-gon and ^„as the side, he 
stated that the following relations exist: 

4 = ¥-4 
4 = i^4 

i 3 o* 

Since A„=^^ns^ cot ——t it might be inferred that Heron had 
100^^ 

some knowledge of cot- •> but there is nothing in the coeffi¬ 

cients to indicate this knowledge.^ 

Meaelaus, About i oo a.d. the astronomer Menelaus of Alex¬ 
andria, then living in Rome, took up the study of spherical 
triangles, a subject which, as we have seen, may have occu¬ 
pied the attention of Hipparchus^ He wrote a work in six 


4 =¥4 

4 =¥4 or ¥4 
4 = ¥ 4 . 



hooks on chords, and although this is lost we have ius treatise 
on spherics,^ which not only forms the oldest known wort on 
spherical trigonometry but reveals a remarkable knowledge of 
geometry and trigonometry in general. 

Taimery;, "Arithm^itiue dies Gmcs dans FHeron d’Alexa-ndrie,'' Mi- 
moires dt ia Soc, dsj scisKcm de Bordeaux, IV; Mimoires Sdiulijigiies, 1 , 185; 
Heath, tfisiory, 11 , 3*6. 

^MeKtiai SphoErioorun Ubri III, translated! hy Miunolyoua irom Arabic and 
Hebrew savnccs and published at Messina in Mtrseimjc (c. 163(5) published 
an editinn in 1^44, and Hatty's editim appeared postbyraously at Oifard in 
i^sS. Por other editions see A. A. Bj&rnhs, '^Stndien Tiber Mcneiaos^ Sphirik,” 
XIV, I, cspttfially p, 17, S<c Heatb, History^ H, zbit 
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In the plane and spherical triangles shown on page 606 he 
proved the following relations: 


AE DF' AB 
AB~ DF* BE 


^h^ykal T^itnigh 

cd 2 CE _ cd'z C.F cd 2 JJB 

ui s AE cd 2 DF cd 2 AB 
cd 2 CA ^ cdz CV cdz FB 
cd 2 AE cd 3 Bf/*' cd 2 BE 


where cd 2 CB stands for the chord of twice the arc CB^ that 
is, for what we call 2 sin CB. Since six quantities are involved 
in eacli equation^ this was known in the Middle Ages as the 
regtda sex qu^ntitatum and was looked 
upon as the fundamental theorem of 
the Greek trigonometry. Whether it is 
due to Menelaus, to Hipparchus, or 
possibly to Euclid is a matter of dis¬ 
pute, but it is found hrst in definite ^ 
form in the Spherics of Menelaus,^ the 
proposition on the plane triangle being a lemma for the other one. 

Menelaus also gave a. tegidk quataar quatitritatum, as fol¬ 
lows :' If the two triangles ABC and B>EF have ALA = Z Z> 

and Z G = Z then , ^ „ x, 

cdzAB _ cd 2 EB 

cdlBC ~ 7d2^' 



Ptolemy* The original contributions of Ptolemy (£■* 15^^) 
trigonometry are few^ if any; but we are greatly indebted to 
him for his summary^ in the Al-magest^ of tlie theorems known 
to Hipparchus.^ Like other Greek writers, he used chords of 
angles instead of sines, but the idea of the sine seems to have 
been in his mind.* He extended the table of chords begun by 
Hippardius, and it is quite probable that this is the source of 
the table of sines used by the early Hindu writers. 


^On this point consult M. CtLisles, .ipcr^u hi^oriquc, ad cd., 351; Delambre-, 
Histaire iie l^szir^ftetKic aficiefinCt 1 , 24^ (Paris^ rSi^) j A. A. BiSmbo, Abhjixd^ 
lung^n, XIV, 0^1 99 1 He-ath, History, II, a&G. 

i^For othtr features see Bmmniutil, Gssdtichlt, I, ; A, A, BjCrnbo, loo. oU., 
p. 134. Heath I 31 , 2^6- IT, a S3. 
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Hindu Trigonometry. Although the Hindus had already pro¬ 
duced the Siddhdnta [c. 400 and although this work 

treated of the ancient astronomy, gave a table of half chorda 
apparently based, as stated above, upon Ptolemy's work, and 
showed some knowledge ofjtrigonometrio relations,^ it was not 
until Ar>'abhata wrote his Aryabhatiyam (c. 510) that we had 
in Oriental literature a purely mathematical treatise containing 
definite traces of the functions of an angle* In this work he 
speaks of the half chord, as the Siirya Siddhdnta had done be¬ 
fore him.^ 

The subsequent work of the Hindus was concerned chiefly 
with the construction of tables, and this will be mentioned later 


Arab and Persian Trigonometry. The chief interest that the 
Arab and Persian writers had in trigonometry lay, as with their 
predecessors, in its application to astronomy. On this account 
W'e find a growing appreciation of the science, beginning with 
the founding of the Bagdad School and extending to the dose 
of the Mohammedan supremacy in scientific matters. 

The chief Arab writer on astronomy was Albategnlus^ 
(c. 920), who ranked as the Ptolemy of Bagdad, Like the 
Hindus, he used half chords instead of chords. He also gave 
the rule for finding the altitude of the sun, which we express 
by the formula 





sin ^ 


which is simply equivalent to saying that 
JF = / cot 


but there is no evidence to show that he had any real knowledge 
of spherical trigonometry. 


T-S« Volynie I. pages 34, T45. There ia a transUtion by Eurj;®5 in the Jaiirnai 
of (Ae Am.frkan Orknt^ Society> VI, 

2 L, Rodet. de: Ca^raii d'Arysbhatfi., pp. iij 24 [Parte, rS??), 

^ Colcbroakfi,. Aryabhata, pp, pon., 

‘AI-Bittanl. Hia ivork on the movements of the stars was translated by 
Plato of Tivoli (c, nao) under the title De matv a+eWflruiK, It te known to us 
UiTou^tli the writings of Rtpiomontanus, and was published at Kllrnberg in 1337. 
There was also a Bolofua edition of 
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5 og 

Abul-Wefi (c. 9S0) did much to make the AUmgcsi knowu, 
computed tables ^v^th greater care than his predecessors, and 
began a systematic arrangement of the theorems and proofs of 
trigonometry. With him the subject took on the chamcter of 
an independent science. 

It waSj however, Na^ir ed-din al-Tfisf {c. 1350), a Persian 
astronomer, who wTote the first work^ in which plane trigO’ 
nometry appears as a science by itself. 

Ulugh Beg (c. 1435) of Samarkand was better known as an 
astronomer than as a writer on trigonometry, but the tables of 
sines and tangents computed under his direction helped to 
advance the science. 

Arab InfLuence in Europe. With the decline of Bagdad the 
study of trigonometry assumed greater importance in Spain, 
particularly as related to those spherical triangles needed in 
the work in astronomy. The most important wu’iters were the 
astronomers Ibn al-Zarqala^ (c. 1050)j who constructed a set 
of tables^ and Jabir ibn Afiah^ (c. 1145^. In the i^th century 
AlfonsoX {c. 1^50) directed certain scholars at Toledo to com¬ 
pute a new set of tables, chiefly for astronomical purposes; these 
Alfonsine Tables were completed 1254* and were long held in 
high esteem by later astronomers. 

Fibonacci (i^ 3 o) was acquainted wdth the trigonometry of 
the Arabs and, in his Praclka Geometriaef applied the subject 
to sur\"eying. 

Peurbach and Regiomontanus. By the 14th century England 
knew the Arab trigonometry, and in the 15th century, thanks 
largely to Peurbach (c. 1460}^ who computed a new table 
of sineSj and to his pupil Regiomontanus (c. 1464), European 
scholars in general became well acquainted wdth it. The work 

{Theory of Transversals'). There a French trans^aiwn 
published Constantmople in 

sibrabim ibn Tabvs. al-Naq<il5b^ Abh Ishaq, known as Ibn aJ-Zarqiia, or, in 
the translations, as Ariachcl. He lived in Cordova. 

'^Or Jeber (GeberJ ibn Apbla, of Sev'Hie. The German transliteration is 
Dschabit ibn A fish. His astnonmnicaJ work was pubiiabed at NUrnberg in 1543- 

*See page 33a and al^o Volume I, pa^e aaB. 
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of Regiomontanus* had great influence in establishing the 
science as independent of astronomy. He computed new tables 
and may be said to have laid the foundation for the later 
works on plane and spherical trigonometry. In this general 
period there were also various minor writers, like Leonardo 
of Cremona (c. 1425), but they contributed little of value." 

Copernicus (c. 1520) completed some of the work left urn 
finished by Regiomontanus and embodied it in a chapter De 
La^endus e^Angulis Triangulorum, later (1542) published sepa¬ 
rately by his pupil Rhaeticus. 

Influonce of Printed Bocka. The first printed work on the 
subject may be said to be the Tabula dtrectionam of Regiomon¬ 
tanus, published at Nurnberg before r4S5.^ 

The first book in which the six trigonometric functions were 
defined as functions of an angle instead of an arc, and sub¬ 
stantially as ratios, was the Canon doctrtnae triangulorwn of 
Rhscticus (Leipzig, *551), although it gives no names for 
cos^, and csci^ except perpendiculum^ basis^ and hypo- 
temsaP ^seticns was the first to adopt the semiquad rantal 
arrangement of the tables, giving the functions to 45® and then 
using the cofunctions. He found sin rup in terms of sin tp, 
sin [H — i)<p, and cos — 2)^, a subject elaborated by Jacques 
Bernoulli® (1702). 

Vieta and. his Coiitemporaiie&. Vieta (c. 15So) added materi¬ 
ally to the analytic treatment of trigonometry. He also com¬ 
puted sin i' to thirteen figures and made this the basis for the 
rest of the table. With him begins the first systematic develop¬ 
ment of the calculation of plane and spherical triangles by the 

^ Ds irisn^iiUs of!t«imodis liiri V, written f. 1464, first printed at NUrnbcrg in 
15:55. He edited Ptolemy's Almas^it, tlifc fcnt edition appeating; at Venice in 
i4[j 6. On hts indebtedness to Nasfr ed-idin and others see A. van BraunmiiTil, 
" i^assir EddSji TusE und E-epomontan,*’ Abh. div KedserL Lsop.-Carol, Dc-at- 
schen Akad, dcr Naturforschcr, LXXI, p. 35 {Halle, iSg^L 

^Smi J. D. Bond, Jhj, W, 295. 

“Second ed., Venice, 1435; 3d ed., Au^burg, 1450. See Hatn, 

■^On his double use oI this term for jeunt and cosecant, see Br&unniul]!, 
Gcschkhte, 147 , 

“Set pasc TjKjpfte, Gtsifiichlij IT [i), 220. 
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aid of all six functions. In one of bis tracts there appears the 
important formula 

5 _ tait X (A -h B) 
a — tan ^ 

wbicli had already been discovered by Fincke, as mentioned 
below. 

Albert Girard published at The Hague in 1636 a small but 
noteworthy work on trigonometry^ and in this he made use of 
the spherical excess in finding the area of a spherical triangle- 
This was also given in his algebra of 1639, It also appeared 
at about the same time in Cavalieri’s Directarium generale 
(Bologna, 1632) and^ a little later, in his Trigonometria plana 
ei spkcrica^ (Eologna, 1^143), 

Thomas Fincke,* a Danish mathematician, published an im¬ 
portant workj the Geom&tria Rotundij in Basel in 1585 (2d ed.^ 
1591), He gave the law relating to a-hb: a—b, expressing it as 

-ji (^7 + b) _ tan X (I 
+ tari[X(iBo'- C)-B] 

The equivalent of our present form is due to Vieta^ as already 
stated, 

Pitiscus (1595) published an important trigonometry in 
which he corrected the tables of Rhaeticus and modernized the 
treatment of the subject. In this work the word trigonometry 
appears for the first time as the title of a book on the subject. 

British Writers* Besides his invention of logarithms, W'hich 
has already been considered, Napier replaced the rules for 
spherical triangles by one clearly stated rule, the Napier Anal¬ 
ogies/ published posthumously in his ConstrucPio (Edinburgh, 

i6ig). 

Oughtred’s trigonometry appeared in 1657. In this work he 
attempted to found a symbolic trigonometry j and although 

^"In oranib-ua vero triangulis spHsericis cfiriim anguli simul simipti aupe- 
rant duos rectos. Et eorum est . . He adds: ^'quod ego pro- 

baut in meo Direttorb P.3, Cap. 3 .” 

N. NieJsen, aie-matikfti i Danmarif (Copenhagen, jcjia). 

3 For ii discussEon of tliia subject see Bnaynmuh], Ik i&. 
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algebraic symbolism was now so advanced as to make this pos- 
siblcj the idea was not generally accepted until Euler’s influence 
was exerted in this direction in the iSth century. 

John Newton (1622-1673) published in 1658 a treatise on 
trigonometry^ whjch^ while based largely on the works of Gelli- 
brand and other writers^ was the most complete book of the 
kind that had appeared up to that time. Newton and Geilibrand 
even went so far as to anticipate our present tendency by giving 
tables with centesimal divisions of the angle. 

The greatest contribution to trigonometry made by John 
Wallis (1616^1703) was probably his encouTagement of the 
statement of formulas by equations instead of by proportions, 
and his work on infinite series. The former advanced the ana¬ 
lytic feature and the latter made possible the calculation of 
functions by better methods. 

Sir Isaac Newton^ (2642^1727) made many improvements 
in trigonometry, as in all other branches of mathematics. He 
expanded sin”^Xj or arc sto in series, and by reversion he 
then deduced a series for sin jd. He also communicated to letb- 
niz the general formulas for sin nx and cos jjs:. 

The first to derive general formulas for tan bi and sec Tije 
directly from the right-angled triangle was a French writer, 
ThomaS’Fantet de Lagny (ch 1710)* He was also the first to 
set forth in any clear form the periodicity of the functions. 
The word ''goniometryw^as first used by him (1724), although 
more in the etymological sense of mere angle measure than is 
now the case. 

The Imaginary recognized in Trigonometry^ The use of the 
imaginary in trigonometry is due to several writers of the first 
half of the 18th century. Jean Bernoulli discovered (1702) 
the relation between the arc functions^ and the logarithm of an 
imaginary number. lu his posthumous work of 1722 Cotes 
showed that 

— log fcos 4 >-b^ sin rp)^ 

’‘■TiigonomHria Britatm-ica, or (fte d^cirinE gf triaxstes in ftto books, London. 
1*58- 

! Briiiiiniiiilil, GesdttchtB, 11, ctiap. lit. ^Sucli as arc sin j, or sin"!-1. 
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although no writers at that time used this particular symbolism. 
As early as 1707 De Moivre knew the relation 

1 I 

cos <^ = I (cos + i'sin -j- ] (00s — i sin 

which is obviously related to the theorem 

(cos <f> -\~i sin (ft)" ^ cos ji<f> -\-1 sin nift, 

published in 17^2 and usually called by his name.* 

Euler gave (174S) the equivalent of the formula 

= cos (f>-\-i sin jt^ 

but this was no longer new. His use of i for Ci 777 ) 
howeverj a welcome contribution. Lambert (172S-1777) ex¬ 
tended this phase of trigonometry and developed the theory of 
hyperbolic functions which Vincenzo Riccati had already 
(c. 3757) suggested and which Wallace^ elaborated later. 

Fimctioas as Pure NunLber. The first writer to define the 
functions expressly as pure number was Kastner® (1759)^ ab 
though they had already been used as such by various writers.^ 

Trigonometry becomes Analytic. As already stated^ through 
the improvements in algebraic symbolism European trigonome¬ 
try becamej in the r7th centuryj largely an analytic science, 
and as such it entered the field of higher mathematics. 

In the Orient, however, the science continued in its primitive 
form, largely that of shadow reckoning, until the Jesuits carried 
European methods to China, beginning about the year 1600. 
From that time on the Western influence generally prevailed, 
not merely in such centers as Nanking and Peking but also, 
somewhat later, in Japan. 


^Eratinmlihli Gmhickte, IT, 7O. “See Volume T, page 4j3, 

G. KSsfner, Anfengsgr&nde der Ariihmetik Geom^irii tbensn ukA ip-ha- 
rL^ihen Trigonomelrie vad Pcrspeciiis^ Giiltihgcni lEt ed., 175(1; ed., 1764; 3d 
fd.f 1774. He remarks; '^Efcdcutict ilao nun x den Wmkelin Gtsden auajredracxt, 
so aind die Auedruckungmi sin j; cos x; tang: x u.s. w. Zahlen, die fur jeden 
WinkeT pcfioreti” (3 d ed., p. ,4 SdL 

*Thug Ejtgiomontaiiiis (c. T463) speaks of tlie tangents as KutKcri. This oconrs 
in his fotcunda, prepBricd for astronomical purposes, and &o caCied ''<iuod 

ijiui tifariaiii ac miraTKla.m uUlitatein instar foecundae arboris parare. soleat."’ 
il 
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TRIGONOMETRIC FUNCTIONS 


With this brief summary of the development of the science 
we may proceed to a consideration of a few of the special fea¬ 
tures which the teacher will meet in elementary trigonometry. 



f, r7 ^ * 7 
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JAPANKSE lEIOOMOMETSy OP C. ITOO 

From Murai Ma?ahifO'£ Riocki SkinoM, early in tbe iSth OHitur/f shoiving 
European influence 


2 . TfirOONOMETfilC Fu^JCTTONS 

Sine. The most natural ftmetion for the early astronomer to 
consider was the chord of an arc of a circle ha\nng some arbi¬ 
trary radius. Without any good notation for fractions it was 
not convenient to take a radius which would give difficult frac¬ 
tional values for the approximate lengths of the chords. A con¬ 
venient radius, such as 60, being taken, the chord of the arc, 
being considered purely as a line, was the function first studied 
by the astronomers. 

The first table of chords of which we have any record was 
computed by Hipparchus (c. 140 b.c,), but this table is lost 
and we have no knowledge as to its extent or its degree of accu¬ 
racy. The next table of chords of which we have good evidence 















THE SINE 


Sis 


was that of Menelaus (c. lOo), but this is also lostj although 
his work on spherics show^s his use of the function. The third 
important table of chords is that of Ptolemy (c. 150)* He 
divided the circle into 360“ and the diameter into tto equal 
parts/ a relation doubtless suggested both by the numerous 
factors of 120 and^ since 3 x rso = 360^ by the ancient use of 
3 for r. Influenced like Hipparchus by Babylonian precedcntST 
he used sexagesimal fractions, the radius consisting of 60 moiraif 
each mmr<L of 60 minutes^ and so on.^ 

Origin of the Sine, A special name for the function which we 
call the sine is first found in the works of Aryabhata (t. 310). 
Although he speaks of the half chord/ he also calls it tlie chord 
half^ and then abbreviates the term by simply using the name 
jyd or (chord). He follows Ptolemy in dividing the circle 
into 360'’, and gives a table of sines, of which a portion is 
shown on page 626. 

It is further probable, from the efforts made to develop 
simple tableSj that the Hindus were acquainted with the princi¬ 
ples which represent by the formulas 


and 


sin“i^ + cos^ = ij. 

sin* -H versin* (/> = 4 sin* — > 




|f — cos 
2 


the last two of these appearing in the Pane a Siddhdntikd of 
Varahamihira (c, 505). 

The table of sines given by Aryabhata was reproduced by 
Brahmagupta (c. O3S), but he did nothing further with trigo¬ 
nometry. Bh^kara (c. 1150), however^ in his Siddkdnta 
Slromani^ gave a method of constructing a table of sines for 
every degree/ 


^ Tp-^na-ra literally holes,” and h^ice the lioles, or pips, oF dice). 

These pirts were also calttd .diaysitL (jneiVai, parts), usually transtated as de^rses. 

^Ths Tninutes Were f^TtKaa-Ti irptS™ {hCxekoSta* tirst sixtieths f the 

gcc&nds were Sii}T£(i(L{hextkoiia' deu'iem'i, second sixtieths, 

® Ardki-rjyaf ardhujyS; or iudka-djyd. 

* Jya-ardha. *1 Xrpipfkei Ctjciicftte, II (l), I£i 2 . 
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Name for Tlie }ya^ of Aryabhata fotind its way into the 
works of Brahmagupta as kramajydi that is, straight sinoj or 
dnus rectus, as distinguished from the sinus versus^ the versed 
sine. This was changed to karaja when it went over into 
Arabic j and as such appears in the Bagdad School of the 9th 
century. In particiilarj al-Khowarizmi used it in the extracts 
which he made from the Brahmasiddkdntd of Brahmagupta, 
probably the work known as the Sind hind. It is also found, 
with natural variants in forni^ in the writings of the Spanish 
Arab Ibn ahZarqala® (c. ^050)- 
The sine also appears in the Fahca Siddhdntikd of VarSha- 
niihira (c. 505)^ where a table is computed with the Greek 
diameter of i3o. Indeed^ the probability of Greek influence 
upon the methods used by the Hindus is very strong. 

The Arabs used the meaningless word jtba, phonetically de¬ 
rived from the Hindu ;ya. The consonants of the word per¬ 
mitted the reading jaib^ which means bosom, and so this was 
adopted by later Arabic writers. 

Sine in Latin Works. When Gherardo of Cremona (t* 1150) 
made his translations from the Arabic^ he used sinus for jaib, 
each word meaning a fold/ and this usage, possibly begun even 
earlier, was followed by other European scholars. The word 
chord” was also used for the same purpose/ 

has such forma aa dfyS, dsthyd (German and 

5 Or aJ-Zarklla, th-e I.,3tin AriicKeE, In the Latin translation thett Js a chapter 
invcnLlojit sinus et dBclinatinEvia per Kardagas/" On his use of kardiLsaj see 
Bniunni[lh]| I, aa such variants as and cada, set i&id.f 

page IDJ; and on such special uses as cordd^c for arc see ibid^ pages iiOf 
120 . 

the Cfmonrj ihe residae supsr tabuias Teietaruii oF aJ-Zarqala: ‘'Sinus 
cnius libct portionia drculi h£ dlmidium oerde duplicis portlonis Uiius.” Sec alsa 
the Aslrp-aatjiia Gcbri which Apianiis edited and published 

ai Nurnberg id 1333. 

*Jaib mesms bosom, breast, bay; and jinui means bosom, biy, a curve, tbe 
fuid O'f the toga about the breast, the land about a gull, a fcild in land, 

“Thus Ptato of Tivoli: "... sive mentioni£ cordarii dc medictatEs cordis 
oppnrtere intdtigif nisi ali^uo proprio ncimine signauertmua, quod fir corda integram 
appellahirnus." On this subject, whi[;h has -caused much controversy, see Braun- 
miihl, I, 40, with hibliugriphy. For She absurd su^sesCion that sinus 

ins, = semissis inscriptae [chordae!, with bibliography, see Tiopfke, Ge- 

schlcHte, D. (i), 212. 




tbie sine 


Cil7 


Aba^i-Wefa (c. gSo) defined clearly die chord, sine, and 
versed sine (sinus versns). He showed that 

sin ^ cd 3 . 

cd- ^ 

Cd^ 

3 

cd{iSo® — , p 

j— ^_iip our sin^ = 3 Sin-cos-, 

tf) r 2 3 

cd-^ 

2 

and sin (c^ ± = Vsin" ^ - sin"~^”sin" ± - sin"“^ sin“ tp^. 

He also constructed a table of sines for every I5^ 

Ibn al-Zarqala, mentioned on page 6 i 6 , computed a table ^ oi 
sines and versed sines, using as his arbitrary radius 150" and 
also, following Ptolemy, 60^, where m stands for (m-oi'- 

rai) ^ and is here used so as not to confuse units of line measure 
with degrees of angle measure. It is probable that such tables 
were knowm to Rabbi ben Ezra (c. r 140), 

In his Fraclka Gcametriae (1220) Fibonacci defines the 
sinus T&ctus arcus and versus dreus,^ and from that time 
on the terms were generally recognized in the Middle Ages. 
Tables of sines were given in various tvorks thereafter,'^ so that 
their use became common. 

Other Karnes for Sine* The term '"sine'' was not, however, 
universally recognized, for Rheticus (c. 15^^) preferred per^ 
pcndkulum. Of the special terms which appeared from time 
to time there may be mentioned the totus and per^ 
fectus, both of which were used for sin go“.‘' 


1". . . .be. uocatur sinus rectus utriusqve arcus .at. el -be:, p et recta .ae. 

udcatur aiuus utrEU3 arcus .ab.'^ Up - .... . 

*E.gr, Johannes de Lineriis (c. Ulush Begs tables (c. 143s) were cem- 

puted for minute of axt. . , . , ■ 

^E.g. by lobauti von Gmilnden (c. 14^0} . Regtomontanus (1463) used itniu 

ioius rectus. Rhttdcus (c. isso^ us^^ ^ writers of 

the timt. 
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Ablire-riations for Sine. The fiist ’vi^riter to make any general 
use of a satisfactory^ abbreviation for sine was Girard (1636). 
He designated the sine of A by A^ and the cosine of A by 
As early as 1624 the contraction sin appears on a drawing 
representing Gunter’s scalej but it does not appear in Gunter’s 
work published in that year.^ In a trigonometry published by 
Richard Norwood (London, 1631) the author states that '"in 
these examples j stands for sine ’ t for tange-nt: sc for sine com¬ 
plement i tc for tangent complement: sec for The first 

writer to use the symbol sht for sine in a book seems to have 
been the French mathematician Herigone (1634), Cavalieri 
(3643) suggested Si^ and in the 1647 edition of Onghtred the 
symbol S is used. In 1654, Seth Ward, Savilian professor of 
astronomy at Oxford, himself a pupil of Onghtred^s, used 
taking S* for the sinus complementi. Oughtred’s symbol was 
adopted by various English writers of the 17th century,^ The 
symboE sin“^a:, ’ -^for arc sin a;, arc cosjc, ■ ■ were 

suggested by the astronomer Sir John F. W. Herschel (rSi3). 

Versed Sine. The next fimction to interest the astronomer 
was neither the cosine nor the tangent, but, strange as it may 
seem to US, the versed sine. This function, already occasionally 
mentioned in speaking of the sine, is first found in the Surya 
Siddkanta {c. 400) and, immediately following that work, in 
the writings of Aryabhata, who computed a table of these func¬ 
tions, A sine was called the }yd ] when it was turned through 
Qo'’ and was stiU limited by the arc, it became the turned 
(versed) sine, utkramajya* so that the versin ^ ±= i cos 

From India it passed over to tlie Arab writers, and Albateg- 
nius (al-Battfini, c. 920), for example, expressly states that he 
uses the expression '^turned chord for the versed sine. 

Since the early vifriters were given to fanciful resemblances 
and spoke of the bow (ACA) and string {AB), or the arcus 


1 Cantor, Gest^kichu, JJ (2), 709; Tropike, Geschieftte, n (r>, 21:7, 

“F, Cajori, "Oughtrtd's Mathematical Symbola,'' Univ. of Ca^f,P^h.inMat.K, 
I, tS^. Consult this article also for the neat of thja topic. 

Sir Chitles ScarbuT^h 16061,1 namt als* given aa Scarborough. 

*Or TxtTamnd-jyi. ^In some of the Latin transJationrr charda vtrsa. 
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and chorda^ it ’was natural for them tq speak of the versed sine 
as the arrow. So the Arabs spoke of the or arroWj and 

the ’word passed over into Latin as sagUt^j a 
term used by Fibonacci (1220)^ to mean versed 
sine and cornmonlj’' found in the ’works of other 
rnedieval ’writers.^ Among the Renaissance 
writers there was little uniformity. Maurolioo 
C155S) ^sed 'versus major of 4 > to desig¬ 

nate versin (iSo'’ — 4 ^}f but others preferred 
the briefer term ^agitta. 

Cosine. Since the Greeks used the chord of an arc as their 
function, they had no special use for the chord of the comple¬ 
ment. When, however^ the right-angled triangle was taken as 
the basis of (he science^ it became convenient to speak of the 
sine of a complement angle. Thus there came into use the 
kotijyd of Aryabhata (c. 510),® although the sine of 90“ — 
commonly served the purpose then as it did later with the 
Arabs.* Even when a special name became necessary it was 
developed slowly. Plato of Tivoli (c. 1120) used chorda re^idui 
or spoke of the complement angle Regiomontanus (c. 1463) 
used sinus rectus complementi. Rhieticus (155%) preferred 
basis, Vieta (iS 79 ) ^sed sinus residuae, Magini (1609) used 
sinus secundus, while Edmund Gunter (1620) suggested 
co,sinus^ a term soon modified by John Newton (1658) into 
cosinus^ a word which was thereafter received with general 
favor. Ca\=a,lieri (1643) used the abbreviation Ss.3; Oughtred^ 
s CO arc, Scarhurgh, c^s.; Wallis/ E; William Jones (1706), 
i; and Jonas Moore' (1674), Cos., the s^mibol generally 
adopted by later writers. 



L Scritti, Tit ■04n rOj 

Levi fcen Getson ft. 1330)1 it* sinibvii chardu, et- ari^us, wliere 

his translator aJso uses tinvs versus^ and Jabann van QmUnden (c, i43o). 

®The poasiblt or se/jei oi the Egyptians (p. 6 do 1. Also translttrr- 

ated 

*A 5 with Alhategnius (sl-Battlnll and olheis. 

“"Qychd ad perficiendum po deftcit.” 

"3, co-cinus. seu liinus complcnietitl^' (Opsro, i6iJ3' ^^1 

(3), 
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Tangent and Cotangent. While the astronomers found the 
chord and sine the functions most useful in their early work, 
and so developed them first, the more practical measurements 
of heights and distances first required the tangent and cotan¬ 
gent, "the gnomon and shadow respectively. It is possible that 
Ahmes (c. 1550 b.c,) knew the tangent, but in any case we 
know that shadow reckoning was an early device for finding 
heights^ and that it was related to the sundial which Anaxi¬ 
mander (c. 575 n,c.J introduced into Greece. Unlike the sine 
and cosine, the tangent and cotangent developed aide by side, 
the reason being that the gnomon and shadow were equally 
important, the complementary feature playing no part at first. 
The Greeks, however, made no use of these functions of an 
angle, so far as we know, except as Thales measured the heights 
of pyramids by means of shadows and similar triangles. 


The Umbra Rec-ta and Umhia Versa. The Surya Siddha-fda 
(c. 400) and other Hindu works speak of the shadow, particu¬ 
larly in connection with astronomical rules, but it was the Arabs 
who first made any real use of it as a function. 

It was Ahmed ibii 'Abdallah/ commonly known as Habash 
ai-H^ib, '‘the computer” (c, S60), who constructed the first 
table of tangents and cotangents, “ but it 
exists only in manuscript. The Arab writers 
distinguished the straight shadow, translated 
by the later medieval Latin writers as umbrUj 
umbra recta^ or umbra extetisa, and the 
turned shadow^ the umbra versa or umbra stans, the terms vary¬ 
ing according as the gnomon was perpendicular to a ho-rizontal 
plane, as in ordinary dialSj or to a vertical wall^ as in sundials on 
a building. They were occasionally called the horizontal and 
vertical shadows.^ The shadow nam^ were also used by most of 
the later L^tin authors and by writers in general until relatively 
modern times, being frequently found as late as the iStli century. 



U nitiia recta. 


^Or at-Mervazt. See Volintie I, page 1^4. 

®Th<:se are given in a MS. oi bis asttcnoinitfl] tables preserved at Berlin. See 
Sutfir, Abhmdiwis^, X, sc^. 

»£,g,jby Ablll-E^a^ All ibn ‘Omar al-Matrikoshl. of Mcroccti (c.isfio). 
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These functions do not to have interested the western 
Arab writerSj no trace of either uTnbra being found in the 
works of Jabir ibn Aflah (c. 1145). 

The terms umbra recta and umbra versa were not used by 
Getbeitj but Roberlus Anglicus (c^ 12ji) speaks of the umbra, 
so that by his time it had come to be somewhat recognised. 
Thereafter the names umbra recta and umbra versa were in 
fairly common use. 

Table of Shadows, The first writer whose table of shadows 
is generally known is Albategnius (al-Battanij c. 9^0)^ the 
table giving the cotangents for each degree of the quadrant/ 

Abvll-Wefi, (c. 980) constructed a table of tangents for 
every 15", the first table of tangents that is known to us; and 
about this time there was computed a table of cotangents for 
every lo/ Under the direction of Ulugh. Beg (c. 1435) there 
was prepared a table of tangents for every t* from o'" to 45'' 
and of every 5" from 45° to qo"", but his table of cotangents was 
constructed only for every i""/ 

Names and Symbols. Although Rhseticus (1551) did not use 
these common names for tangent and cotangent^ he defined each 
as a ratio and gave the most complete table that had appeared 
up to that time. 

Vieta (c, 1593) called the tangent the sinus joecundarum 
(abridged to joecundus^) and also the amsinus and prosinus. 
It was riot until Thomas Fincke wrote hia Geametria Rotundt 
(15S3) that the term ''tangent'* appeared as the equivalent of 
umbra versa.^ The name was adopted by Pitiscus (1595)) 
the reputation of this great writer gave it permanent stand¬ 
ing. Magini (1609) used secunda for cotangent The 

term eoiangens was first used for this function by Edmund 
Gunter {x62o). 

^Tbat is, he gave the value of w ^ J .£21^ for ^ 2^, ^ I h^jns 

the length of the gnaroon. ^ 

® Brauninuh!, Ge^chichie, I, 

5 On the origin ot the term sie page 613 and Eraunmuhl, GeichicfiU, I, iCi n.; 
Trcipila:* CcJcAtcA/e, IT Cr)d aio. 

simbua conneia est tangens po-rtpheriae, aut earn sccana” iGtametria 
Roiundiy Pn 72 tBasel, 15^3) 
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trigonometric functions 


As abbreviations for tangent and cotangent, Cavalieri (1643) 
used Ta and Ta.i\ Dnghtred (1657)^ ^ ^ Sir 

Charles Scarburgh, t. and cL\ and WalHs (i 653 )> T and r. 
The abbreviation tan, as in a, was first used by Girard (1626), 
and Cot^ was suggested by Jonas Moore (i 574 )) but even yet 
we have no generally accepted universal symbols for tangent 
and cotangent. 

Secant and Cosecant, Since neither the astronomer nor the 
surveyor of early times had any need for the secant and cose¬ 
cant, except as the hypotenuse of a right-angled triangle, these 
functions were developed much later than the others* The 
secant seems first to have been considered by al-MervazT 
(Habash, c. S60), although the two functions first appear in def¬ 
inite form in the worts of Abu’l Wefa (c. 980), but without 
special names. Little was done with them by the Arabs, how¬ 
ever, and it was not until tables for navigators were prepared 
in the 1 5th century that secants and cosecants appeared in this 
form.^ Although Copernicus (1542) knew the secant, speaking 
of it as the hypotenusa and computing a set of values of these 
functions, it was his pupil Rhseticus who first included secants 
in a printed table* The secant and cosecant appear with the 
other four functions in his Canon doctrmae irtangulorum 
(Leipzig, 1551), although Rhieticus speaks of each in that ivork 
as a hypotenuse. The name "cosecant^’ seems to have appeared 
first in his posthumous Opu,^ Falathmm (1596). MauroUco 
(3558) included in his tables' the secants from 0° to 45"". 

Names for Secant and Cosecants The name ^'secant" was 
first used by Fincke (XSS3) and, although Vieta (1593) called 
this function the traTiishmosUf the more convenient and sug¬ 
gestive name soon came into general use* The cosecant was 
called the soaans .^ecunda by Magini (1592) and CavaUeri 
(1643). ritiscus (1613) gave the secants and cosecants in 
his tables, and since then they have been commonly found in 
similar publications. 


^Sraunmub!, Cfjffcicfttfj I, 114; iis n. 

^ Tabuia in his work on spheris. 
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By way of abbreviations for secant and cosecantf CavaUeri 
(1643) used 5 ^ and Se.s ; Oughtred (1657), se arc and sac co 
arc; Wallis (1693)^ j and but the more convenient symbol 
seCt suggested by Girard (r6s6) in the form a soon came into 
general use. There is as yet no international symbol for cose¬ 
cant, CO sec and esc both being used. 

Relation between. Funjctions- Although the functions them¬ 
selves were not specifically named^ various early writers make 
statements which involve in substance many of the relations 
that we now recognize. Thus the formula 

sifi (ft = Vi -- (p 

or + COS' i 

is essentially the Pythagorean Theorem and as such was known 
to the Greeks. 

Abud-Wef^ (c. qSo) knew substantially the formulas 
tan (f>: 1 = sin ; cos 6, 
cotip : I = cos (p : sin p, 
sec VI -f.. tan" py 
and CSC p = vT+ col- p. 

Rhfetkus (1551) knew the relations 
sec p: \ l : cos p 
and cac ^ : I I ; sin p, 

Vieta (1579) gave the following proportions:^ 
r : sec p ^ cos p : l =siTip: tan p, 

CSC p : sec p = cot : r = r : tan py 
^d I " CSC p ^ cos p : cutp = sin p : i. 

3. TKlGONOilETETC TaDUES 

Early Methods of Computing* The more important of the 
earliest trigonometric tables have been mentioned in connec¬ 
tion with the several functions. A brief statement will now be 


i^T^ioplke, GeichkhU, II (i), 235. 
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made as to the general methods of computing these tables 
and as to the early printed tables themselves. 

The first methods of ^’hich we have definite knowledge are 
those of Ptolemy (c. 150).' His computation of chords de¬ 
pends on four principles: 

1 . From the sides of the regular inscribed polygons of 3j 4, 
5, 6j and 10 sides he obtained the following: 

cd 36 " = 37 ^ 4 ' 5 S^ 
cd72‘^ = 70^32^ 
cd 60° = 60^, 
cd90*^S4'* 51^ 10'^, 
and cd 103J" 53^ 23'^ 

In a semicircle as here shown, -f- ^ and so 

cd (I So"" — 36"') = cd 144“ = Vi 30^ — cd'** 36® = 114'' 7' 37^^ 



II. In an inscribed quadrilateral the sum of the rectangles 
of the two pairs of opposite sides is equal to the rectangle of 
the two diagonals. This is known aa Ptolemy's Theorem and 
is found in the 

III. The chord of a half arc can be found from the chord 
of the arc; that ia^ from cd 12 "■ it is possible to find cd and 
then cd and so on.^ 

IV. By a scheme of interpolation it is possible to approid- 
mate the chord of ^ when cd is known/ 

With the help of these principles Ptolemy was able to find 
tlie chords of all angles to a fair degree of approximation. Thus 
he found that cd i" o'^ i-2'jo", 

which would make 


sin 30' = I cd i “ o' s=-1>* 32 3^^ = 0.008726E, 


tables are giveri at the end of Lib. 1 , cap. ir, cf the AifnagesL 
s Halma cd., I, 7a \ Heibcifg td., p. ^,6, EtauMniilih I, 15. 

^.iSEfcntiilly he ha5 sin - ^ For the tnathernitical discusaion, 

2 1 

sec BraupipphlH L ao. 

+Fcir rnithcmali^aJ Jiscussjon. gee BraunmljlilH C€Si^hkht&:, I, 21; Tropfke, 
Geichkhl^, II (j), 3 Qt>. 
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whereas our seven-place tables give it as o.ooii72^5. Abhl- 
Wefa {c, 980) computed tliis result as 0^ 24'* 55'" 54’'" 55’'^ 

—a value which is correct as far as the tenth decimal place. 
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FEOIJ THE FIKST FEINTED EDITION OP THE ^USYA SIEDHANTA 


Printed at India, Cr This is tlit oldest Hindu work on astronamy^ 

It shows the table of which a portion is given on 626 


A table of Bines is given in the Surya Siddhdnta (c* 400), 
and Aryabhata (c, 510) gives a table of sines and versed sines. 
The following portion of the table of sines^ substantially as in 
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some of the mimtiacripts of the Surya Siddhanta and as given 
also in Aryabhata’s work, will serve to show the degree of 
accuracy: 


Aryabhafa^s method of working out his table was to take 
sin 3'’ 45'"^ as equal to arc 3“ 45'', and from this to hDd the 
sines of multiples of this angle by the rule already given in 
the Sitrya Siddhdnta^ 

sin {h + r)^ = sin nj> H- sin — sin (fi “ ' 

which is correct except for the last term. 

Arab Methods. The early Arabs used the Hindu results, but 
later scholars developed original methods of attack. Of these, 
one of the best known is given by Miram Chelebi (t. 1520)^ 
in his commentary on Ulugh Beg (c:. 1435).^ He gives two 
methods, the first being somewhat similar to the one used by 
Ptolemy. The second method is interesting because it involves 
the approximate solution of a cubic equation of the form 

.a: — 3 

European Computers. Of the later computers of the Middle 
Ages and early Renaissance, Regiomontanus (1546) stands at 
the head, but his methods were not new. Indeed, there w as no 
particular originality shown in the computations from the time 
of Ptolemy to the invention of the modern methods based on 
series, 

I Knfiwn by tbe special! name kramajya. ^ E caunniulii, Geschicfti^, L SS'. 

!''Mu 5| ibn Mohammed ibn Qldtzadeh a teacher in 

CjaUtpoli, AdHaticpEtj and died 15^4/35. 

‘M. Woepdie, "Discu?aon de dem methr?dcs arabea pour eWtermincT une 
value approchee de &m Jcurfial lU pares et appluiuisi, XIX C1SS4), ' 

153 i A. S^diliot, FroUgojttines des TabUt ojirattiUnfflvej d'Diti^fug-Be^, Paris, 

185:5; Brauamuht, CfjtijcAiff, I, 72, with inccrrect date. 
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In generalj all ancient tables were constructed with Ptolemy's 
radius of 60 ■ that is, the simts totm^ or sin go*', was 60. This 
was due to the necessity of avoiding fractions in the period 
before the invention of decimals. The fust to adopt the simpler 
form, sin 90° — was Jobst Biirgi (c, 1600)^ but bis tables 
computed on this basis are not extant. Although the invention 
of decimal fractions had now made the use of unity possible for 
the sinus this idea was not fully appreciated until a 

memoir by de Lagny wa^ written in 1719.^ It was nearly thirty 
years later that the plan received its first great support at the 
hands of Euler*^ 

Early Printed Tables* Of the early printed tables there may 
be mentioned as among the more important the table of sines 
with the radius divided decimallyj published by Apianus in 
1533 j table of all six functions based on a semiquadranlal 
arrangementj published by Rha:tic.us in 1551* calculated to 
every to' and to seven places; Vieta's extension of the tables of 
Rh^eticus to every minute {1579, but the printing began in 
1571); the table of tangents by Reinhold (1511-1553) to every 
minute, printed in 1554; the table of all six functions, published 
in England by Elundeville in 1594; the Opus Falalinum, with 
the functions for every 10" to ten decimal placeSj with tables 
of differences^ compiled by Rhieticus and published by Valentin 
Otto (or Otho) in t596. Dr. Glaisher, referring to the work of 
Rhseticus, speaks of him as " by far the greatest computer of pure 
trigonometrical tables" and as one “whose work has never been 
3uperseded.^^ The Opus Pulatmwn was so named in honor of 
the elector palatine, Friedrich IV, who paid for its publication.^ 

The serious use of tables based upon the centesimal division 
of the angle was a result of the movement that led to the metric 
system* An elaborate set of such tables was prepared in Paris 
at about the close of the i8th century, and little by little the 
plan found favor. Such a set of tables appeared even in Japan 

1 Hwtairs ei AfijnairES dt I'Acod. d. sd., Piiris, 1711, p. 144 ; 17^6, p, JT 37 = 
p. 284’ 1735, p, 12l. 

^ TrttTodvcdQ in imnlysm infinU ^ I, 5 Lausanne, 174®' 

^For ft Etammary of such tables see the Brii., nth ed., XXVI, 325, 
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as early as iSi5j but it was iiot until the close of the rgth 
centuty that the idea took any firm hold upon the mathematics 
of Europe^ and then with the French schools still in the lead. 
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CENTESIMAt^ lABLES OF JAPAN 

From a manuscript of a work on triponomeijjr, Jiy Rtijn Rakuaii,, written in iSi|, 
showing a table of natural fimctions on the decEtnal divis-Um of the atisJe. This 
paje shows the m tangents uid cositicg, begmuing at tht tep with o* 


4 . Typical Theorems 

Addition Theorem of Sines* It is impossible^ in the space al¬ 
lowed, to mention more than a few of the important theorems 
of trigonometry, and these will now be considered. 

The Greeks knew essentially that 

sin ± ^') = sin 6 cos (f/ ± cos ^ sin 
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Stated as a proposition involving chords, it is probable that 
Hipparchus {Cr 140 b.c.) knew it. It was certainly known to 
Ptolemy (c. iSo}j and it often bears his name-H Ehaskara 
(c. 1150) also gives the theorem. As already stated on page 617, 
Abhl-WefS, (c. 980) gave it essentially under the form 

sin(<^ ± ± 


FunctioDs of Multiple Angles. The formula 
sin = 3 sin (fi cos </> 

is a cmrollary of the general case of sin(i^j + ^'). Tt is first 
expressly given as a rule by Ahu’bWeffi^ the form beings as al¬ 
ready stated, chord : chord chord r, 

Vieta^ C*S 5 *) first gave the formulas 

sin 3 = 3 cos^(#i sin ^ ^ sin^i, 

cos 3 4> = — 3 sin^(^ cos 4>t 

and connected sin with sin 4^ and cos 
Rhseticua (1569) found the relation 

cos ficp = COS (j/ — 3) ^ — 2 sin tb sin — i) 


Newton (167S) gave the well-known relation 
sm fob = H Sin -I- ^ ^ sin ^ + ■ ■ ■ 


and Jacques Bernoulli (1702 ) showed that 

sin ncff = cos“<^ — — ^ ^ ^ cos"““ ^ sin" ^ + ■ ■ ■, 

cos cos““^ 4> sin cp> — —— cos"“ ^ ^ sin*^ -I- — % 

I 3 1 


Functions of Half an An^le. Ptolemy^ (c. 150) knew substan¬ 
tially the sine of half an angle, expressed as half a chord, and 
it is probable that Hipparchus (c. 140 b,c,) and certain that 
Varahamihira (c. 505) knew the relation which we express as 

,6 f T cos 6 

sm — = x ‘— — " ■ 

3 ^ 

iTfopfke, Csjcfo'eAi^, II (a), S?^6ri with bibliography. 
aSec the HtihtrE edition uJ Ptulemy, p. 3^. 

.11 
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After the development of analytic trigonometry in the 1 yih 
century, these relations were greatly extended. Four others 
may be mentioned as typical^ the first two, due to Euier (1748), 
being 


tan 24* — 
cot 2 — 


3 tan ^ 

I — tan'^4* 
cot — tan 


and the others^ due to Lambert (1765), being 

2 tan 


sin 3 = 

cos 2 ip = 


I + tan*^ 

(— tan- (/> 
I + tan- (P 


Theorem of Sines* The important relation now expressed as 

a _ d € 
sin^ sin C 

was known to Ptolemy (c. 150) in substance, although he 
expressed it by means of chords/ 

While recognised by Albcriini and other Oriental writers, it 
was Na^ir ed-din (t* 1230) who first set it forth with any 
clearness. A little later Levi ben Gerson (c. 1330) stated the 
law- in his work Z)e chordh^ et arcubus:, “ but the first 

of the Renaissance w^riters to express it with precision w^as 
Regiomontanus^ (wiiting c, 1464)* 

^Tbu3, jf C is a riifht angle Jn triwislc ABC-, then 

chorti 3 A 

[20IA 

where lao ^5 the diameter of the circuTni;ircle- 

. ornniym triiTi^yloTum rectiKSeamin telem nroportlontm una hnca habet 
ad aliam, quaJeni prO]>nrtionem unui' ?inii3 jm, qaibus diclae Iftieae aunt 

Stihtensae, fuihet ad alium.” See Bi^i.nmiilil, T, 106. 

^"In omnl. triangulo n:ctilincn. priiportio lateris ad latug est* tamquam sinus 
ncctl angul] altertim eorum respideiitH, acl sitiuin recti anguli relEquuni hitus 
respicientia" (Lib. Il, prop. 1), See IVopf.te, Gsschkhu, V 74. 
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Theorem of Cosmos^ The fact that 

^ 2 ab cos C 


is essentially a geometric theorem of Euclid.^ In that form it 
was known to all medieval mathematicians. In the early printed 
books it appears in various forms^ Vieta (isgs) giving it sub¬ 
stantially as „ 

3 ^b/ I /sm ( 90 ^ — C)j 

and W. Snell (1627) as 


2 abi\j^— {a — by] — i/(i — cos C). 

Theorem of Tangents, The essential principle of the law of 
tangents, which was given by Vieta- (p. 611) and improved by 
Fincke (r5S3)^ was knowm to Ptolemy (c. 150). Regiomon¬ 
tanus (c. 1464) eitpressed it by a rule which we should state as 

sin ^ -|- sin j? _ _ 

sin A ^ tan ^ — if) 


Areas, The first evidence of the rule w'hich resulted in the 
formula for the area of a triangle, which we know as 


A = sin C, 


is found in the trigonometry of Regiomontanus (c. 1464),“ but 
the theorem is not explicitly stated by him, Snell (1627) gave 


it in the form 


I : sin^ = : 2 A, 


Right-angled Spherical Triangle, The Greek mathematicians 
made use of the right-angled spiherkal triangle in their com¬ 
putations, but nowhere do we find a systematic treatment of 
the subject. Taking the hypotenuse as r, we have the follow¬ 
ing six cases: 

J. cos f = cos a COS b. 4. cos A = tan b cot 

3. cos /r = cot cot B, 5. sin ^ = sin c sin B. 

3, cos A = cos rtf sin B. 6 , sin ^ = ten a cot A. 


^ EletRCJits, TI|. I2f IJ. 

s''Ut aggrtgatum crurum ad diffeTcntiam -fcotundecnf ita pttjsmus ditnidiit 
auguliiriini ad basin ad proslruni dimkCia^ dMerentiae ^ {O^era, SchuotM ed., 
p. 401). See Tiopfliei V (a), So. 

trian^tilU Nllrnben;, 1533. 
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In his astronomical probiems Pcolemy (c, 150) makes use 
essentially of the htstj fourth, fifths and sixth of these cases, 
although without the functions he could not give the rules. 

The third case is essentially given by Jahir ibn Aflah 
{c. 1145), and so it was commoidy known as. Jabir^s Theorem." 

The first writer to set forth essentially all six cases was Na^ir 
ed-din (r, 1250). Napier’s Rules for the right-angied spherical 
triangle appeared in his tables of 1614.^ 

Obliqtue-aagled Spherical Triangle. The obhque-angled spher¬ 
ical triangle was not seriously studied by itself until the Arabs 
began to consider it in the 10th century* 

The Theorem of Sines, 

sin a sin b _ sin c 
sin A sin B sin C 
and the Tbeoretn of Cosines of Sides, 

cos ff = cos ^ cos t -f- sin b sin £ cos A, 

may have been known to them, but they are first found in print 
in ^e De trian^ulls written by Regiomontanus c. 1464.^ 

The Theorem of Cosines of Angles, 

cos A = — cos B cos C+sin sin C cos 

was given In substance by Vieta in 1593, although he had used 
it before this date.* It was first proved by Pitiscus in 1595* 

The Theorem of Cotangents^ 

T _ cot G COS A cot h 

sin b CSC A cot C’ 

was also given in substance by Vieta, but was modified hiy 
Adriaen van Roomen (1609) and proved by Snell (1627).“ 

'Tropfke. Geichicfus, V fa), iji, wcth refercncs. Consult this wtitii and 
Braunmiihl^ G^ichiehle for further dfitaHE. 

-It was possibly known tn TIbit ibn Qom (c. S^o>, 

lo^eriikjnQrunt cdtisnis dsicriiHio, 1614, Lib- H, cap. iv. 

^On the Theorem oi Sines see TTopfke, V (i), 33:^; on the Theorem of Cosines 
see thfd., p. 139. 

*For the priority question see Ttopike, Gischkhtej V fa), 135, 

'■For the general literature on this subject see Eraunmiilil, t 7 «cftscfiie, I (i)j 
iS5 Tropflte, V (a), 13^ seq, eapedally p, 143. 
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TOPICS FOR DISCUSSION 

1. The et3niio]t>gy of the words "trigonometry," "geometry/* 
"mensurationj" "agrimensor/* "survey,” "geodesy," and other terms 
having a. related meaning, 

2* Frimitive needs that would naturally tend to the development 
of trigonometry. 

3. The relation of shadow reckoning to plane trigonometry in 
various countries and at various times. 

4. The influence of astronomy upon the development of the 
science of trigonometry. 

5. The Greek asEronomers who contributed most to the study of 
trigonometry, the function which they developed, and the reason why 
this function was selected. 

6. The contributions of Menetaus to the study 0-f trigonometry. 

7. The Hindu contributions to the science. 

fi. The assertion that the chief contribution to matheniatics made 
by the Arab scholars was to the science of trigonornetry, and that 
this contribution was important. 

p. The Arab and Persian writers on trigonometry, and the im¬ 
portant features Of their work. 

10. Influence of Peurbach and Regiomontanus, 

tih The change of trigonometiy from being essentially geometric 
to being largely analytic, and the influence of this change upon the 
later development of the science, 

12. Development of the concept of the sine of an angle, and the 
origin of the name. 

13. Development of the concept and name of the cosine. 

14, Devdoptnent of the concepts of the versed sine and the 
ooversed sine, with reasons for their gradual disappearance. 

15, The favorite functions in astronomy and those used in prac¬ 
tical mensuration, 

16, Development of the tangent and cotangeot. 

17. Development of the secant and cosecant, and the causes lead¬ 
ing to their gradual disuse in modern times, 

iS. The relation betvreen trigonometric functions. 

Ip, Development of the leading methods oE computing trigono¬ 
metric fables. 

20. The history of typical and important theorems of trigononijetry. 



CHAPTER IX 


MEASURES 
I. Weight 


Measures in General. The subject of metrology is so eitten- 
sive that it is impossible, in a work like this, to do more than 



EGYPTr.ftN WErOHT 

A porphyry weight tound neir thfl North 
Pyramid at Lisht and now in the Metro- 
poSitin Museum. The tnscxiption reads, 
"Seniiscrt, giving life eternaUy, 70 gold 
debena.'^ IL was used for weighing gold 


give a few notes relating to 
the measures in common usOh 
T he purpose of this chapter, 
therefore, is simply to lay be¬ 
fore the student some of the 
points of interest in the his* 
tory of the most familiar of 
our several units of measure, 
to suggest the significance of 
the names of these units, and 
to indicate some of the works 
on the subject to which he m ay 
go for further information.^ 

^gypt. The use of the bal¬ 
ance for purposes of weigh¬ 
ing is doubtless prehistoric, 
for weights are found in re¬ 
mains of the first dynasty of 
Egypt (c. 3400 The 

first inscribed weight that 
has been found is of the 4 th 
dynasty, the time of the Great 


^ t An ercdlent suimnaiy of the fiatory 15 given under Weight! and Measures’' 
m the Brtt., iifWd. Thu measLt« of anEt® and arcs has been already 

considered in ChEipter VHT, ^ 

, Flinders Petrie, 0/ tii of Biblical ArcharaL, Lt>n- 

don, XXJir, ^£5. See also Btiiktm of tho AfeJrfljfr, of An, New York, XII, S5. 
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Pyramid.^ The earliest Egyptian scales were simple balances, 
either held in the hand or supported on a standard. These are 
frequently illustrated in the temple wall pictures. The steelyard 
with its sliding weight 
and fixed fulcrum was 
used as early as 1350 s. c. 

The Egyptian weights 
of which the names and 
values are known with 
certainty were the debm 
{dhUi formerly read ui&n^ 
about 13.6 gramsj but 
commonly taken as 15 
grams)andthe kid^i {kdi^ 
kite^ o.i of a deben)^ 

Babylonia. The Baby¬ 
lonians used a cubic foot 
of rain water to establish 
their unit of weighty the 
standard talent,^ The 
chief subdivision of the 
talent was called a manek 
and was ^ of a talent. 

They also had a unit of 
weight known as the ske^ 
about 45 mg. Our knowl¬ 
edge of the Babylonian measures in general is derived from a 
number of inscribed tablets such as the one here shown. 


TAJSUE 0]f UAEVLONIAN MEASUltES OF 
CAPACITY AKD WEICHT 

A fra^cut of a tablet iound at Nippur 
and dating from ^.3200 b.c. The reverse side 
contains table 5 of length, and area. 

Courtcay of the "University ot Penuaylvania 


Hebrews. The Hebrew standards were kept in the temple, 
as was also the case in other nations. Thus we read^ of "the 
shekel of the Sanctuary,” that is, the standard shekel, about a 
quarter of an ounce in early times, or a half ounce after the 

^ frpcetdings of the Sue. of Archttol.^ XTV, 442. 

^Peet, Riiitid Pafyrjifi p. Emyc. Bril.-, nth ed., XWIIl,i 4S0, 

^Mah^fty, Greek p. 67. See also J. Bnandis, Das Mimz- Mpsj- vad 
OeivichtsiueseKin Verderoiim-, pp. 1, 41 (Berlin, tS66); G. A. Barton, Haver ford 
Library CoUeelion of Cuttetform Tab^tSi Philndfllphia, 15105, igog. 

^Exodus, XE?, 13. 
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time of the Maccabees (ist century b.c*)* This shekel of the 
Hebrews was the siciUcus of the Romans.^ The Hebrew manek 
was loo shekels^ or of a talent. The shekel was also used 
as a unit of capajcity^ and with the Babylonians it was equiva¬ 
lent to 0.07 liter 

Greece, The Greek, unit of weight m Hoiuer^B time was the 
talent^^ a standard that varied from country to country* The 
ancient Greek talent weighed about 57 pounds, but the Hebrews 
used the term for a unit of about g3f pounds. It was also used 
as a unit of value^ generally the value of a talent of silver^ this 
being about SiiSo in Greece and from about $1650 to about 
1 1900 among the Hebrews, according to present standards. 

For a smaller weight the Greeks used the drachma/ origin 
nally "a handful" but used by the ancients to designate both a 
wei^t andj as in the case of the talent, a unit of value. In 
modern Greece it is a coiu identical in value with the franc at 
the normal rate of exchange. 

The later Greek weights may be thus summarized: i talan- 
ton = 60 mnai = 6000 drij-chmai = 36,000 aboloi = 2SS,ooo 

Rome* The Roman unit of weight was the pound* This 
was divided into twelfths (undae).*^ The usual Roman weights 
may be summarized as follows : 

I libra =12 unciae = 4B sidlki = 2SS — 576 ob(}li 

— 172 S sdigiioe* 

The ounce was about 1.09 oz* avoirdupois, or 412 grains. 

Ipr Glfck tflyXcjf. ^BartCUj fse. aL, 11^ rS. 

It was originally fitoRJlcr than the later talent. Sea 
F. Hultsch, und romisclu Afetrologiif p. 1&4 (Berlin, i83a3; Haiper^ 

Diet. Cifljjr Zit.; Pauly-TVissow'a; A. Eockli, Heirirlifgiseftf Untfrs^ckungtnj 
Berlin, 1S33, 

{drachme') . Tlie Lydtsm dradimi of the jth century b.c. was I of 

a shekel. 

Bin Greek,ptw.ur'-if; ^puxSiiiSfia-xsf-Kl; ^aXsAlDj, 

The chatk&ii^ was about e.opig. As a meB^ure df value It was a cep^r coin 
WflrCh of an obol, somewhat less than J u£ an American cent. The ifliotitpn 
was about atjigCE. 

^Hultsch, Vcr cit., p, 144; Itamsay and Landam, 3 fonttoJ oj 
ipth ed., p. 4&1 (Lrfjtidon, igoi). There are many works on the subject. Amopg 
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Thft Romans had a table known as the poftderari^i^ tn 

the stone top of which were cavities like washbasins, with a 
plug in the bottom of each cavity. These were standards ot 
capacityj or of capacity with respect to weight. 

Far East. In India and other parts of the Far East the 
weights and currencies were commonly based upon the weights 
of certain seeds. The favorites were the abrm precatormSj a 
creeper having a small, bright-red seed with a black spot on it^^ 
and the <iden<mtk^ra pavonina^ a large pod-bearing tree with a 
bright-red seed which is conventionally taken as weighing twice 
an abrus seed.^ 

England. In England the grain was originally the weight of 
a barleycorn, a barley grain. The Latin granum has the same 
root (gar) as our word "corn."* 

|J)£ ones arc A- Aldatus, Di Ppnd$ribvs si wMTtJTirij, Copenhagen, 

Lr PorHuS^ Df jsji(!rtro pimdi^ibvi it min^vris antiqvis Ubti ofiM, 

5, ]. a, (V'Cnioe?, c. i^dd), with cditlona at Flofencje (1314?) and Basel <1510 
and is^q) ; G. Budaeua, De oise, it partibvs ivas, tibri V, Paris, 1514 (title as in 
Lyons edition, 1551) , G. Agricola, Libri quinqHe dt ^Sr Pondirib-ut^ Paris, 

1533? Venice, 1535 and 1533; Basel, 1340 «id 1550, an epitome, Lyons, 15^2; 
H. Uranius, £fe f't n-vmari^s Btenjijrij ei Epiiome ex Budaea, Poriio, 

, , .1 Solmgcti, 1340; M. Ntandfx, STNO^tlE minnirarvm at pendsrvtttj • r . 
Basel, 7333. These show the interest taken in the Butject £n the r^th century. 
Of the xSih cttituty wotk^ one of the beat is J. Arbutfenot, 0/ AntUnt 

Coins, WEights, and Mcaswes, ad. ed., London, 1734. 

IA Naples specimen is iiltistrated in Mau^a Fbmpiii, Kelsey^ second edician^ 
New Yo'tk, 1902. 

“Often seen for sale in Eoropean and Amerijcaci shops. The nimt preoatorius 
(from precator, one who prays) cornft? irom the fact that certain Buddhists use 
these as beads for their rosaries. 

'R. C. Temple, "Notes on the Development of Currency in the Far Fast,” 
Jndian AnHQvory, iSpp, p. xoa. Other seeds tt'ere used, as is shown by H. T, 
ColebrooEt*, "Oxi Indian Wei^ts and Measutts" Asiatic Retiarchis, V (1799), 
91, with tables. Sec al^ bis I.ildvaii> p. i, §2. 

+Whence also "gamer," to gather grain; "pomegranate,” from the French 
pammE (apple) and grenaiB (seeded); "granite,” a graiued or spotted stone; 
"garnet”; "grange"; and the Spanish gratiada. The Scotch statute required that 
the inch be "iii bean comys gud and chosyn but tayttis” ttaiiiess}- The IJitin 
statute of England leadt ^Tria grana ordei sicca et rotunda faclunt potliceni,” 
On the history of Britisli measures in genemt see F, W. MaEtiand, Dotnssday 
and Bsyotui, Cambridge, 1897, p. 368; J. U. Ramsay, TftE Foundations ef Eng^ 
lan 4 > London, iSpk, I, 533; F, Seebohm, The EngUik VilUigi CotntttnnUy, 4tb ed., 
p, ^8;i (London, i8p6); R- Potts, Eitmoitary Arithmetic, LondtHi, 1886. 
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The word pound comes from the Latin fondo (by 
weight) ?i.Tid the ounce, as already statedj from the Latin 
unrMi a twelfth of the Roman pound,® 

England had developed a system of weights before the Troy 
weight was introduced from the French town of Troyes, one of 
the many places in which fairs were held in the Middle Ages. 
This introduction seems to have taken place as early as the 
second half of the 13th century, for Grafton^s Chronicles^ has 
this to say of the matter 1 

About this tyiTiE* was made the statute of weigh tes and measures, 
that is to say, that a starlyng penny should waye .xxxij. graynes of 
wheate drie aud rounds and taken in the middes of the eare/ and ,kx. 
of those pence shoulde make an ounce, and ,xij, ounces make a pound 
Troy: And .viij. pound Troy weight make a gallon of Wine,, and 
.viij* wyue galons to make a London bushell, which is the .viij. part 
of a quarter. Also three barly Comes dry and round should make an 
yuch, fii .xij\ ynches a foo'te. and thre foots a yard^ a hue yards, halfe 
a perch, or poll, & .sih pd in length & thre in bredth an acre of land. 

And these standardes of weight and measures were confirmed in 
the ,iv, yere of king Edward the thirde, and also in the tyme of 
Heniy the sist and of Edward the fourth, and lastly confirmed in the 
last yere of Henry the seuenth. But in the time of king Henry the 
silt it was otdeyned that the same ounce should be deuided into 
.Ttxn. pence^ and in the tyme of king Edward the fourth, into kX!. 
pence, and in the tyme of king Henry the eight into .xUiij. pence: 
But the weight of the ounce Troy, and the measure of the foote con¬ 
tinued alwayea one* 

Jn due time the Troy weight was replaced by the avoirdupois 
for general purposes and was thenceforth limited chiefly to 

iFrom tiy wtcg^h. Jrdiri the same root wt havt SUch words as de¬ 

pend," ''spend," and ‘^peDdulum,'’ and tic French poids and our "pobc" 

2 Lack of space precludes any discufision of the relation ot tie apothecaries^ 
weight to the ancient Greek and Roman systems and symbols. Ther< ig an es- 
tensive literature oji the subject 

*1^0? cd-; laoo leprjiit, p. 277. LIJ Yere of Henry III/' r.e„ 1268. 

5 So R-tcordc (c, 1543) eaya; '"GraEne, mt:iniii!ie a urayn of cjome or wheat 
dtyc, and gathered out of tic myddle of the care.” Orotutd t?j 15 c3 ed 
Jol. L4. 
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the use of goldsmiths/ These goldsmiths also used in this con¬ 
nection the carat, a weight consisting of 12 grains/ The wrord 
had a variety of meanings, being commonly used to express the 
purity of goldj "22 carats fine'^ meaning an alloy that is || 
“fine gold.” It appears in various forms/ and its meaning in 
this sense comes from the fact that a gold mark was 24 carats, 
so that a mark that had only iS carats of gold was only 
pnre^ So Recorde (f;. 1542) says: "The proofe of gold is made 
by Caracts, whereof 24 maketh a Marke of line gold: the 
Caract is 24 graines*”* 

Avoirdupois Weight. The word “avoirdupois’^ is more prop¬ 
erly spelled “averdepois,” and it so appears in some of the 
early books. It comes from the Middle English aver de ^ofs/ 
meaning “goods of weight.” In the rdth century it was com¬ 
monly called “Haberdepoiso/’ as in most of the editions of 
Recorders (c. 1^42) Ground of Artes* Thus in the Mollis edi¬ 
tion of 1594 we have: 

At London & &o ail England through are vsed two kinds of waights 
and measures^ as the Troy walght & the Habendepoise* 


'So the Dutch irithmetJcs of the T^th century' speak of it a$ 

E.S; Cquterceis's Cyffer-Boech, i<Sgo erf-, p, The Dutch writers also called it 
Trflii isvjicht, aa in B&rtjcns’s arithmetic, 1676 ed.^ p. 155. 

-So the Dutch arithmetics q£ Petrus (1567),Van der Schueire(i6aci), and others 
give II grains r karat, 24 karata = i marck (for gold), and 30 anjgela = t 
ounce, S ounces =5 mardt (for silver). Trenchant (15(6) aa^’s: "Per ansi le 
marc d^or sans tart eat a 24 kar. d* fin aloy." In this sense it ccunes froin the 
Arabic glr»t^ a weight of 4 barleycorns; but the Arabs rftrived it froro the Greek 
the fruit of the locust trtc, L, litin cerfliej. Perhaps the 
Arabic use is rcsponaiblt for the carat weight’s bcirig 4 diamond grains, now taken 
as 2-Po milfigrams. 

a Italian cufatif, French and Spanish guHata. So Tesada "* 4 - 

quilates son de pur a oro”; Sfortunati 0534 )- niL trouo oro di .24. charatti”: 
Trenchant (1366): "iB karats deho’’; and PudolB (1526): "fein i& barit.“ 

^ Compare ^^4 marcr d’Qr a 14 Camts de fin,” In Coutereels’s Dutch-French 
arithmetic, 163,1 ed., p. 309'. 

“ j 4 Def' dt pots, peii, etc. The Engtish oi^er, from the Old French avm or antuV, 
meant goods, and ppi's was the French pits or Latin pensufti^ from 
to weigh. About the year 1300 the otd bToniian was superseded hy tlie 
modem pois. The incorrect dUj for ds, came in about 1630, Even as late as 1735 
the American Greenwood u&ed "avecdupois.” 
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The system was introduced into Sngknd from Bayonne 
Cv 1300, but is essentially Spanish, The name is limited to the 
English-speaking countries, the pound of 16 ounces being called 
on the Continent by various names, such as the pound mer¬ 
chant.^ Troy weight was the more popular until the i6th 
century, when, as Digges {1572 1 tells us, ''Haberdepoyse'' 
became the "more vsuall weight ” Even a century later, how¬ 
ever, the Troy weight was given first and w^as used for weigh¬ 
ing such commodities as figs and tobacco and even lead 
and irom^ There was also the Tower pound of 11,25 Troy 
ounces, but this was abandoned about the year 1500. In tlie 
latter part of the iSth century a popular writer* thus refers 
to the matter: 

When Av^^dupm Weight became first in Use, or by what Law it 
was at first settled, I cannot find out in Statute Books; but on the 
contrary, I find that there should be but one Weight (and one 
Measure) used thicuighout tb's Realm, viz, that of Troy, (Vide 14 
Ed. Ill, and. 17 Ed. III). So tbat it seems (to me) to be first intro¬ 
duced by Chance, and settled by Cnstum, viz, from giving good or 
large weight to those Commodities usually weighed by it, which are 
such as are either very Coarse and Drossy, ot very subject to waste ; 
as all kinds of Grocery W^ares. 

2, Length 

Babylonia and Egypt. The Babylonian measures, like those 
of most early peoples, were derived to a considerable extent 
from the human body. For example, one of the world's primi¬ 
tive measures was the cubit,* the length of the idna^ or forearm, 
whence the English ell and French aH»e, but applied to various 
lengths. This stamdard is found among the Babylonians, the 

iT!]usTrePchaTit;(T566)3ay3.'"Li]lurtinaarchaTidevaiJti$Diici!s.” TheButch 
writers sometimes called it " Holland WGight,"' as in CoutcrcclS’^ Cj/pfr-Boeck, 
edr, p. 17. where j pflynd = Mardt" ut "16 once*^ or loot” 

“Hodder'a arithmetiCii 167a ed., pjj. 15, 66. 63. 

Ward. The Young AfetAejHoiicito^j Gwiifi taLh edn p. 3^. London, 

*Lit.Ln eaiiiwjB, elbaw. Sir CharJfis Warren, The Ancient Cabit^ London, 
T<jo5; a acliolarly and extended treatment of the subject 



ANCIENT LTNTTS 641 

length varying from 525 mm. to 530 mm/ It was known some¬ 
what earlier in Egypt and nmnerous specimens are still extant/ 

Greece and E.ome» The method of fixing standards by meas¬ 
urement of the hntnaii body naturally led to many variationsr 
Thus the Attic foot® averaged 295.7 nim.; the OlympiCj 320 k 5 
nim^’ and the ^ginetan, 330 mm. A similar variation is found 
in Western Europe^ the Italian foot being 375 mm,; the Ro- 
manj 296 mm. (substantially the same as the Attic); and the 
pes DrusianuSf 333 mm/ The foot was not a common measure 
until r. 2 So b.c., when it was adopted as a standard in 
Pergamum. 

The fingerbreadth^ was used by both Greeks and RomanSj 
as was also the palm® of four digits. The cubit was six palms> 
or twenty-four digits^ the Roman foot was 13I digitSj and the 
fathom’' was the length of the extended arms^ The mile® waSj 
as the name indicatesj a thousand units, the unit being a 
double step. 

In general^ the most common Roman nreasures of length may 
be summarized as follows: the pes (foot) was 0,296 m. long, 
and 5 pedes (feet) made i 125 passus made 1 stadium^ 

about 1S5 m.; and S stadia made i mikj about 1480 m/ 


^J. Brandlis, Dctj Afwns- JI/m.t- tn Ftn'def'tufen (Berlin, 

rS(i^)d p. 21; HiTprecht, T's&Jfty, p. 35. Tlie BaBylonEaTi nime was amffuitu, and 
this unit wa^ divided iutf] 30 To life Otir COnlinOn JncasQrcSfh 

we may say that the average Roman cubit was 17^1. Inches; tbe Egyptian, 
30-6.^ inches ; and the Babylomin, 20.6 inches. See Teet, RhtKd p. 24. 

* Ai the mahi, three of which msule the xyhn^ the usual length of a walking 
staff, about fii.5 inches, and 40 of which made the kkt;t. Other measures are atso 
known, such as the foot, which was equivalent to about 11.4 of our inches. 

“IloPr The general average aa given by Hultsch (fpt. cii., p. Sg?) U 

30S mrcir ^K. R. Lepeiua, Langcnmaisc dcr Bcrlm, 1S.54, 

; Latin, digitwj, 

" idochme') ] Latin, ^uJ-naitT. This I5 our "band," used in meaauriug the 

hei^t of a horse's shoulder^- Homer speaks of handbreadths iSStpavi. d^ran} and 
crjhlts (irt/ydiir, pygitn'}. 

TAnglo .Sason embrace. The Greek word was i/syuia (or^inia), the 

length of the outstTetched arms; Latin, teiu-um, stretched, 

^Miik porsswim (oolioqnially The pace was a double step, and benoe 

a little over 5 Anglo-American feet. 

SThe Greek stadium {ffrAStov, sta^dion) varied considerably in different cities. 
The Athenian stediuns was about doj-^io Ariglo-.American feet, 
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Far East. The finger appears in India as eight breadths of 
a yava^’ (barleycorn)^ four times six fingers making a cubit/ 
as in Greece. The other Oriental units have less immediate 
interest. 

England. In England there was little uniformity in standards 
before the Norman Conquest, The smaller units were deter¬ 
mined roughly by the thumb/ span/ cubit, ell,* foot, and pace. 

A relic of this primitive method is seen in the way in which 
a woman measures cloth, taking eight fingers to the yard, or 
the distance from the mouth to the end of the outstretched arm. 

For longer distances and for farm areas it was the custom to 
use time-labor units, as in a day^s journey or a moming^s plow¬ 
ing, such terms being still in use in various parts of the ’world. 
The furlong (40 rods, or an eighth of a mile) probably came 
from the Anglo-Saxon furlmg, meaning "furrow long.'^ 

The word "yard*’ is from the Middle English yefd and the 
Anglo-Saxon gyrd^ meaning a stick or a rod, whence also a 
yardarm on a ship^s imsl. That the standard was fixed in Eng¬ 
land by taking the length of the arm of Henry I (loftS-n^ 5) is 
not improbable. Thus an old chronicle relates: "That there 
might be no Abuse in Measures, he ordained a Measure made 
by the Length of his own Arm, which is called a YardJ’ 

The words "rod^’ and "rood” may have had a common ori¬ 
gin. The rod was used for linear measure and the rood came to 
be used for a fourth of an acre.“ 

c^fay ttat iorearm. Colebroake’a LUivaHt p. s, ^ ^5. The word cvbU 
tippeirt Id Indi^ and Siam as ccn>id,'!ii Arabia, as CDvidi;, and in Forlugal u covadc. 

= Latin poUtx-, xi'b^nM the Frintb pouce, ai] inch. The woid "mch," like 
is (as already stated) Itoth the Latin imcia, the twelfth of a foot or the 
twetflh of a pound. OriglnaJly the word msaut a small weight and is allied to 
the Greek boEk, weighL The old Scotch inch was average from 

the thumbs of thiee me^n, " kat is to say, a Diekill man and a man of messuiabiU 
statuT and of a lytiU man.’' See Jiaitlandj ioc, cii., p. 

^Thc diatauca spanned by the open hattd^ from thumb to little bngei' £naUy 
taken as q inches. 

*The dl has varied greatly. In Enstand it is 43 inidies, that 15, yards. The 
old Scotch dl was j inebts, and the FleiaiEh ell was inches. 

“For a bihhography of the Subject of measures of length eensutt the entvclo- 
pedias. Among the most mgenlom studies of the subject is W. M. F. Petrie, 
Ind^ctwe Mttrology, London, 3S77, 




MEASURES or LENGTH 

European of tEt iSth cEnEuty, showing the gecfiral appearance of the common 
measuring sticks of the period. The thiee shnttesE pieces are eUs 
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CAPACITY 


3 * Areas 

Acre, The common unit of land measure known as the acre^ 
has varied greatly in different countries and at different 
periods,* It was commoiily taken to mean a morning's plow¬ 
ing,^ a strip of land 4 rods wide and one furrow long, that is, 
4 rods by i furlong, 4 rods by 40 rods, or 160 square rods. 

The rood was a fourth of an acre and was also called a 
perch.^ It is thus described by Recorde (c. 154^): 

5 Yardes and a halfe make a Perche . , , [and] 1 Perche in 
bredth Si 40 in length, do make a Rodde of land, which some cal a 
Rood, some a Yarde lande, and some a Forthendale^“ 


4, CAPACiry 

Modern Times, The subject of measures of capacity is so ex¬ 
tensive as to make It impossible to mention more than a few 
facts concerning our modern British and American units. 

The gill was the Old French gdhj a sort of wine measure, 
from the Middle Latin gUlQ or gellus^ a wine vessel.* 

The quart ^ is, of course, simply the quarter of a gallon.* 

r Ajiglfl-Saiflit fFser, The ancient uufts ot arta have no particulaif dgnificinoe 
at the picsent timf, It is, therefore, s,yffi,cient, merely to mention the Grecl: 
pltihroTUf i^bout 0,13 s aerre, au 4 the Rom&n about 0-6^3 of an acre, 

®Fot some of these variationa see F. W. Maitland, Domeiday Book and Be¬ 
yond, p, 374 (Cambrfdge, 1S97]. 

^The eaftie used in plowirrg in the morning were put out to pasture in tbe 
aitemons. Compare the German Morgett. 

* Latin periiea, a pole, ^tafF, &r rod. The word has various other uses, a^ in 
the case of a perch of stone or masonry, the contents of a wall iS inebes thick, 
1 foot high, and i tod long, m 54^ cubic feet. The perch as a unit of length was 
the same as the rod. “ 1553 ed., fol. L 6, 

ait may cQjne from the aatnenoot as “gallon,” The United States gill contains 
y.217 tu.in.j or ijS.35 cu. cm. The British gill contains 142 cu. cm. 

^French vfiflrte, from the Latin fluartuj, foutfh, which is related to 
font, and to such words aa "quadrilateral” (four-sided), '"quarry” (a place 
where stones are squired), “qvarantinfi” (originally a detention of forty days), 
'"quarto," "quire" {Low Uatin guaiersutft, a coiiection of four leavej), "square" 
(probably Low Latin ex (inteusive) -1- g^iadrarSi to square), "souad,” and 
"'squadron.” 

^The United States gallon containa cu. in., like the old English win* gallon. 
The imperial (British) gaHoti contains 277.374^,111. 
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The pint may possibly receive its name from the Spanish 
pinla,^ a mark^ referring to a marked part of a larger vessel.* 
The word "busheP'^ means a small bo^j but the origin of the 
word "peck,” as applied to- a measure, is obscure. 


5. Value 

Early tTnits* In. the measure of value it became necessary at 
an early period to develop media of exchange of one kind or 
another* The primitive pas¬ 
toral people naturally used 
cattle of some kind, whence 
the Latin noun pecunui * 

(money) and the English ad¬ 
jective "pecuniary.'*^ 

For media of exchange the 
Greeks often used copper uten¬ 
sils, and ingots of silver and 
gold. The Babylonians and 
Egyptians also made use of 
ingots and rings of the precious 
metals, selling these by weight, whence came the aej infectum^ 
of the Latins. From this relation of money to value came the 
double use of such measures as the talent and the pound. Even 



EASILY EOMAlSf MONEY (pECUNIA) 

Show[ng bcvw % CQEA Ramped to 
represent the value of an ok, 4th cen¬ 
tury fl.c. From Breasted’s Survey of 
the Ancisni World 


^Latin jKstUt marked or painted, whence "picture.” Thu Middle Engjllsh form 
is pyntE. The origin is, however, uncertain. 

^Qi the Btitish measures whose names are still heard in the colonies and in 
America, kildeckin was the Dutch kiKdeken (German a babekm, 

that is, a mert baby in bulk aa compared with a tun or vat. '^Tun” and "fun” 
ant th-e same word (Middle English tvntie, Low Latin meaning a large 

hanel and bence also a g;reat weight. 

■®Middle English b^okel or boischelx Low Latin bujjelluj, or di- 

minutive Jtelated to Old French boiste, A boi. Compare "pyar,” Greet iruf^r 
ipyxis''^, a hos, particuiariy one made of TiifK (pyj^'os, Lat. fjiocrfK)* buswood. 
The imperial (Eriflsh) bushel contains ^siS.ig^ cu. in„ and the Winchester bushel 
(which be.came the legal standard in the United Statesl contains 115043 cu. in. 

^From Latin ^ecuj, sheep, catfle, For discussEon, see T. Gomperz, Les 
jewr.T la Grice, French translation, p. S (LaUiaone, 1^04) ; F, HulUch, G«p- 
chisch^ und rvmtsche Metro!ofitry p. ifl? (Beriiti, 

^Ass, bronee, copper, money; infecku-vt, in + facere, to make; that is, unooined 
money, Ste F, Gtieochi, Monete Romufte, ad ed., p- 36 (Milan, 39P0)* 

II 
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at present, in certain mining districts, the ounce of gold is com¬ 
monly spoken of as a unit of value► The pound^ became the 
Ubra^ in most Latin countries. 

From the aes mfectum as pieces of metal came the large and 
heavy metal disks of the early Romans. When these were 
stamped they became the ees 

Coins. The earliest stamped coins found in the Mediterra¬ 
nean countries were probably struck in Lydia in the 7th century 
H.c./ or possibly in j^gina in the Sth century. They seem to 
have appeared in China at about the same time. 

The first silver money coined in Rome (26S e.c.) was based 
upon the relation of 10 asse^ to the denarhts, but the number 
was changed at a later date. Pliny tells us that the first gold 
money coined in Rome appeared in 2t7 The aureus^ or 
gold denarius, was first coined under Augustus (^r e.c.- 
r4 A.D.) as -4^1^ of a pound, but it underwent gradual changes 
untih under Constantine (306-33 7)^ it became ^ pound, 
then taking the name 

Great Britain, \\Then C^sar went to Britain (c. 55 n.c.) he 
found the natives using certain weights of metal as media 
of exchange. Coinage was introduced soon thereafter, based 
on Roman values. The figure of Britannia^ which is still seen 

i-L&tin, pojtdo Ubra, pound! by From the same root as pondut, 

3 wflipht, wie also bs^ve iudi words aa ^'ponderj^' and sudi uncb as the Spaniah 
peSii; SEC ateg | 0 agc 53S, Data i. 

“Latin lUtm, a baEanec, a pound weight, from the GreeL 9 

pound, whence litre, liter. The conatellation Libra has for its aymboi the 
scale bwm. Pram the same root we have sudi words aa “deliberate,” to weiesh 
our thoughts. The librft appears in French aa livn and in Italian aa Jira, the aid 
pound in weight as wcU as in value. The French iiurt was also called a fran-c, eg 
in Trenchant "la liuie autremet appellee /noc.” 

^Gnecchl, Znc. p. 

*Hetodotun, I, 514. Judging from the museum pieces the eariy coins seem to 
have been both of eofd and uf silver, and both circuTar and oblong. See an 
iltuEtTadon in Volume I, page $ 6 . 

*Gnecchi, loc. cit^ chap, niv and p, 14^. 

* /. a solid, piece nf money. From this we have the word " soldier,” a man who 
fought for money', and Such words as the rtaJian joWo and the French joi and 
SDH. The English symbol for shilling (/) cames from the old form of j (f) and 
was the LnltiaE for MJjditr, just as i is the initial of lihra (pound) and as d (for 
penny) ta the initial of denafiti^. 
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on Britisli coins as mistress of the seasj is not at all modern. 
It appears on one of the pieces of Hadrian's time (c. 130)-' 
The most ancient coin of the Saxon period (c* 600) is the 
iceatf a silver coin weighing about i gram. The word sciiUtig^ 
for shilling, appears at this time, the word possibly meaning a 
little scar.^ The origin is doubtful, and the word may mean 
the “clinking coin."^ 

The word "penny” may have come from the Latin pannus, a 
cloth, and hence is the value of a certain piece; but, as in many 
similar cases, the origin is obscure* Since a piece of cloth was 
a convenient pledge for money borrow'ed, the word “pawn” may 
have come from the same source.* 

The word "farthing” the Anglo-Saxon jeorthling, is simply 
the "little fourth" of a penny.'' 

The Saxon coins were regulated by the pound weight. This 
pound w^as commonly knowm as the Cologne pound, having 
been brought from that city, and was probably the same as the 
weight known after the Conquest as the Towner pound, sc called 
because the mint of London was in the Towner. A pound ster¬ 
ling was this w^eight of silver coins. 

United States* The word “dollar" comes from the Low Ger¬ 
man Daler, German Thaler^ from Joachimslhalerj since these 
large silver pieces first appeared in the ThaH of St* Joachim, 

^For a brief t^ume of the history of British coins, see R. Potts, Elimcntary 
Arithmetk inith firie/ oj Aisiorjj i II (London, lasii). 

means to divide and comes from skal or cult so that 

means a. little cut cm a tally stick, to dUttngiiiih the mark froni the larscr Fcax 
(score) -which indicated 20 shillings, or a pound. Skar is the root of Greek 
K^Lpt^v (Afl'j-eoi), to cut close, and Is allied to the An^la-Sason scisr and the 
German uhenn, whence our shear." The ErtgllEh jeer " may be from the same 
source through the Dutch phrase efe^ shear the A 

“share” of stock is from the same root. 

JCompare the Gcnnaii ichdtm, to sound or tinkle. See Greenough and Kit- 
tredite, Words and tkeir Ways, p- (^ew York, 

iSimilarly "panel,"' a piece of anything marked off. The Middle English of 
"penny” is ptni, plural Renter and petis. Compare the AnelD-Sajon pening and 

the German F^nnig. , ^ - ,r ■, 

5 The word h substantially the same as "firkin/ from tnc Dutch vur ftourj 
+ Mk (diminutive, as in “lambkin”), once a lourth of a barrel. 

a English " dale " and " dcD.” Coined there because of the stiver mints in the 
valley. 
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Bohemia, ia uie 36th century. "Dime” is from the French 
dlsme and Latin dscEm (ten), "cent^^ is from cetdum (hun¬ 
dred; ^ and "mill” is from miiie (thousand). It took over fifty 
years to replace the English syatem by the ”Federal” in the 
United Slates. The origin of the symbol S is uncertain. It 
seems to have first appeared in print in Chauncey Lee's The 
American Acc&mptant (Lansingburghj 1797) (although in a 
form very different from the one familiar at ihe present time), 
but it ’was used in manuscripts before that date. The Italian 
and British merchants had long used tb for pounds, ’writing it 
quite like our dollar sign (see Volume I, page 233), and it is pos¬ 
sible that our merchants In the closing years of the iSth century 
simply adopted this symbol^ just as we have adopted the English 
word "penny” to mean a centj ’ivhich is only a halfpenny.^ 

6 . Metmc System 

Need for the System. The ancient systems of measures ’were 
open to two serious objections: (i) they were planned on a 
varying scale instead of the scale of ten by which the cmlized 
world always counts^ and (2) they ’P7ere not uniform even in 
any single country. Before the metric system was adopted 
there were^ in northern France alone, eighteen different aune^^ 
and in the entire country there were nearly four hundred ways 
of expressing the area of land. 

This condition ’ivas not unique in France; ft was found in all 
European countries. Before the days of good roads and easy 
communication from place to place the difference in standards 
was not very troublesome, but by the end of the lEth century 
it became evident that some uniformity was essential 

Early Attem|its at Reform. As early as 650 there was an effort 
made at uniformity in France^ a standard of measure being 
kept in the king's palace. Under Charlemagne (c. 800) there 

Ariikmetkff, p. 4?o. There ate vitlous hypotheses as. to the origin 
of the syoilitil Sh loost of them obviously fanciful. 

^The cloth measure, tfae old English dl, as already given, -Ori the metric Eysttm, 
as a whole, see the excellent historical work ot G. Bigouniftn, JU mitriqut^ 

Paris,. 1001, 
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was nominal uniformity throughout the kingdom, tlie standards 
of the royal court being reproduced for use in all leading cities. 
After Charlenoagne^s death^ however;^ the numerous feudal lords 
adopted scales to suit their own interests* Attempts were made 
at various other timeSj as in £64, 1307, and iSS®? to unify the 
systems in France, but none of these were successful. 

Rise of the Metric System* In 1670, Gabriel Mouton, vicar o£ 
the church of St, Paul, at Lyons, proposed a system which 
should use the scale of 10, and which took, for its basal length 
an arc r'' long on a great circle of the earth. This unit he 
called a mUiiare or viillCj 0.001 of a mUl& being called a virga 
and o.i of a virga being called a virgula. It will be seen that 
this was, in general plan, not unlike the metric system. 

In England, Sir Christopher Wren (c. 1670} proposed as the 
linear unit the length of a pendulum beating half seconds. In 
France, Picard suggested (1671) the length of a pendulum beat¬ 
ing seconds, and Huygens (1673) approved of this unit. 

In order to avoid the difficulty involved in the varying length 
of the second pendulum in different latitudes, La Condaniine 
suggested (1747) the use of a pendulum beating seconds at the 
equator, a proposal w^hich would, if adopted, have given a 
standard approjdmating the present meter* In 1775 ^fessier 
determined with great care the length of the second pendulum 
for 45° of latitude, and an effort was made to adopt this as the 
linear unit, but it met with no success. 

France works out the Metnc System. In 17^9 the Frcncn 
Academie des Sciences appointed a committee to w^ork out a 
plan for a new system of measures, and the following year Sir 
John Miller proposed in the House of Commons a uniform 
system for Great Britain* About the same time Thomas 
Jefferson proposed to adopt a new’ system in the United States, 
taking for a basal unit the length of the second pendulum at 
38^ of latitude, this being the mean for this country. In 1790 
the French National Assembly took part in the movement, and 
as a result of the widespread agitation it was decided to pro¬ 
ceed at once with the project of unification. The second pen- 
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duliim was given up and a.n arc of one ten-millionth of a 
quarter of a meridian was selected as the basal unit, A careful 
survey was made of the length of the meridian from Barcelona 
to Dunkirk, but troubles with the revolutionists (1793) delayed 
the work. The committees which began and carried on, the 
enterprise were changed from time to time, but they included 
some of the greatest scientists of France, such as Borda, La¬ 
grange, Lavoisier, Tillet, Condorcct, Laplace, Monge, Cassini, 
Meusnier, Coulomb, Hauy, Brisson, Vandermonde, Legendre, 
Delambre, Berthollet, and Mechain. Owing to a slight error in 
finding the latitude of Barcelona, the original idea of the unit 
was not carried out, but a standard meter was fixed, and from 
this copies were made for use in all civilized countries. 

The system was merely permissive in France until 1S40, 
when it was made the only legal one* The expositions held in 
London (1S51) and Paris (iSS5, 1S67) aided greatly iu mak¬ 
ing the system known outside of France. In the system 
was the only legal one in thirty-four countries, with a popula¬ 
tion of about 450,000,000; was optional in eleven countries, 
with a population of about 750,000,000; and was recognized 
by twenty-six countries, with a population of about 690,000,000, 
this recognition taking the form of assisting in the support of 
the International Bureau of Weights and Measures at Paris. 

The modern plan of determining such standards adopts as 
the unit the length of a light wave of a defined type*^ 


lOft’ini to the importance O'! the subject and the necessity for condetisiny the 
treatment m this ch^ter, the foliowiiig biblioKraphicat reicreticts arts added: 
W* S. B, Wcmlhijyse, MtKsureSy Moneys 0/ aii &tb cd., 

London, iSBi j F. Hultenh, GriesMschs rdmischt: MelralosiSi Berliri, rSSa x 
A. Bdekhj Metrolcsis^Jir Unt^suckunsen, BeHin, F. W. Claike, Wetskt$t 
Meoiures, intd Monty of dl Nations, New York, Willnin Harkness, "The 
PrDSTc?s of Science as exemplified in the Art of Weiehing and Measuring," BuJ- 
hiin of the FkUo-sofhioiii .Sijo'ety cf Washtn^lon^ X, p. dcctix ; E. Noel, Scitnet of 
Metrotosy, London, rSS^; C, E. GuilLaunje, Les progris dn sysi^tns 

mettiiiift, Paris, 1913. See ai&o the various Procls-vtfbaui des seoncts of the 
Contiii itiUmaHonsi dts poids el mcinrfj, Paris, tS;* to ditej W. Cunnin^hani, 
The Groiirtk of Indititry and Commeroe, p. iifi (Loudon, ^£96); A. 

De Morgan, p. 5 (London, 184^); .\tb6tflnPs Indkit trans¬ 

lated by E. C. Sathau, 2 vols., London, igio, for the mctroloB/ of India Cv aooa 
(see particularly Volume I, chapter iv), 
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7. T 3 MJ 5 

Problem Stated. Before the time of printed calendar Sj when 
astronomical instruments were crude affairs and the astrono¬ 
mer was merely a court astrologer^ and when the celebration 
on a movable feast day of the anniversary of a fixed religious 
event did not seem to arouse adverse criticism, even among the 
enemies of the various faiths^ the regulation of the calendar^ 
naturally ranked as one of the chief problems of mathematics. 

The Computus. Accordingly there arose in all ecclesiastical 
schools of any standing in the Christian church the necessity 
for instructing some member or group of the priestly order in 
the process of computing the dates of Easter and the other holy 
days. For this purpose there were prepared short treatises on 
the subject* A book of this kind was generally known as a Com- 
putiLs Fa^chalh^ Computus Ecclcsiasticusj or, more commonly, 
a Computus or Ci^mpotus^^ 

General Nature of the Computi. Briefly stated, the modern 
form, of the ancient computus begins with the assertion that 
Easter day, on which the other movable feasts of the Church 
depend, is the first Sunday after the full moon which happens 
upon or next after March 21. If the full moon happens upon a 
Sunday, Easter day is the Sunday following* The full moon 

^ From the Latin a list of intereat payrnents due upon the hrat 

days of the mouths, the kaiendae. The word was not used in its prc&cnt sense b>' 
ihe l!.oraan3. They used fasH lo indicate a list of dajre in wbioh the holidays 
were designated. 

Of the many worlis oit the calendar, one of the latest and most extensive ia 
F, K. Gioze], Hstulbuth der matft- und tecAji. CArctwlesis. Das Ztiiteuhnun-gs- 
T0£sen dsf Vblher, 3 voU., Leipzig, 1^0^1914. See also J, T. ShotweH, “The Di&- 
covety of Time,’"’ (tf fsychoiagyf and Sci^tnific J^f^t}wds^ 

Xn, Nos. 3, lo, i3|, and Jienords of Civilization^ Souras and Studies t thapter iv 
(New York, i-gsi). For a popular essay see M. B. Cotsworth, The Evolution- of 
Calendars., Wailimetonj 39 ?=. 

^HieronymiiB Vitalis fGirolamo Vitali), Lexicon Mathsmatievm, Paris, rftSa 
(Rome edition of KJga, p. 173), thus defines compulus: “Signifitatlo ptesstCis 
accepta est, atque antononjastici haeait antiorurti ratioctnJo, & ternporum distri- 
butiotii, quod proprie Chronoiogos, & Astronomoa spectat.” ITic spelling eom- 
potvs was at one time the more com raon,—possibly a kind of pun upon the 
convivial habits of the computers, a comfotaiiOt the Greek symposiuM (ifvfuria-Mv, 
meaning a "drinking together ” 
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is taken as the 14th day of a lunar mouthy “reckoned according 
to au ancient ecclesiastJcal computation and not the real or 
astronomical full moon/’ 

In order to use tliis ancient computation it becomes neces¬ 
sary to be able to find the Golden Number of the year. This 
is done by adding i to ±e number of the year and dividing by 
19j the remainder being the number sought. If the remainder 
is o, the Golden Number is 19. Thus the Golden Number of 
ig^o is found by taking the remainder of (i93o-|-i)-?-i9j 
which is 12. 

Taking the seven letters A, Bj C, D, E, Fj, the letter A 
belongs to January B to January 2, and so on to G, which 
belongs to January 7^ after which A belongs to January S, and 
30 On. If January 2 is Sunday^ the Dominical letter of the year 
is B. By means of the Dominical letter it is possible to find the 
day of the week of any given date> The finding of this letter 
depends upon a few simple calculations connected with tables 
given in the compuH.^ 

UniTersality of the Problem* The problem was not confined 
to the Christian church. Since most early religions were con¬ 
nected with sun worship or with astrology^ work somewhat 
similar to that of preparing the was needed in aU 

religious organizations ► Hence we find a problem analogous 
to the Christian one in the routine work of the Hebrew, 
Mohammedan, Brahman, and ancient Roman priests, all of 
whom acted as guardians of the calendar/ We shall now con¬ 
sider some of the astronomical difficulties in the way of making 
a scientific calendar. 

4 fuTl discusEJon 5 M .\. De Morgan, ‘’On the Bcclesjastical Calendar.’' 
Caf?i.paniOH lo tkt Almamic for 18 ^ 5 1 p, i (London, n.d.)i and "On the Earliest 
Prmtied Almanacs” Companion ta the Almtatoc for 1846 , p. i. 

Ont oJ ihe best studies of the imjnptiivs is C. Wordau^orth, Tkt Anckni 
^Tuidiciaf of the Unititr^liy of Oxford, OKlord^ This reptesemts the calendar 
ft 5 it 5 ti 0 <?d c. 1340. 

“ There is citant an Egyptian pap^rrus of about the beginnitig of the Christian 
Era that cviidaiily tvas intended to serve the same purpose as tbe later compjiti 
See W. M. FJindem Petrie, "The geographical ptapyrus (an almanack),” in Tsa*? 
Sieroglyphic Papyri frpm Tfmsi published by the Egypt Esptocatlon Eurud,, 
London, iSSg. 
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The I>&y. Of the chief divisions of time the moat obvious one 
is the day. This T,vas^ therefore, the primitive unit in the meas¬ 
ure of time and the one which for many generations must have 
been looked upon as unvarying^ As the race developed, how- 
ever^ various kinds of day were distinguished* First from the 
standpKsint of invariability is the sidereal day, the length of 
time of a revolution of the earth as shown by observations on 
tlie fixed starsj namely, 23 hours 56 minutes 4.09 seconds^ of 
our common time. First from the standpoint of die casual ob“ 
server, however, is the true solar day, the length of time be¬ 
tween one passage of the sun^s center across the meridian and 
the next passage. This varies with the season, the difference 
between the longest and shortest days being 51 seconds; but 
for common purposes the solar day sufficed for thousands of 
years, the sundial being the means by which it was most fre¬ 
quently measured. As clocks became perfected a third kind 
of day came into use, the artificial mean solar day, the average 
of the variable solar days of the year, equal to 24 hours 
3 minutes seconds of sidereal time. In addition to these 
general and obvious kinds of day, writers on chronology dis¬ 
tinguish others which do not concern the present discussion 

The day began with the Babylonians at sunrise; with the 
Athenians, Jews, and various other ancient peoples, and with 
certain Christian sects, at sunset; with the Umbrians, at noon; 
and with, the Roman and Egyptian priests, at midnight.^ 

The Month* The next obvious division of time was the month, 
originally the length of time from one new moon to the next, 
and one that served as the greater unit for many thousands of 
years. As science developed, however, it became apparent, as 
in the case of the day, that there are several kinds of months. 
There is the sidereal month, the time required for a passage of 
the moon about the earth as observed with reference to the 

iAI] such figures are apfuojdmationa, vair^uj; slightly wltinJiffereiit auttLoridfis. 

“iSei!, for esample, Drechsltr* JCaJendeftiwcA/iini p. 3$ (Leipzig, iS&i). 

“Thus Pliny; "Ipsum dlena alh aliter obtervavere. Babylonii inter duos solU 
esortus;^ Athenienses Inter duos occasui: Umbtl a meridie ad fneridiem,; . * , 
Sacerdotes Rcjmani, et ^ui diem diffiniere civilem, item A^syptii et Hipparchu?, 
a media noetc in mediam” (jETiU. JVat., 11, cap. 79). 
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ftxed stars, namely, 27 days 7 hours 43 minutes 11.5 seconds. 
There is also the synodical month, from one conjunction of the 
sun and moon to the next one, averaging 29 days 12 hours 
44 minutes 3 seconds, or 2 days 5 hours o minutes 51.5 seconds 
more than the sidereal month. This is the month of those who 
use a lunar calendar, and is the basis of the artificial month, 
twelve of which make our common year.^ 

The Year. Less obvious than the day or the month was the 
year, a period observable only about one three hutidred sixty- 
fifth as often as the day and' about one twelfth as often as the 
month. It took the world a long time to fix the length of the 
year with any degree of accuracy, and the attempt to har¬ 
monize time-reckoning by days, months, and years has given 
rise to as many different calendars as there have been leading 
races. First of all there has to be considered what constitutes 
a year. The sidereal year is the period of revolution of the 
earth about the sun, namely, 365 days 6 hours 9 minutes 9.5 
seconds (365.55G35S days). The tropical year is the period of 
apparent revolution of the sun about the earth from the instant 
of one vernal equinox to the next, and would be the same as the 
sidereal year If it were not for the slight precession of the 
equinox, amounting to about 50'^ a year. This precession 
makes the length of the tropical year 365 days S hours 4S min¬ 
utes 4643 seconds (365.242204 days).“ There is also the 
anomalistic of 365 days 6 hours r4 minutes 23 seconds, 
measured from the time when the earth is nearest the sun to 
the next dme^ that they are in the same relative position,—a 
year that is slightly longer than the sidereal. There is also the 
lunar year of twelve synodical months, probably the first one 
recognized by the primitive obsen'ers of nature, and in addi¬ 
tion to this there are various other periods which have gone by 
the same general name,'* 

^ For other types of uiouth see DrecKsJer, hn. p. 

* This was the Itn^Eh in the year tSoo. ItvEiries about 0.5^ sewnds a century. 
B. Peter, KaUnderkiiJidc, id ed., p. 20 CLeipzig, 1501). 

^Froin perihelion t* iJerLhelion. 

*Fdr the Fst, see Drtci4eT^ he. cil., p. 2«. On the cyde, &ee jitd., p. 3*1 on 
the era, p. 4^, 
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The Week. The week was less obvioiis than the day, the 
month, or even the year^ having no astronomical events by 
which to mark its limits. It seems very likely that it arose 
from the need for a longer period than the day and a shorter 
period than the month. Hence we have the half month^ known 
as the fortnight (fourteen nights)j and the quarter months 
known as the w'eek. 

Early Attempts in making a Calendar, Of the various at¬ 
tempts to perfect a calendar only a few will be mentioned^ and 
in general those that had some bearing upon the Christian 
system.^ 

The Babylonians^ whose relation to the invading Chaldeans 
was such as to make their later calendars substantially identi¬ 
cal, seem to have been the first of the world^s noteworthy 
astronomers. Aristotle relates that before 220D b.c, they at“ 
tempted scientific observations of the heavens, and Porphyrius 
(c, 275) tells us that Callisthenes 350 b^c.) took to the 
Greek sage the results of a series of Chaldean observations ex¬ 
tending over 1Q03 years. The Chaldeans knew the length of 
the year as 365 days 6 hours 11 minutes, but used both the 
lunar month and lunar year for civil purposes. They divided 
both the natural day and the natural night into twelve hours 
each, and in quite early times the sundial and water clock were 
known, the latter for use at night. For astronomical purposes 
the day was divided into twenty-four equal hours. They prob¬ 
ably very early used a fourth of a month as a convenient 
division of time, or rather the half of the half, as was the 
customary way of thinking in the ancient world. 

The Chinese Calendar. We are ignorant of the nature of the 
primitive Chinese calendars.^ Certainly earlier than 2000 b,c. 

lA jtood trfiatmrnt of the subject k Et[ven hy L, Ideler, Handbuck dtr math, 
md Uchft. Chritnolosk, 2 vols-, ad ed., Bx^sTau. 18S3, a fac^[rmle of tte 

first edEtion. Good rraum^fi are j^iven by Drechaler, loCr at., p. JS [ Peter, Joi. at., 
p. 5 {diiefiy on the Chriatnii calendar). Brom all these Murcea loformatinn has 
fieely been taken. On the general questlort. of chronology see also J. B. Biot,- 
"B&nrnfi de CliKinolt)Eie Aatronomiqxie,” Mitnoir^s dsVAcadimig dei ScienctSy 
xxn, 2i>g-47fi {Paris), See especially Glmel's mentioned on page 651S. 

^Mikami, CAjjm, pp. Sh 4^- 
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the subject occupied the attentioQ oi the astrologers. It is^ 
however^ very difficult to unravel a system which changed with 
each emperor^ and only a few general principles can be set 
forth. Under the emperor Yau (c, 2357-c. 225S b.c*) an 
effort was made to establish a scientific calendar for the whole 
country^ and possibly this was done even earlier^ under the 
emperor Huang-ti {c. 2700 e.c.).^ In accordance with a decree 
of Wu-wang (1122 e,c,)^ the day seems to have begun with 
midnight, although before this time, under the Shang dynasty 
(r 766-1122 n.c*), it began at noon. The civil day has twelve 
hours, and the middle of the first hour is midnight.^ Each hour 
is divided into eight parts each being our quarter, and 

each of these into fifteen fen, each therefore being our minute. 
In modern times the jen has been divided into sixty miOrO 
(seconds) under European influence. At present also the 
American clock is becoming common in China, so that the 
ancient system seems destined soon to pass away. Neverthe¬ 
less the connection between the old Chinese calendar and that 
of Europe seems apparent. The Chinese days were named in 
such a way as to give seven-day periods corresponding to our 
weeks, and the month began, as was so often the case in early 
times, with the new moon. The twelve lunar months were 
supplemented in such a way as to harmonize the lunar and 
solar years, die Chang Cycle* being used by the Chinese before 
the Greeks knew of the same system under the name of the 
Metonic Cycle* 

The Egyptian Calendar* In the ancient Egyptian calendar, 
which influenced all the Mediterranean countries beginning 
with Crete and the mainland of Greece, the business day in¬ 
cluded the night, the natural day and night being each divided 
into twelve hours, these hours varying in length with the 

^Or Hoan^^ti. His reign seema, to have besun in the year 2 ^^ jj.C. See 
Volume I, page 34; Mikamt, p, z. 

^ Founder of the Chan (Chcu, Choi) dynasty, ri5J~iJ5 fi.c 

^Thc^e hours (rAi) are each iso European minuttf in Jength. 

*For details of the compltK aysteinj atuJ fp-x the influence of China Japan, 
Sec Diech^j lac. cit., pp. 
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season. The civil day seems to have commonly begun at sun¬ 
set^ although the priests are said by Pliny to have begun theirs 
at midnight. In later times, for astronomical purposes, the day 
began at nocm^ and was divided into twenty-four equal hours. 
The Romans considered the planets as ruling one hour of each 
day, in the following order, beginning with the first hour of 
Saturday: Saturn, Jupiter, Mars, Sun, Venus, Mercury, Moon, 
the suu and moon being placed among the " wanderers. From 
these planets they named the days by the following plan: 
Taking Saturn for the first hour of Saturday and counting the 
hours forward, it will be seen that the second hour is ruled by 
Jupiter, and so on to the twenty-fourth, which is ruled by 
Mars. Then the next hour, the first of Sunday, is ruled by the 
Sun, the first hour of the next day by the Moon, and so on. 
Thus the days of the week were named by the ruling planets of 
their first hours, and we have Saturn^s day, Sun’s day, Moon’s 
day, Mars’s day,^ Mercury’s day/ Jupiter’s day,“ Venus^s day,® 
a system that has come down to our time and seems destined to 
continue indefinitely, in spite of the fact that we are using names 
of heathen gods in the calendars of various religions. 

Each month except the last (Meson) in the native Egyptian 
calendar contained thirty days, five days being added to Mesori 
so as to make the year one of three hundred sixty-five days* 
Since this gave an error of about one fourth of a day, the year 
was a changing one, coming back to its original position with 
respect to the heavenly bodies once in 4 x 365 common years, 
or 1460 years (1461 Eg>^ptian years). The year began with 
the first day of the month of Thoth, the god who, according to 
Platons Phisdrus, introduced the calendar and numbers into 
Egypt. As early as the 14th century e.c. the Egyptians recog¬ 
nized the value of a fixed year, but the changing one ’was too 
strongly implanted in the religious canons of the people to be 
given up. The fixed year ’was used to the extent of a division 

^So with Ptolemy the astconomerj c. 150. 

“'‘Planet" is Irom the Greclt originally a waticfertit 

* French p Atardi. *Freiith, Mercrsdir 

® In the Xfirthern lands, Thor's day, 

fljii the Northern lands, FrigE^ day, Fri2E befoE the goddess of marriageb 
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into three seasonsj regulated by the river j—the Water Season, 
the Garden Seasonj and the Fruit Season/—these being easily 
determined by the temple observers. From the temple, too, 
came the announcements of the turn in the rise or fall of the 
river, the nilometers being under the observation of the priests. 
These early nilometers may be seen in the temples today; they 
were concealed from the observation of the common people, the 
water being admitted by subterranean channels► 

The Alexandrian Calendar After Eg^^pt became a Roman 
province (tr, 30 e.c.) the Alexandrian calendar, including the 
fixed year, was introduced, although the varying year of the 
ancients remained in popular use until the 4th century. The 
Alexandrian system was used until the first half of the 7th 
century', when the country yielded (63S) to the Mohammedan 
conqueror, with an attendant change of the calendar except in 
Upper Egypt, where the Coptic, Abyssinian, or Ethiopian 
churches maintained their supremacy. Since 1798, when the 
French obtained brief control of the country, the European 
system has been used side by side with the Mohammedan. 

The Atheman Calendar. The Athenian calendar follow^ed the 
Egyptian in beginning the new day at sunset and in dividing 
both day and night into twelve hours. The seven-day week 
was not used, however, the lunar month being divided into 
three parts. Of these the first consisted of ten days, numbered 
in order, the “5th day of the beginning of the month” being 
the fifth. Then followed nine days, numbered as before, but 
with the designation '^over ten," From there to the end of the 
month the numbers were 20, i over 20, and so on, these days 
also being numbered backwards from the end of the month. 
In the popular calendar the month began with the new moon, 
and twelve of these months made three hundred fifty-four 
days, requiring the insertion of a new month^ every three 
years.® Melon (432 b,c.) constructed a nineteen-year cycle 

Namely, June 11 t& October io\ OctobtT n to February aa; February to 
June 20. second montb of FosaidKin, known aa Poseideon Jl. 

SThic dtttfliJed variB.tion& of this plan need not be (xnuidered ItetB. Set any 
work on the calendar. 
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in which the third, fifth, eighth, eleventh, thirteenth, sixteenth, 
and nineteenth years should contain the extra month/ a plan 
which Callippus, a century later (525 e.c.), modified to include 
four nineteen-year cycles/ Still later Hipparchus (150 b.oJ 
suggested the use of four of the cycles of Callippus, less a day, 
or 110,036 days In all, but neither of the last two calendars 
came into popular use, 

Rcunan Calendar. The oldest of the Roman calendars seems 
to have been the one attributed to Romulus. The year prob¬ 
ably consisted of ten months of varying length, or of 304 days, 
beginning with March. Numa Pompilius (715-672 n.c.) is 
said to have added two other months, January and February, 
and his year was probably lunar. The Decemvirs (5th centurj-' 
B.c.) decreed a solar year, the regulation of which was left in 
the hands of the priests. The calendar was so mismanaged, 
however, that by the time of Julius Csegar each day was eighty 
days out of its astronomical place, and radical measures were 
necessary for its re form ^ Csesar therefore decreed that the year 
46 B.c. should have four hundred forty-five days“ and that 
thereafter the year should consist of three hundred sixty-five 
days, with a leap year every fourth year.^ 

Ifames of the Months, Following the older custom as to the 
beginning of the year in March, Caesar at first used the follow'- 
ing plan for the calendar: 


r. Martius, 

31 days. 

7, Septembris, 

30 days- 

2, Aprilis, 

30 days. 

8. Octobris, 

31 days. 

3. Maius, 

31 days. 

9. Novembris, 

30 days. 

4. Junius, 

30 days. 

lo. Decembris, 

31 days. 

5, Quintilis, 

31 days. 

II. JanuariuS) 

31 days. 

6, Sextilis, 

31 days. 

j2. Februarius, 

2 8 days. 


119 ytai5 = 255 m&ttttii = days. The montha aj tiowevet, con¬ 

tained ^9401 days. 

* 4 X 19 years = 76 years = 940 Hiontbs. The montha were 29 or 30 daya and 

totaled 27,759 daya. *Hcngc galled dttWtJ 

* A calendar of c. i&o b,c, was T&cently found at Anrio^ in fhe Catnpagiia, based 
upon a lunar year ot 3^5 days with an iniertalary month ol 37 days on alter¬ 
nate years. 
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This accounts for our names ^"September" (7th month'Jj 

October,” "November,” and December.” On his original 
plan es'ery alternate months beginning with March^ had thirty- 
one daySj the others having thirty days, except that February re¬ 
ceived its thirtieth day only once in four years. Caesar later 
decreed that the year should begin, with January, and finally, 
but during his life, the name of Qnintilis, the month in which 
lie was born, was changed to Julius. He also changed the num¬ 
ber of days in certain months, and the result appears in our 
present calendar. After his death, in the second year of his 
calendar, a further confusion arose, apparently through a mis¬ 
understanding on the part of the priests as to the proper date for 
leap year. This was corrected by Augustus, and in his honor 
the name of Sextilis was changed to bear his name* From that 
time on the Julian calendar remained in use until its reformation 
under Gregory Xlll in 1502, and it was used by the Greek 
Catholics, including the Russians, until the World War of 
r9i4.-r9tS, ±e dates until that time differing by thirteen days 
from those of the calendar of Western Europe* 

ChTi$tifliL Calendar. The indebtedness of the present Euro¬ 
pean calendar to those already described is apparent, and it is 
also evident that onr calendar has had an extensive history. 
The beginning of the year, for example, has not been uniform 
from time to time and in different countries. In the early cen¬ 
turies the year usually began with April in the East^ and with 
March in the West, although sometimes with the Feast of the 
Conception, Christmas dayj“ Easter, or Ascension day, or at 
other times according to the fancy of the popes. Finally 
Innocent XII again decreed that the year should begin on 

^Although the B/Kuitinc calendar be^aji with September i. 

in Spain until the i6th century in Germany frcim tine nth century. 
March 1 and March 35 (the Annunciation) were favorite dates, aJthou^b Advent 
Sunday (the fourth Sunday beftirt Christmas) has eeaeraiiy been reto^niied &5 
the: beginnmu of the ecctesiasttcal year, March i was used generally in medieval 
France, in Oricntil Christendom, and (until ijp;) £n Venice, March ag was uaed 
by the medieval Pisans and Fiorentliits. Most of the Italian states adopted 
January r in 1750. For further details consult Ginzcl (see page S^in.) or such 
ivorks as A, DrechsJer, KaiendtrHkkl^m, p, 77 (Leipzig, rSSi), 
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Tanuary i, beginning with 1691, as Philip II had done for the 
Netherlands in 1575/ and as Julius C^sar had done before 
the Christian Era* 

^Numbering the Year$* Following the Ronoan custom, the 
years in the early centuries of Christianity were dated from 
the accession of the emperor or consuL We have a relic of this 
in the dating of acts of parliament m England and of presi¬ 
dential proclamations in America/ It was not until the abbot 
Dionysius Exiguus^ (533) arranged the Christian calendar that 
the supposed* date of the birth of Christ was generally taken 
for the beginning of our era, Christmas day being therefore 
appropriately selected as the first day of the year r. This cal¬ 
endar was adopted in Rome in the 6th centuryin various 
other Christian countries in the 7th centuryj and generally 
throughout Europe in the 3 th century/ 

Changes in Easter. Not only the beginning of the year but 
the determination of Easter has been the subject of much 
change. We now consider Easter as the first Sunday after the 
first full moon following the vernal equinox/ as decreed in 325 
by the Council of Nice (Nicaja)^ Formerly it fell on the date 

^England adopted Janu&iy i in 

^Aa the ycir of our iudeptridtoce.” 

apkuiyvua the LitLle. He went £0 Rome c. 500 and died there m 340. 

considiCncd the birth of Chrirt aa taking place in the year 734 oE the 
foundinff Roinc, although early Christiana pfaced it in the year ^50. 

^Thcnd arc, haive^ver, no extant inscriptiona of the dth century which hear 
dates in the Christian Era. See M. Armellmi, Archeologia Crhiiaitaf p. 479 (Rome. 
iS9S>, Sporadic efforts had been made before the 6th century to uw a Chriatian 
calendar. The oldest known apetimen M such £l calendar dates frorn 354. Sec 
B. Peter, KalrndsTkufide, ad ed., p. 4 (Teipaig, tgai). 

*The euccptSona were the Spanish peninauTa and Southern France, Chark- 
■nagne wa6 the first great ruler to use the DiDnysian calendhr. 

' In Rome, It is posaihle to have a difference of a week between this Sunday 
in Rome and in [say)' Honolulu, the full moon occurring on Sunday in Rome 
when it ia still Saturday in stune places to the west. This has occa^ionaffy occurred 
as an aatronomkal iact although not as an ecclesiastical one. It should be under¬ 
stood that, for Church purposcsi, 'March ai ia taken as the date oI the vemai 
equinox, and that the fuff moon is not determined by modem aHtronomy but hy 
certain rules as laid down, say, io the Book of Common Prayer. Easter, there¬ 
fore, now varies from March 22 to April 25. For a good rfeum^ of the Easter 
problem we Peter, ^oc. ci£., p. 5S. 

II 
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of the Jewish Passover, but in order to avoid this coincidence 
the Church readjusted its' calendar* Justinian, witli this in 
view^ decreed {547) that Easter should be 21 days (instead of 
14 days) after the first new moon after March 7. In this way, 
in general, the Passover and Easter do not come together, 
although occasionally they synclironize.^ 

The Gregorian Calendar, The present calendar of Western 
Europe and the Americas, the so-called Gregorian calendar, 
was necessitated by the fact that the year is not 365^- days 
long, as recognized by C^sar, but is about 1 1 minutes 14 sec¬ 
onds shorter than this. Therefore once in 12 S years the Julian 
calendar receded one day from the astronomical norm, and by 
the close of the 14th century the departure of Easter day from 
its traditional position became so noticeable that it was the 
subject of rnui^ comment. It was not until Gregory XIII, 
however, consulting with such scientists as Aloysius Lilius" and 
Christopher Clavius (c, 1575), determined on a. reform, that 
anything was really accomplished. He decreed that October 4, 
1582, should be called October 15, and that from the total 
number of leap years there should be dropped ■ three in every 
four centuries. In particular he decreed that only such cen¬ 
tennial 3’'ears as are divisible by 400 (1600, 2000, 2400, etc.) 
should be leap years. This requires no further adjusting of the 
calendar for over 3000 years* Italy, Spain, Portugal, Poland, 
France, and a part of the Netherlands adopted this calendar in 
15S2* In 1583 it was recognized in part of Germany, the old 
style being also used untQ 1700, Part of Switzerland adopted 
it in 1584, and the other part, together with Denmark and 
the rest of the Netherlands, in 1700. It was also adopted in 
Hungary in 1587, in Prussia in ibro, in England in 1752, and 
in Sweden in 1753. So fixed had the Julian calendar become in 
the minds of the people, however, that even as late as the open¬ 
ing of the 19th century O. S. (old style) and N. S. (new style) 

lAs In iS^e, 18.32, ind early in the ptesent oaityry, un April u, 

1^03. Attjone the many siiggestioiis for Easter is thit at Jean Bemi?u]]i that it 
should be the Ent Sunday after March 21, without reference to tliie moon. 

“ Ludovioo Lilio, Luigi Lilio GhiraJdi 
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were used in dating letters in Americaj while writers on arith¬ 
metic felt it necessary to include a description of the Julian and 
Gregorian calendars as late as the close of that century> The 
changes brought about by the World War of J914--191S led to 
a more general adoption of the Gregorian calendar in the few 
countries which had continued to use the Julian or other types. 

The Calendar in the Freuch Revolution. In the early days of 
the French Revolution an attempt was made to impose a new 
calendar upon the countrvj partly as a protest against the 
Christian church. It was hoped that this reform^ like that 
which resulted in the metric system^ would receive international 
recognition. The new era was to begin with the autumnal 
equinox whidi occurred on September ^2, 1792. There were 
twelve months of thirty days each, and these months were 
divided into decades in which the days were named numeri- 
cally^—Primidij Duodi^ and so on. The extra five or six days 
of the year were grouped at the end as holidays. The months 
were named according to natural conditions, thus: In antumn^ 
Vendemiaire (vintage)^ September 22-October 2j; Brumaire 
(fog), October 22-November 20; Frimaire (sleet), November 
2i-December 20. In wintetj NivGse (snow), December 2X- 
January rg; Pluviose (rain)^ January 20^February xB; Ven- 
t6se (wind)j February r9-March 20. In spring, Germinal 
(seed)j March 21-April ig; Floreal (blossom), April 20- 
May rg; Prairial (pasture), May acn-June iS. In summer, 
Messidor (harvest), June 19-July rS; Fervidor or Thermi- 
dor (heat), July rg-August 17; Fructidor (fruit), August rS- 
September r6. As might have been known^ the scheme failed, 
and on August 30, 1805, a decree was signed reestablishing the 
Gregorian calendar, beginning January i, 1S06.' 

Other Calendars. The other calendars are of no special in¬ 
terest in the history of mathematics. The Hindus began their 
year with the day of the first new moon after the vernal 
equinox. The Jews begin their day at sunset, their week on 
Saturday night (i.e., when their holy day ends and Sunday be- 


^This dwree may still be seen in the Musfe dca Archives Natfonales, in Pacts. 
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gins), and their year with Thhri Their calendar, more 
lunar than ourSj is quite complicated. 

The Maya civilization^ had a curious system, the year begin¬ 
ning with the winter solstice and being divided into eighteen 
months, entirely Independent of astronomical considerations. 
Scholars have recently asserted that their calendar goes back as 
far as the 34th century b*c. 

The Mohammedans begin their day with sunset, and, like 
many other Eastern peoples, divide both daytime and night¬ 
time into twelve hnurs, the length of the hour varying with 
the season. The week begins on Sunday, and Friday is the day 
of rest. Their month begins with the new moon, and the year 
is purely lunar, of 354 or 355 days. The year 1343 a. m. began 
on August 2,19^4, of the Christian calendar. The era began with 
the Hejira, the flight of Mohammed from Mecca on July 15 or 
16,622. On account of frequent references to the Mohammedan 
calendar in literature, it may be added that a simple rule, ac¬ 
curate enough for practical purposes, for translating a year of 
the Hejira into a Christian year is as foUows: To 97 per cent of 
the number of the year add 62 2; the result is the Christian year. 
Thus 1326 A.H. = 97 per cent x 1326 622 = 3 90S A, D. 

Early Christian Computi, The first noteworthy Christian 
work“ on the calendar was that of Victorins of Aquitania 
(457). About a century later a second Computus Paschalls 
appeared, probably written by Cas&iodorus (562). In the next 
century the question of Easter had become so complicated as 
to cause (^664) a dispute between the church in England and 
the authorities In Rome. The best of the early works on the 

the fiT^t new monn after tie aMtumnal dquuiat, Their year formerly 
hesan with Nimti, their Eleventh month, thus using, like that of the Hindus, the 
vernaJ equinoi. In igoS Tishri j w'us September 26 of the Christian caiendar. See 
S. B. Burnaly, Eleminis 0/ iie Jiwhh tind Afahetumedan Calendars, Lotidtui, 
i^et. 

2S. G. Mortey, An lnlriiduciii>ft io the Study cf the Misya Hif^Qgiyphs, 
WashiAgton^ 1Q15; C. P. Bowditch, The ?<!utfieYation, Calendar Sy^^ems, and 
AairaKaniiatl Kncnukdge cf the JJayas, CambridKe. Massachusetts, 

'' On this work and the works of later scholars on the aatne subject see B 
Lefehvre, Notes ct^^TiiicuVs dfj iSfithimiitiqnes, p, (Louvain, T020I. 



CHRISTIAN COMPUTI 


665 

computus is the one written by Bede^ in tlie Sth century. This 
contains a precise statement as to the metlrod of finding the 
date of Easter in any year. 

In the 9th century both Hrabantis Maurus (<:. S20) and 
Alcuin {c. 775) wrote upon the problem^ and Charlemagne 
thought the subject so important that he urged that it be con¬ 
sidered in every monastery 

Medieval Works, Lectures were held upon the subject in the 
13th and 14th centuries in the various European universities, 
Sacrobosco (c. 1250) wrote a work on it,^ such a practical cal¬ 
culator as Paolo Dagomari (c. 1340) did not hesitate to do the 
samOj and even the Jewish scholars contributed treatises on the 
Christian calendar as 'well as their own * It is to a commentary 
by Andalb di Negro (c- r300) on a work by Jacob ben Machir 
(d. 1307) that we owe the first prominent use in Europe of the 
Arabic word (dmanacj^ later brought into general use by such 
writers as Peurbach (c. 1460) and Regiomontanus (c. X47Ci), 

Printed Works. The first printed computus was that of Ani- 
anus.^ In this work there appears the original of the familiar 
rime beginning "Thirty days hath September.”" 

ratiuTie. 

C. MunrOj SrEJeisJwns from thi Laars 0/ Charles the Greal, p. 15 (Phila- 
delphia, '‘AdmonStio generaJia,^' 7S9, See aJso T. Ziejler, Gejcft/cftjif der 

Pddagssiki p. afi (Munich, ; Gujithcr, MdlA, p. fifi. 

^LtbEii^s de anni ration^, sen ut vifcainr vidgo compitivs 

^There ia a MS. rit>w in Petroetad, written by Jechiel ben Jchsei (1303), imdet 
the title Injan Sod with a chapter oja the Christiin eompatM. See 

M. Steinschneidcr, “Die Matbematil: bei den Juden" Btbf. MaiA., 3 Q (2)^ 16, 
3S, 74; XU (a), S, 33. 

®Heb. frem the Arab. pi-fBAwdftA. The ward is iio-t pure Arabic,, how'- 

ever, and the rral e-rigfn Is unknown, See Boncompagnrs BuHetimOf iX, 595; 
Gunther, Math, UnierrichiSt p. i£)nn. 

^Copiitus manualii nuigri omoni. fflftricwj cwJ'WftcJ (Strasburg^ i4SS). There 
is- said to havfi been an edition printed a.t Rome In 148$, For b[b[ijOEraphy of 
Aiiianua see C. Wordsworth, TAt Ancimt Kaleadar af ih£ Univenity of Ox/erdi 
p. 113 (Osiofd, 1^)04). Sec also the facsimile cm page 6fiS. 

‘ The lAtin form as pven hy Anianua is as follows : 

Junius aprils September et ip&e nonembet 
Dant triginta dies rehquis su^additur vnus, 

De quorum numero febrnajius endpiatur.—FoL B S 

See ^are; Arithmefica^ P- 33 ^ 
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This was not original with Anianns, however^ for it is found 
in various m^eval manuscripts.^ It first appeared in English 
verse in 1590. 
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A COMPUTUS OF 1390 

.S. th£r& appeal^ in Italian, the verse '^Thirty days hath Septemlwr” 

in tlie ahovt anonymous Italian MS. of i^g^, beginiung; 

'^Traita di a nou-embre ^pitc giuffno & setttmbre.'” 

S. is in Mr. Plimpton's library. See Rf^ra AfiLhm^iicA, p. 443 , 
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THE COMPUTUS OF ANIANUS (hSS) 

FiT^t page oJ the edition of c. 14^5, The work of Aniantis wfss the fir5t Ofte 
printed on the tvtftpuins. Sec psige 663 
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Amolig the prominent computi printed in the r6th century is 
that of Arnaldo de Villa Nova (c. i275)h' Many of the early 
arithmetics also gave a brief treatment of the computus.^ 

The computus finally found a plax:e in various liturgical 
worksj and at present can be conveniently studied in pages pre¬ 
fixed to most editions of the Book of Common Prayer, 

Early Timepieces. One of the general problems in connection 
with the calendar has to do with the finding of the hours of the 
day. For this purpose the shadow cast by some obstruction to 
the sun's rays was probably used by all primitive peoples► At 
first it is probable that a prominent tree, a rock, or a hill was 
selected, but in due time an artificial gnomon“ was erected and 
lines were drawn on the earth to mark off the shadows. Since 
the hour shadow' is longer when the sun is near the horizon, 
either concave surfaces or curve lines on a plane were placed 
at the foot of the gnomon. 

Honrs. The ancients usually had twelve hours In the day and 
the same number in the night. There have been various specu¬ 
lations as to why twelve was selected for this purpose, among 
them being one which referred the custom to the Babylonian 
knowledge of the inscribed hexagon.* It is probablej however, 
tliat twelve was used in measuring time for the same reason 
that it was used for measuring length and weight,—because 
the common fractional parts (halves, thirds, and fourths) were 
easily obtained. The day hours were longer than the night 
hours in the summer and shorter in the winter, a fact referred 
to by several ancient writers.'^ 

'^Compuivi Eideiiasticits & AiiretiinmC'VS, Venice, igoi. There was anolhet 
work hy this namt printed at Venice in ^519^ 

the Trevi&o arittLinetic fol, ^7, Kobd’s (15^1 

ed.l devotes ten pag^ts to the subject. 

^Herodotus uses this tertn t and it is common in Greek 

literature. Later writers sometimes called it a horologe (wiwXJTfwi', Aof'vipf'ioKl 
when used tar the Sundial specifically. In still later times it wts tailed the pole 
pol'05) . 

*G, H. Martini, Abhandlung ven dm St^tMenuhren Alten, p. i& (Leip^i;, 

1777I’ 

Vitruvius; " BruiisaHa hotae hrevitates^; St. Augnstlnt; “Hora brumalis 
acativae home comparata, minor est-” 
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Although Herodotus (IT, 109) speiiks of the "12 parts” of 
the day among the Babylonians and the Greeks^ the word 
"hour”^ was not used either by him or by Plato or Aristotle* 
It was apparently a later idea to give these divisions a special 
name* 

Early Dials. The sundial seems to have been used first in 
Egypt, but it is found also at an early date in Babylonia* 
Herodotus (II, 109) says that it was introduced from Babylon 
into Greece, and tradition sa^i^ that this was done by Anaxi¬ 
mander (c. 575 B.c.)j the gnomon being placed at the center of 
three concentric circles. The early Egyptian dial has already 
been mentioned in Volume I, page 50, The first concave dial 
to be used in Greece is said to have been erected on the island 
of Cos by BerosuSn^ Several such dials have been found in the 
Roman remains,“ and the early ones have no numerals on the 
hour lines, these lines being easily distinguished without such 
aids.* 

Besides the plane dials and the concave spherical dials there 
were both concave and convex cyliudric forms* Vitruvius (£* 20 
B.c.) tells us that one Dionysodorus'^ invented the cylindric 


(Atj'ffl). There may be seme relation between the word and tbe name 
ot the Egyptian Horns, god cl the risirrg ann, and tbe Hebrew or (light). 

priest of Bdqa at Bahylon, The name was probably Bar (Ber) Oseas or 
Banwes, that ts, sen *1 Oseas. FI. c. 250 a.C, Vitruvius (JX, X, 7, say a 

that Eerosus wenE la Cos in hi^ later years, lounded a school of astrology, amJ 
iovented wbaE seeras to have been a bemispherkal stindud. For a general deserSp- 
tion ol early dials sec G. H. Martini, lot. cit., pp. 24, 70. On Anajdmander'E oon- 
nection with the gnomon, as recorded by DJogenc-i Laertius, Favorinus, and 
Herodotus, see W, .A. Heidel, " Anaximander’^ Book, the earliest known geograph¬ 
ical treatise,^’e/ ih^Anirtri^an Academy of Aris and Sdemies, LVI, 230, 

2 The first one was distovered {1741) in a Tu^culan villa. For early deserfp- 
tiona see G. L. Zimeri, D'ana antica villa set^perta sui doiso del T■iiso^do^ c d’wir 
anl4co orui&gib a soU, Venice, 1746. Ea&covidh also described it in the Gmrnflte 
rfe' Letlerati art, 14. The setond one was found (1751) at Caatel*, 

nuovo, near Rome; the third, also near Home; and the foorth (1754), at Pomptu, 
although apparently lUnidfi in Egypt. 

^Thus Pcrslus {Satires, III, 4) : . . quinta dum linea tangitur uuabra^’ 

the shadow restiiiff on the fifth Hue of the day, an hour before noon. 

=^AIaa spelled Dionysiodotus. He is aaid by Pliny to have lound the radius of 
the earth to be c. 5000 miles, but nothing fs known of his life. He |i\'ed c, lO b.c. 
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form of dial^ but we do not know whether it was convex or 
concave. We also know from Vitruvius that there were various 
other forms in use by the Enm ans / 

Difhculties with the Gnomon. One difficulty that was expe¬ 
rienced with the large sundials of the ancients was that the 
gnomon did not cast a distinct shadow. Tire si^e of the sun is 
such as to have the shadow terminate in a penumbra which 
rendered the determination of the solsticcj for example^ a diffi¬ 
cult matter. This is one reason why it 13 not probable that 
the Egyptian obelisks were used by scientific observers as 
gnomons. To overcome the difficulty the Greeks often used a 
column with a sphere on top, the center of the sphere corre¬ 
sponding to the center of the shadow and the center of the sun. 
Such gnomons are found on medals of the time of Philip of 
Macedorij and it is possible that this is the explanation of 
the column on the coin of Pythagoras shown on page 70 
of Volume I. Dials of this type were introduced in Rome 
by Menelaus (c. ioo)j or at least were improved by him.“ 

As would naturally be expected^ there were many special 
forms of dials. The "dial of Ahaz” (Isaiahj xxxviii), for 
examplCj was probably a flight of stairs, very likely curved, 
upon which a ray of sunlight fell. This dates from about the 
Sth century s.c. 

It is impossible to do more at this time than to refer thus 
briefly to dte use of dials among the ancients. The literature 
of the subject is very extensive. 

Hourglasses and Clepsydrae. The need was early felt for 
some kind of device to tell the hours at night as well as during 
the day, and in cloudy weather as well as when the sun’s direct 
rays gave their aid. Various methods were employed, such as 
burning tapers, hourglasses, and water clocks. The hourglass 
was known probably as early as 25^^ Plato (c, 380 s.c,) 
gave much thouglit to the matter, and his conclusions may have 

^"Aliaquc genera et qui supra ^criptl aunt, et alii plLirK inventa reliqueruut" 

^On this type see Biffourdan, UAshonomUr qi- 
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suggested to Ctesib'ius (c. igo e,c.)' the idea of a water clock, 
the clepsydra/ whidi ttie second P. Cornelius Scipio Nasica 
f^’Scipio with the pointed nose’’’} is said to have introduced 
into Rome (c. i5g B*a)- ilie early forma of these dodvs 
the water trickled from one receptacle to another in a given 
time, much aa the sand flows in an hourglass, but the later 
forma were more complicated. It waa such an instrument tliat 
Harun al-Rashid aent to Charlemagne in So7. The clepsydra 
was known in Egi'pt as early as 1400 b..c., and numerous speci¬ 
mens are still to be seen, although not in use, in the Orient. 

Influence on I^ater Timepieces. Since the priesthood, which 
composed the learned class, kept account of the official time in 
the early days of civilization, the Church continued to under¬ 
take this task until the modern period. The priest tolled the 
hour as determined by the dial or hourglass. The dial was 
put in a conspicuous place in the town, on the church tower, 
and hence in modem times the clock is often seen in the church 
tow^er and the hours are struck on the church bell. Because of 
this fact we have our name clock,a word probably derived 
from the Celtic and meaning bell, whence the French clQr.k^, 
a bell. 

When the hour lines were marked on the dial, Roman nu¬ 
merals were used, alw'ays with IJII instead of IV for four, and 
hence we see the same markings upon modern clocks. The 
ancient gnomon was under the care of the priests, and brass 
plates are still to be seen in the floors of some of the churches in 
the Mediterranean countries, the sun shining through a certain 
window and telling the seasons as marked upon them." 

^ Ktt7(fc(3(w, a native of AJexandria. None of his works ire extaat, but be ia 
said to Have invented not only a water clock but also a hydraulic organ and 
other rnaebLoes. 

= Sw Volume I, page Vitruvius, Dt ArcJiiUCr- 

IX, cip. 9; Fiiny, Sht. JVai„ VET, 

5 Those wh(S wish to obtain further mfonnatiou upon the subject shoLild con^ 
suit anth encydopcdlaa as the Briiiamicd and such wotka aa the following: A. 
Fraenkel, ''Die Ber^auns des Osterfeatas,” CreJle's JoTtmal, CXXXVIII, 135; 
E. M. Flunkfit, Caisndiirs and Cortstclkiiiofls, London, 15^3; C. P. Emiw^ 

ditch, ''Memoranda on the Maya Calendara,” Ataerkan AHthraialogitt, m 
(K.S.), llEJ, 
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Clocks. II. shoTild not be thought that clocks of the general 
form known at the present time date only from Galileo’s dis¬ 
covery of the isochronal property of the pendulum. As a 
matter of fact, wheel clocks go back to Roman times, and 
Boethius is said to have invented one fc. 510}, Such clocks 
are known to have been used in churches as early as 612, The 
invention of those driven by weights is ascribed to Pacificus, 
archdeacon of Verona, in the gth century, although a similar 
claim is made on behalf of various others* Clocks involving 
an assemblage of wheels are medieval in origin, and one was 
set up in St* Paulas, London, as early as 1286. Small portable 
docks were in use in the 15th century, as witness a letter of 
1469, written by Sir John Paston and containing the following 
admonition: 

I praye you speke wt Harcourt off the Abbeye Hot a lytell clokke 
whyche T sent him by James Gressham to amend and yt ye well get it 
off him an it be redy* 

The oldest mechanical dock of which we have any complete 
description was made by a German named Heinrich De Vick 
and was set up in the tower of the palace of Charles V of France 
in The principle employed was that of a weight sus¬ 

pended by a cord which was wound about a cylinder. This 
cylinder communicated power to a train of geared wheels which, 
in turn, transformed by m^ns of a "scape wheel” the rotary 
motion to a backward-and-forward motion controlling the 
hands. The tendency of the weight to descend too rapidly was 
checked by a device for regulating the action of the wheels. 

The pendulum clock was introduced about 1657 and seems 
chiefly due to Huygens. The principle of the pendulum, prop^ 
erly attributed to Galileo, had been observed as early as the 
13th century by Ibn Yflnis (c. 1200), and had been employed 


lOn the topic see W. L MUham, Titne and Timehtepufi, York, 

IQ21, with full bibiiDsraphy t E, von Bassetmann*Jordan, DU Gtschickte 
Ztitmessang nnd der (Berlin, i R. T GunUi^n ^ 

Oxford, VoL n (Otrford, 19^3)3 H. T, Wado, "Clocks” 

Cydof^dm, V, 470 (ad ed., New York, 7^14) ^ 



674 


TIME 


by astmnomer^ to estimate intervals of time elapsing during an 
observatioiij but it had not been applied to a clock. It was 
made known in England through Ahasuerus Fromanteel^ a 
Dutch clockniaker, about 1662, 

John Harrison’s^ great construction of a ship’s chronometer 
with a high degree of precision was made in the second half 
of the rSth century and finally secured for him the prize of 
£20,000 offered by the British government in 1714 for a method 
of ascertaining within specified limits the longitude of a ship 
at sea." At the present time the noon of Greenwich mean time 
(G, M. T.) is communicated to ships by wireless^ and so^ in the 
case of the larger vessels^ the finding of longitude no lO'nger de¬ 
pends upon the chronometer alone. 

Hanison^s contribution to practical navigation was so impor¬ 
tant as to warraiiit a brief statement about the nature of his 
work. Although he was by trade a carpenterj his mechanical 
Castes led him to experiment with docks. Having observed the 
need for a pendulum of constant length, he devised (1726) the 
"gridiron pendulum " in which the downward expansion of the 
steel rods compensated for the upward expansion of the brass 
ones. After the British government (1(714)® had offered the prize 
already mentioned^ Harrison gave his attention to the perfection 
of a watch that should serve to assure Greenwich time to a ship 
at sea. By 1761 he had constructed one that, after a voyage of 
several months, had lost only i min. 54I sec, and assured the 
longitude within iS miles. The government paid him f 10,000 
in 176s, and a like sum in 1767,—a modest reward for an in¬ 
vention of such great value to the world, even though the de¬ 
gree of accuracy would now be considered very unsatisfactory. 

1 Bom at Foulby, parisb of Wragby', Yoriuhite, <^r]y m ; ditd in London, 
March 34, 17^6. 

“For a list of auth prizes see Bigourdan, UAitronomUf p. 

^The origiTia] act ttatk, "At the ParUament to be EelJ at TFsjtminster, the 
Twelfth Day of ^l!:}veT)^blir, Anttg Dftm, hut was printed (and doubtless 

enacted) In 1714. It is entitled "An Act for ProvitlinE a Publick Rjeward for 
^ch Person or Persons as shall Discover ttie Loneitude at Sea,” there being 
nothing "ao much wantwl and desired at Sea, a? the Discovery of the Loiigitudc.” 
On the entire topic see R. T. Guuld, The Marim jij History atid 

Develapmenit London, 1933- 
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TOPICS FOR DISCUSSION 

1. Additional information toncerning weightj l£ngth, area, and 
volume as found in the va.rious encyclopedias. 

2. The cubit j shekel, talent, and various other measures referred 
to in Biblical literature. 

3. The development of measures, including weights, in accord 
with human needs* 

4. An etymological study of such words as wctric, grosch^rtf doub¬ 
loon^ measurej watefi^ day^ months and year, 

5. Influence of the Roman system of measures, including weights 
and values, upon other European systems. 

6. The universality of certain primitive units of measure such aa 

the cubit and irich. 

7. primitive customs as related to units of measure, such as "a 
day’s journey,’* ”a watch in the night,” and a "Morgen.” 

S. Primitive measures stiU found in various parts of the country, 
having been transmitted from generation to generation like the folk¬ 
lore of the people. . 

9* Supplementary information on the calendar, as found m me 

various encyclopedias. ^ _ 

EO* Meaning and use of the "golden number” and "dominical 
letter ” as set forth in various encyclopedias or in works on the Church 

*1 11 ^ ^ j' 

II. Methods of finding the ^date of Easter as given in the books 

referred to in the preceding topic. 

13. The reform of the calendar under Gregory XIII, including a 

study of earlier attempts at reform. 

13. Significance of such technical terms as compjdm FascftaHs, 

calendar, a red-letter day, and almanac. 

14. History of the discovery of the approximate length of the year, 

and the method of ascertaining it. 

15. Relation among caLendats used by various peoples of ancient 

and medieval times. 

16. Influence of Rome upon the calendars of European countries, 
and the effort of France, during the Revolution, to break away from 
tradition with respect to the divisions of the year and the names of 

the da.ys and mouths. 

17. The mathematics of the snndial 
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THE CALCULUS 
I. Griiek Ideas oe a Calculus 

General Steps Descrilied. There have been four general steps 
in the development of what we commonly call the calculus^ and 
these will be mentioned briefly in this chapter. The first is 
found among the Greeks.^ In passing from commensurable 
to incommensurable magnitudes their mathematicians had re^ 
course to the method of exhaustion, whereby, for example, they 
"exhausted" the area between a circle and an inscribed regular 
polygon, as in the work of Antiphon (c. 430 b.c.)* 

The second general step in the development, taken two thou¬ 
sand years later, may be briefly called the method of infinitesi¬ 
mals. This method began to attract attention in the first half 
of the 17th century^ particularly in the works of Kepler (1616) 
and Cavalieri (1&35), and was used to some extent by Newton 
and Leibnij; 

The third method is that of fluxions and is the one due 
chiefly to Newton (c. 1665). It is this form of the calculus 
that is usually understood when the invention of the science is 
referred to him. 

The fourth method^ that of limits^ is also due to Newton^ and 
is the one now generally followed ^ 

Contributions of the Greeks. As stated above, the Greeks 
developed the method of exhaustion about the 5th century s.c. 
The chief names connected with this method have already been 

^ Sjt T. L. Heath, Grett Geometry with referenoe to inhnEtestiiaala,’* 

Maihemaiical Gazttit^ March, 1023; P, E. Smith, Mathent^Hns, iu the series 
'^Our Debt to Greece and Rome,” Baston, G. H. Graves, " Develpfunent 
of the Fundameatal Ideas of tbe Difierenlial CaEculLis," The Mathematics Teofiher, 
HI, ea. 
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mentioned, but a few details of tbeir work and that of their 
contemporaries will now be given. 

Zeno of Elea (c. 450 b.c.) w^as one of the first to introduce 
problems that led to a consideration of infinitesimal magni¬ 
tudes, He argued that motion was impossible, for this reason: 

Before a moving body can arrive at its destination it must have 
arrived at the middle O'f its path; before getting there it must have 
accomplished the half of that distance, and so on ad mfittUum: in 
short, every body, in order to move from one plate to anOither, must 
pass through an infinite number of spaceSj, which is impossible.^ 

Leucippus (c. 440 b.c.) may possibly have been a pupil of 
Zeno^s. Very little is known of his life and we are not at all 
certain of the time in which he lived, but Diogenes Laertius 
(2d century) speaks of him as the teacher of Democritus 
(t. 400 E.a). He and Democritus are generally considered as 
the founders of the atomistic school, which taught that magni¬ 
tudes are composed of indivisible elements^ in finite numbers. 
It was this philosophy that led Aristotle (c. 340 e.c,) to write 
a book on indivisible lines 

Democritus Is said to have written on incommensurable lines 
and solids^ but his works are lost^ except for fragments, and we 
are ignorant of his method of using the atomic theory. 

Method of Exhaustion. Antiphon (c. 430) is one of the 
earliest writers whose use of the method of exhaustion is fairly 
well known to us. In a fragment of Eudemus (c, 33 S 
conjecturally restored by Dr. Allman,* we have the following 
description: 

Antiphon^ having drawn a circle^ inscribed in it one of those poly¬ 
gons^ that can be inscribed: let it be a square. Then he bisected 
each side of this square, and through Uie points of section drew 
straight lines at right angles to them, producing them to meet the cir- 


lAUman, Creik p- aS* 

* "ATafUtti Altnjan, CrfisA p. 56. 

^ n^! (first edition, Paris, r^STb The "work is also attnbnted 

to Theophraatus. *AUdnn, Gretk p. 63. 

^ That is, according t* the UBajje of the time, rcffular potygcms. 


u 
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cirmference; these lines evidently bisect the corresponding segments 
of the circle. He then joined the new points of section to the ends 
of the sides of the square, so that four triangles were formed, and the 
whole inscribed figure became an octagon. And again, in the same 
way, he bisected each of the sides of the octagon, and drew from the 
points of bisection perpendiculars; he then joined the points where 
these perpendiculars met the circumference with the estremitieB of 
the octagon, and thus formed an inscribed figure of sixteen sides. 
Again, in the same manner, bisecting the sides of the inscribed poly¬ 
gon of sijTteeu sides, and drawing straight lines, he formed a polygon 
of twice as many sides; and doing the same again and again, until 
he had exhausted the surface, he concluded that in this manner a 
polygon would be Inscribed in the circle, the sides of which, on ac¬ 
count of thefr minuteness, would coincide with the circumference of 
the circle. 

We have in this method a crude approach to the integration 
of the 17th century^ 

Bryson (c 450 B.c*), who seems to have lived just before 
Antiphon’s period of greatest activity, was at one time thought 
to have used a method that had the merit of circumscribing as 
w^ell as inscribing tegular polygons and exhausting the area be¬ 
tween them. This vras probably not the case {Vol^ 1 , 84), al¬ 

though the method was used by some of his successors. 'T^ete 
is also no reliable evidence to prove the assertion that Bryson 
assumed that the area of the circle is the arithmetic mean be¬ 
tween the areas of two similar polygons, one circumscribed and 
the other inscribed. 

The Contribution of Eudoxus. Eudoxus of Cnidus {c. 370 B. c.) 
is probably the one who placed the theory of exhaustion on 
a scientific basis. It is uncertain just how much reliance is to 
be placed upon the tradition which asserts that Book V of 
Euclid^s Eletnefits (the book on proportion) is due to him, but 
it is thought that the fundamental principles there laid down 
are his. The fourth definition in Book V is: Magnitudes are 
said to have a ratio to one another which are capable, when 
multiplied, of exceeding one another," and this excludes the 
relation of a finite magnitude to a magnitude of the same kind 
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which is either infinitely great or infinitely It is in this 

definition and the related axiom that Dr. Allman finds a basis 
for the scientific method of exhanstion and discerns the prob¬ 
able influence of Eudoxus* According to ArchiinedeSj this 
method had already been applied by Democritus (c, 400 B*Cr) 
to the mensuration of both the cone and the cylinder* 

It is known that Hippocrates of Chios (c. 460 proved 
that circles ate to one another as the squares on their diameterSj 
and it seems probable that he also used the method of ex¬ 
haustion,—a subject which was evidently much discussed 
about that time* Archimedes tells us that the "earlier geom~ 
eters” had proved that spheres have to one another the tripli¬ 
cate ratio of their diameters^ so that the method was probably 
used by others as well. 

Archimedes and Integration. It is to Archimedes himself 
(c- 22s B.c.) that we owe the nearest approach to actual in¬ 
tegration to be found among the Greeks*^ His first noteworthy 
advance in this direction was concerned with his proof that the 
area of a parabolic segment is four thirds of the triangle with 
the same base and vertex, or two thirds of the circumscribed 
parallelogram. This was shown by continually inscribing in 
each segment between the parabola and the inscribed figure a 
triangle with the same base and the same height as the segment. 
If ^ is the area of the original inscribed triangle, the process 
adopted by him leads to the summation of the series 
A ^ A 

or to finding the value of 

so that he really finds the area by integration and recognizes, 
but does not assert^ that 

as 7^—>-M, 

this being the earliest example that has come down to us of the 
summation of an infinite series. 

i Heath, E'udidy Vol. H, p. uo; see also his p, iJvai. 

s Heath, Arckitaedest p. ■aJii. 
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Area of the Paraboln. In his proof relating to the quad¬ 
rature of the parabola Archimedes first proves two propositions 
numbered 14 and 15 in his treatise on this curve. These assert 
that, with respect to the figure here shown/ 

AEgQ<l{FO^^F^O^-^ ■ - ■ + 
and AEqQ> - ^ AF^O^Q. 

He then states (Prop. 16) tlrat the area of the segment of 
the parabola is equal to ^£\EqQ^ The proof is by a reductio 
ad absurdum and is given by Heath substantially as fallows: 


I. Suppose that the arc* of the segment is greater than ^ ^EqQ-r 
Then the excess Can, if continually added Co itself, be made to exceed 
AEgQ. And it is posaible to find a subitiulciplc 
of the triangle EgQ tlian the said excess of 
the segment over ^ AJUgQ, 

Let the triangle FqQ be the submulciple of the 
triangle Divide Eg into equal parts each 

equal to gF, and let all the points of division 
inckding F be ioined to ^ meeting ihe parabola 
in Rj, respectively. ThrotEgh 

draw diameters of the parabola meet¬ 
ing qQ in 0^5 r>j, ■ ■ Oh respectively. 

Let meet in 

Let meet in and in F^. 

Let meet in ai^d QR^ in F^, and so on. 

We have, by hypothesis, 

A^^ 0 <aTea of segment — ^AEfQ, 
area of segment — AMgQ, 



or 


CO 


Now, since all the parts of such, as gF and the rest, are equal, we 
have OyR-i = RjF^, = and so on; therefore 

AFgQ^F0^-^E,0^-^D,0,-\- ^ ^ ^ 

(a) 

But area of segment ^ + Fh-iO„-\-Ae:„OhQ, (3) 


^For the proof, sec Heath, Archim^da, p. 241, preferably' F. KJiem^a German 
trsnslatiDn, pp. 3*1-365 (Berlin, i^hIh The proof of the nejct propoeition is 
taken from tbe same work, p. 244. 
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Subtracting the equation (3) from the inequality (3)j ive have 
area of segment -^ 

whence, a Jcriiori, by (i), 

liut this is impossible, since [Props, 14, 15] 

^ A Af e > ^ a- 

Therefore area of segment > A KqQ^ 

II. If possible, suppose the area of the segment less than ^ 

Take a submultiple of the triangle EqQ (as the triangle EqQ)n less 
than the excess of ^^EqQ over the area of the segment, and make the 
same construction as before. 

Since Ai'jrg < ^ AEqQ — area of segment, it follows that 
A/f 2 + segment < ^ ^EqQ 

<FO, + Ep^+ 

[Props. 14, 15] 

Subtracting from each side the area of the segment, we have 

AEqQ <1 Sum of spaces qEE^, E^EyEf^i ■■ ■ ■ 

<E 0 ^-^E, 0 ^-\ -+ A ; 

vvhigh is impossible, because, by ( 3 ) above, 

AFqQ= FO^ + 4- ■ ■ ■ + A„_,Z?„_^ 

Hence area of segment < A£yE3- 

Since, then, the area of die segment is neither greater chan nor less 
than ^AEqQt it is equal to it. 

The Method of Ajchlmedes, As to the working of the mind 
of Archimedes in arriving at the conclusion in regard to the 
area of the parabola (a conclusion which led to tlie above 
proof) we have some interesting evidence. In a nxannscript 
discovered in Constantinople in 1906 by Professor Heiberg, the 
editor of the works of Archimedes, the latter's method of ap¬ 
proach to certain propositions Is set forth. In particular the 
first proposition relates to the steps taken in arriving at the 
conclusion with respect to the quadrature of the parabola.^ 

^The Kribfir^ cdstioB waa translated by Lyd[t G. Rvbin&on, CbLcago, 1^05, 
and by Sir Thennas L.. Heath, Cambridge, 1913, 
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The foMovrirtg is the travislation given in Heath^s edition: 

Let^J^C be □. segment of a parabola bounded by the straight line 
and the parabola j 4 BC, and let If be Che middle point of Draw the 
straight line DBE parallel to the axis of the parabola and join BC. 

Then shall the segment ABCh^ ^ of the triangle ABC^ 

From A draw parallel to D£, and let the tangent to the parabola 
at C meet DBE in E and A EE in E. Produce CB to meet A I" in 
and again produce CE to 1 /^ making El/ equal to CE. 

Consider CH as die baj of a balance, E being its middle point. 


T 



Let /tfO he any straight line parallel to ED^ and let it meet CF, CE, 
A C in Mf //f Of and the curve in 

Now, since CE is a Cangent to the parabola and CE die semiordinate, 

EB = Bn- 

for this is proved in the Elemen/s [{^ 

Since FAj MO are parallel to EDy it follows that 

FE^EAf 

and MN = jYO. 

the watka on tonics by Aristxns and Eudid. See the similar expreaskin 
in On Conoidi tMd Prop, and Qtsodraturt of Prop. 
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Now, by the property of the parabola^ which is proved m a lemma, 
MO: OP= CA : AO a/J^am^eluL, Prop. 5] 

= CA'; KN= HJC: KN. [Eucl. VL 2] 

Take a straight line TG equal Co OP, and place it with its center of 
gp^vity at H, so that 77 /= HG ; then, since TV'is the center of gravity 
of the straight line MO, and MO : TC = HKiKN, it follows that 7 ^ at 
H and MO ac will be in oquUihriLini about A". 

[Oh the Eq^iiiihrinm 0/Pianes^ I, 6, 7] 

Similai-ly, for all other straight lines parallel £0 DE and meeting the 
arc of the parabola, (i) the portion intercepted between PC, v^C with its 
middle point on A“C and (2) a length equal to the intercept between the 
curve and A C placed with the center of gravity at // will be in equilil>- 
rium about A", 

Therefore ATs the center of gravity of the whole system consisting (i) of 
all the straight lines as J\fO intercepted between PC, A C and placed as 
they aetnally are in the figure and (2) of all the straight lines placed at H 
equal to the straight lines as PO intercepted between the curve and AC- 

And, since the triangle CFA is made up of all die parallel lines like 
MO, and die segment C.BA is made up of all the straight lines like PO 
within tlie curve, it follows that the triangle, placed where it is in the 
figure, is in equilibrium about K viidi die segment CBA placed with its 
center of gravity at H, 

Divide KC at IF so diat CA'= 3 ATF-F'i, then IV \s the center of gravity 
of die triangle ACE: for this is proved in the books on equilibriumr 

\_ 0 /z. ihe EguiHbrlum 6 f Plantt, I, 15] 

Therefore iuACF: segment ABC= MKiKW 

^3:1. 

Therefore segment A BC = \ A A CP, 

But AACF = ^AABC. 

Therefore segment ABC =^AABC, 

Now^ the fact here stated is not actually demonstrated by the atgu- 
ment used, hut that argument has given a sort of indicalion that the 
conclusion is true, Seeing, then, that the theorem is not demonstrated, 
but at the same time suspecting that the conclusion is true, we shall have 
recourse to the geometrical demonstration which I myself discovered and 
have already published. 
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Archimedes anticipates Modem Formulas. In his treatment 
of solids bounded by curved surfaces he arrives at conclusions 
which we should now describe by the following formulas: * 

Surface of a sphere, 4 ira^' k I —4 ira*. 

•Jit 

Surface of a spherical segment, 

2 sin 6= 2 wrt® (i — cos a). 

Volume of a segment of a hyperboloid of revolution, 

(ajr-h Jr*) dr = + 


X 


Volume of a segment of a spheroid, 


X 




Area of a spiral, x’dr^j-rra*. 

Area of a parabolic segment, 

^jr''AVA=i^. 


2. Medieval Ideas of the Calculus 

Relation to Mensuration. The only traces that we have of an 
approach to the calculus in the Middle Ages are those relating 
to mensuration and to graphs. The idea of breaking up a plane 
surface into infinitesimal rectangles was probably present in the 
minds of many mathematicians at that time in the West as well 
as in the East, but it was never elaborated into a theory that 
seemed worth considering. For example, a Jewish writer, 
Jehudah Barzilai, living in Barcelona in the 13th century,* as- 


Grec^ jd ed., p. 108 (Milan. 1914); Heath, AfetAod of Archimedes, p. 8 (1912) 
^Sefer Jetsra, commentary by Judah ben Banilai. p. 255 (Berlin; 1884). 
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serts that "it has been said that there is no form in the world 
except the rectangle, for every triangle or rectangle is composed 
of rectangles too small to he perceived by the senses." 

The next important step in the preparation for the calculus 
taken in the Middle Ages is the one already described in con¬ 
nection with the geometric work of Oresme {c. 1360). His 
method of latitudes and longitudes gave rise to what we should 
now call a distribution curve or graphs—a step that is funda¬ 
mental to the modern method of finding the area included be¬ 
tween a curve and certain straight lines. 

3, MOOEHN FoEEEU1^N£RS of TfTE CALCULUS 

Early Writers, As is usual in such cases, it is impossible to 
determine with certainty to whom credit belongs, in modern 
times, for first making any noteworthy move in the calculus, but 
it is safe to say that Stevin is entitled to serious consideration. 
His contribution is seen particularly in his treatment of the sub¬ 
ject of the center of gravity of various geometric figures, antici¬ 
pating as it did the vvork of several later writers.^ Other writers, 
even in medieval times, had solved various problems in mensu¬ 
ration by methods which showed the influence of the Greek 
theory of exhaustion and which anticipated in some slight degree 
the process of integration. Among them may be mentioned 
the name of Tibit ibn Qorra S70), who found the volume 
of a paraboloid. Soon after Stevin wrote, Luca Valerio^ pub¬ 
lished his De quadratura parabolae (Rome, 1606), using a 
method of attack that was essentially Greek in its spirit. 

Kepler, Among the more noteworthy attempts at integration 
in modern times were those of Kepler (1609). In his notable 
work on planetary motion he asserted that a planet describes 
equal focal sectors of ellipses in equal times. This naturally 
demands some method for finding the areas of such sectors, 


'Uf dar Wt^gkconsi, Leyden, ifiSfi. For a suipinaty see H. Bos- 

mana, calcul infinit^imal chez Simon Stevin/' XXXVII 

“Bom c, 1353; died in 161S, He was professor of mitbcmatics and physios at 
Rome. 
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and the one invented by Kepler was called by him the method 
of the **sum of the radii,” a rude kind of integration. He also 
became interested in the problem of gaging, and published a 
work on this subject and on general mensuration as set forth 
by Archimedes.^ Far from being an elementary treatment of 
gaging, this was a scientific study of the measurement of solids 
in general. Kepler considers solids as composed '*as it were” 
{veluti) of infinitely many infinitely small cones or infinitely 
thin disks, the summation of which becomes the problem of 
the later integration. 

Cavalieri. It was Kepler’s attempts at integration that led 
Cavalieri to develop his method of indivisibles,’ a subject which 
may also have been suggested to him by Aristotle’s tract De 
lineis insecabilibus, to take the common Latin title.® It may 
also have been suggested by one of the fragments of Xenocrates 
(c. 350 B.C.), an Athenian, who wrote upon indivisible lines."* 

Cavalieri’s Lack of Clearness. Cavalieri was not always clear 
in his statements respecting the nature of an indivisible magni¬ 
tude. In general, however, he seems to have looked upon a 
solid as made up practically of superposed surfaces, a surface 
as made up of lines, and a line as made up of points, these com¬ 
ponent parts being the ultimate possible elements in the decom- 


^Ataszug auss der vralten Afesse-Kunst Archimedfs, . . . Erkldrung vnd 
Bestdtiigung der OesUrreichischen WeinvisUr-Ruthen, Linz, 1616; ed. Frisch, 
V, 497, 614 (Frankfort a. M., 1864). Kepler's letters {ibid., p. 626) show that 
he was working on the subject as early as 1605. On this entire period see C. R. 
WaUner, Bibl. Math., V (3), 113. 

* Ceomeiria indivisibilibw continuorum niwa quadam ratione promote, 
Bologna, 163s; ad ed., ibid., 1653; Exerdtationes geometricae sex, Bologna, 1647. 

•■’H. Vogt referred to this tract in the Bibl. Math., X (3), 146, and F. Cajori 
called attention to it more prominently in Science (U.S.), XLVIII (N.S.), 577. 
See also Heath, History, I, 346. 

in infinitum vero divldi non posse, sed in atomos quasdam desinere: 
has porro atomos non esse partium expertes et minimas, sed pro quantitate et 
materia divldi posse et partes habere: caeteroqul specie atoraos et ptima naturae 
statuens esse primes quasdam lineas insecabiles et ex his facta plana et solida 
prima.” 

This Latin translation by Simplicius is given, with the original Greek, in 
the "Xenocratis Fragmenta," F. W. A. Mullach, Fragmenta PMosophorum 
Graecorum, III, iig, § 21 (Paris. 1881). 
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position of the magnitude. He then proceeded to hnd lengths, 
areas, and volumes by the sumniatioii of these indivisibles,^^ 
that is, by the summation of an inhnite number of infinitesimalSn 

Such a conception of magnitude cannot be satisfactory to 
any scientific mind, but it formed a kind of intuitive step in 
the development of the method of integration and undoubtedly 
stimulated men like Leibniz to assert their powers to place the 
theory upon a scientific foundation.^ 

Illustration of Cavalieri’s Method. Some idea of CavalierTs 
method may be obtained by considering his comparison of a 
triangle with a parallelogram having the same base and the 
same altitude. Calling the smallest element of the triangle i, 
the next will be 2, the next 3, and so on to n, the base. The 
area is therefore 1 + 2 -h 3 + *»■ 4 - tx, or n(H + i). But each 
element of the parallelogram is m, and there are n of them, as 
in tlie triangle, and so the area is Then the ratio of the area 
of the triangle to the area of the parallelogram is 

- H In -H I) : ff or — f 1 + 

3 ^ 2\ /t/ 

But -[1+")—4-- as «—vw, 

2 \ ti/ 2 

and so the triangle is half the parallelogram ^ 

By means of his method Cavalieri was able to solve various 
elementary problems in the mensuration of lengths, areas, and 
volumes, and also to give a fairly satisfactory proof of the 
theorem of Pappus with respect to the volume generated by the 
revolution of a plane figure about an axis.^ 

1 For a cif Cavalitri^a wwrk atid its relation to the calculus, see 

H, Bostranj, "Sur ime contradiction reprochfec h thMrie dcs '‘ladivisiblK’ chez 
Cavalieri," Annalss de la Soditi sdenti^Qta de BmxelhSi XLII (19^2), ez. Fur 
his work on the center of [jra-vity iti: E. BortolotUh "Le prime applicazion] del 
calcolu integrale alia dctermlnasione del cEtitru di gravita di figure geometriche," 
Jif-Tidkonto . . . ddk Aciiad. tkUe ScknsE, Bologna, reprint. 

^ For a transition of Cavalieri^s Theorem relatin;^ to the volumes of EulidSf 
see G, W. Evans, in Amsr. Math. Moitih., XXIV, 44^. On the mrthod in Etncra] 
see also H. Bosnians,^' Un chapltre de Feeuvre deCavalieri,"jVffltfttJts, XXXVI, 365. 
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RobervaL At the same time that Cavalieri was working on 
the problem of indivisibles Roberval* was proceeding upon a 
similar hypothesis. He considered the area between a curve 
and a straight line as made up of an infinite number of infinitely 
narrow rectangular strips, the sum of which gave him the re¬ 
quired area. In the same way he attacked the problems of 
rectification and of cubature. He also found the approximate 


value of 



x^dx, m being a positive integer, by finding the 


value of 


-h ( 7 /- I)” 


asserting that this approaches as « ^ oo. 

Fermat. Fermat (1636) reached the same conclusion, basing 
his treatment upon a method set forth by Archimedes, and also 
extended the proof to include substantially the cases in which 
m is fractional (1644) or negative'(1659), although not using 
either the fractional or the negative exponent in his work. He 
also attacked (1636) the problem of maxima and minima, that 
is, of finding the points on a curve at which the tangent is 
parallel to the x-axis. It was probably because of this step that 
Lagrange expressed himself as follows:* 

One may regard Fermat as the first inventor of the new calculus. 
In his method De rnaximis et minimis he equates the quantity of 
which one seeks the maximum or the minimum to the expression of 
the same quantity in which the unknown is increased by the indeter¬ 
minate quantity. In this equation ... he divides ... by the in¬ 
determinate quantity which occurs in them as a factor; then he takes 
this quantity as zero and he has an equation which serves to deter¬ 
mine the unknown sought. . . . His method of tangents depends 
upon the same prindple.* 

'Traits <Us indivisibtes, mfanoire, Paris, 1634. See A. E. H. Love, "Infinitesi¬ 
mal Calculus," Encyc. Brit., nth ed. 

ed. Serret, X, 204. See Qjori in Amcr. Math. Month., 

XXVI, 16. 

«For con^ation of this opinion by Laplace and Tannery, see Cajori, toe. 
p. 0 “ the work De rnaximis et minimis consult the Supplement to 
Volume I-W of the CEuvres de Fermat, edited by C. de Waard, Paris, 1922, and 
the review by H. Bosmans, Revue des Questions Sdentijujues, Brussels, April, 1923. 
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With his name should be joined that of a later writer, 
Antonio di Honforte^ (1644-1717)^ a Neapolitan mathema¬ 
tician who worked along similar lines. 

Problem of Tangents. The problem of tangents, the basic 
principle of the theory of maxima and minima, may be said to 
go back to Pappus (c. 300).' It appears indirectly in the 
Middle AgeSj for Oresme (c. 1360) knew that the point of 
maximum or minimum ordinate of a curve is the point at which 
the ordinate is changing most slowly. It was Fermat, however, 
who first stated substantially the law as we recognize it today, 
communicating (163S)’ to Descartes a method which is es¬ 
sentially the same as the one used at present, that of equating 
f{y) to zero. Similar methods were suggested by Rene de 
Slnze^ (1653) for tangents, and by Hudde^ (165S) for max¬ 
ima and minima. 

Other Writers. From then until Newton finally brought the 
work to a climax various efforts were made iu the same direc¬ 
tion by such writers as Huygens, Torricelli, Pascal,* and 
Mersenne* The fact that the area of the hyperbola i, 
found by Gr^goire de Saint-Vincent^ (1647), is related to 
logarithms was recognized by Fermat, and Nicolaus Mercator'^ 
made use of the principle in his calculation of these functions. 

Wallis. The first British publication of great significance 
bearing upon the calculus is that of John Wallis, issued in 1655. 

^F. Amodep, "La Rjegola di FercoaUMonfortc pet ricerca del masaimi e 
Tiiinimi,” Pertadicp di Iftfatetyiatica, XXIV', fast- VI, 

sThere ia a summary of the hiatoiy of taugenti as related to the calculus 
in ft work by AnLbal ScipiSo Goinea de Carvalho, A Tiorin dai 
da Inven^ao do Dijerenaalr Coimbm, 151^. 

^Opera varia^ Touloii&e, 1^79. 

^See also "A short and easy method of drawng tatigenta to all ^ecunettkal 
curves” AAtl. Trflas,, 1672. 

rEdvctiojt^ aoqifutwniim ei de mojimii ei flMnfwtr, in a lettir published 

in 1713. 

^K. Bosmans, Arciivio di Storia dello- IV, 

"^Opui geometrk^m ^aadraturae circBli ei sectknum ioiti, 1 vols., Antwerp, 

1 ^ 47 . 

^Lcgarkhmotecitnia, London, 1668 arid 1674. 



690 MODERN FORERUNNERS OF THE CALCULUS 

It is entitled Arithmetica Infinitorum, sive Nova Methodus In-> 
quirendi in Curvtlineorum Quadraturam, aliaque difficiliora 
Matheseos Problemata, and is dedicated to Oughtred. By a 
method similar to that of Cavalieri the author effects the quad¬ 
rature of certain surfaces, the cubature of certain solids, and 
the rectification of certain curves. He speaks of a triangle, for 
example, "as if” (quasi) made up of an infinite number of paral¬ 
lel lines in arithmetic proportion, of a paraboloid "as if” made 
up of an infinite number of parallel planes, and of a ^iral as an 
aggregate of an infinite number of arcs of similar sectors, apply¬ 
ing to each the theory of the summation of an infinite series. 
In all this he expresses his indebtedness to such writers as Torri¬ 
celli and Cavalieri. He speaks of the work of such British con¬ 
temporaries as Seth Ward and Christopher Wren, who were 
interested in this relatively new method, and, indeed, his dedi¬ 
cation to Oughtred is the best contemporary specimen that 
we have of the history of the movement just before Newton's 
period of activity.^ All this, however, was still in the field of 
integration, the first steps dating, as we have seen, from the 
time of the Greeks. 


Barrow. What is considered by us as the process of differ¬ 
entiating was known to quite an extent to Barrow (1663). In 
his Lectiones opticae et geometricae* he 
gave a method of tangents in which, in the 
annexed figure, Q approaches P as in our 
present theory, the result being an indefi¬ 
nitely small (indefinite parvum) arc. The 
triangle PRQ was long known as "Bar- 
row’s differential triangle,” “ a name which, 
however, was not due to him. It is evident that this method, 
and the figure as well, must have had a notable influence upon 
the mathematics of his time. 




p ^ . i 

■ 



work also appears in his Opera Afathematica, I, 255-470 (Oxford, 1695). 
* London, 1669. The work seems to have been written in 1663 and 1664. 
Love, loc. cU.', J. M. Child, Geometrical Lectures oj Isaac Barrow, Chicago, 1916. 

»On this close approach to the later calculus see Whewell’s edition of Barrow’s 
Mathematical Works, p. xii (Cambridge, i860), and Child, loc. oil. 
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It is quite probable tbat Bairow had advised Newton of his 
work on this figure as early as 1664.^ Pascal had already pub¬ 
lished a figure of somewhat the same shape/ 50 that the study 
of triangles of the general nature illustrated above was being 
undertaken and discussed at this time in both England and 
France. The triangles given by both Barrow and Pascal were 
apparently known to Leibniz, and they assisted him in develop¬ 
ing his own theory.^ 

Barrow also recognized the fact that integration is the in¬ 
verse of differentiation, but he did not use this relation to aid 
him in solving the quadrature problem. 

Period of the Invention of the ffewtoniau Method, We now 
approach the period which is popularly thought to be the one 
in which the calculus was invented. It is evident, however, that 
a crude integral calculus w^as already in use and that some 
approach had been made to the process of differentiation. It 
is also evident that the lines of approach to the calculus in 
general have been two in number, one representing the static 
phase as seen in the measurement of fixed lengths, areas, or 
volumes, and in the making use of such ideas as those of infini¬ 
tesimals and indivisibles; the other representing the dynamic 
phase as seen in the motion of a point. To the former belong 
such names as Kepler and Cavalieri and, in general, Archime¬ 
des; to the latter belong the great leaders in the mathematics of 
the time of Newton and Leibniz.* 

ij, M. Child, Eccr!y MuthematkaL J^ana^cripts 0} Leitittfff p. he (Chica^so, 
A, work which stydctits of the histoiy of the cblI-toIus should constilt,. not 
mert-ly for its frarislatioiis but for it3 notes- On the fieitres usid by Barrow, 
Paiicat, and Leibniz, see ibid., p. i^. This work h hereafter referred to Child, 
Leibnit Manuscripti. 

= In bis ds A. DsUovvills (Paris, idgg), the part relating to the triangle 

having been written in 1658. 

« Child, iMiiniz Mcmtscripts, p. ifi, Ste Leibniz's admissfon as to Barxow in 
hia letter to Jacquea Bernoiilli P' 

* On the general hi&tory oi the development of the calculus in the i ?th century 
the following works ina.y be consulted with profit: 

W, W. R. Ball, Hvtary of Jtfathi'fmtics, loth ed., London, the treatment 
of the calculus beinE particularly coniplfitej A. I>e Morgan, On n point cojjffectfid 
with the between Keiii uftd Labnis ahozU ike Invention of Fljtxiom, 

London, ; also the Companion lo ih^ BrtiisA Attmnacki iS^s, and FhUo- 
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4. Newton and Leibniz 

Newton. Newton's great contribution to the theory consists 
in part in his extension of the method to include the other 
fimctions then in common use, in his recognition of the fact 
that the inverse problem of differentiation could be used in 
solving the problem of quadrature, in his introduction of a 
suitable notation, and in his wide range of applications of 
the subject. Starting with the knowledge already acquired by 
Barrow, he developed, beginning in 1665, his method of 
"fluxions.” This he aftenv^ard set forth in three tracts,* which, 
in accordance with his unfortunate plan of avoiding publicity 
in his discoveries, were not printed until many years later. 

Newton's Three Types. Newton recognized three types of 
the calculus. In his Principia (1687) he made some use of 

sopkical Magazine, June and November, 1852; C. J. Gerhardl, Die Enldeckung 
der Differeni^recknung durck Leibniz, Halle, 1848; J. Raphson, Tke History of 
Fluxions, London, 1715; Latin edition the same year; H. Sloman, Leibnixens 
Anspriicke auf die Erfindung der Differentialrechnung, Leipzig, 1857; English 
translation with additions, Cambridge, i860; M. Cantor, Gesckichte der Matke- 
matii, HI, chap. 97; W. T. Sedgwick and H. W. Tyler, A Short History of Science, 
chap, xiii (New York, 1917); H. Weissenbom, Die Principien der kokeren 
Analysis, als fastorisek-kritiseker Beitrag tur Gesckickte der Matkematik, Halle, 
1856; D. Brewster, Memoirs of tke Life, Writings, and Discoveries of Sir Isaac 
Hewton, 2 vob., Edinburgh, 188$; 2d ed., i860; J. Collins, Commerchtm Epis-- 
iolicum de Varia Re Matkematica, London, 1712; 2d ed., London, 1722 (two 
editions); 3d ed., London, 1725; French ed^ Paris, 1836; G. Vivanti, 11 concetto 
d' infinitesimo e la sua applicatione alia matemalica, Mantua, 1894; zd ed., 
Naples, 1901; J. M. Child, Tke Early Mathematical Manuscripts of Leibniz, 
Chicago, 1920. 

On the history of fluxions in Great Britain, beginning with Newton, the best 
work is F. Cajori, A History of the Conceptions of Limits and Fluxions in Great 
Britain from Newton to Woodkouse, Chicago, 1919. On the general history of 
the later development of the calculus, see J. A. Serret and G. Scheffers, Lehrbuch 
der Differential- und Jntegralrecknung, II, 581-626 (5th ed., Leipzig, 1911), and 
m, 694-720 (Leipzig, 1914); Sedgwick and T>'ler, loc. dt., chap, xv; E. W. 
Brown, ‘'Mathematics," in The Development of the Sciences, New Haven, 1923. 

*■(1) De Analysi per Equationes numero termtHorum infinitas, written in 1666 
and sent to Barrow, who made it known to John Collins, who allowed Lord 
Brouncker to copy it; it was not published, however, until (London) 1711. 
(2) Method of Fluxions and Infinite Series, written in 1671 but not printed until 
(London) 1736, and then in John Colson’s translation with this title. (3) Trac- 
latus de Quadratura Curvarum, apparently written in 1676, but not published 
until (London) 1704 (appendix to his Opticks). 
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infinitely small quantities,* but he apparently recognized that 
this was not scientific, for it is not the basis of his work in 
this field. 

Method of Flusions. His second method was that of fluxions. 
For example, he considered a curve as described by a flowing 
point, calling the infinitely short path traced in an infinitely 
short time the moment of the flowing quantity, and designated 
the ratio of the moment to the corresponding time as the 
"fluxion” of the variable, that is, as the velocity. This fluxion 
of X he denoted by the symbol i. In his Method aj FUed-om^ 
he states that "the moments of flowing quantities are as the 
velocities of their flawing or increasing,”—a statement which 
may be expressed in the Leibnizian symbolism as 

dy _ d^ ^ dx 

d% -^dt dt 

His treatment of fluxions may be illustrated by the following 
extract from his work: ^ 

If the dnotnent of ^ be represented by the product of its celerity x 
into an mdefinitdy small quantity a (that is Jto), the moment of y 
will he yo^ since xo and ye are to each other as i and y. Now since 
the moments as xo and jfO are the indefinitely little acessions of the 
flowing quantities, x and y, by which the&e quantities are increased 
through the several indefinitely little intervals of time, it follows that 
thesei quantities, i and y, after any indefinitely small interval of time, 
become x + io and y + jfo. And therefore the equation which at all 
times indifferently expresses the relation of the flowing quantities will 
as well express the relation between x + io and y + yo as between 
X and y ■ so that x -H xo and y + yo may be substituted in the same 
equation for those quantities instead of x and y* 

Therefore let any equation 

jt* — q- axy 


a 


^P. Cajori, in Amzr.Molh. XJOV, 14s; XXVL 15. 

* Colaon translation, p. 34 (London, 1^36). 

^Pp. iA> 35. See also G. H. Giave&, let. cU., Ill, Ss. 
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be given, and substitute x-\-xo for x and y + yo for ;y, and there 
will arise 

0.^ + 3 + 3 xxxoo + 

— ax^ — 2 axxo — aS^oo 
4 - axy 4- axyo 4- xxoy 4- axoyo 
—y — 3>/ — —/<?• = o. 

Now, by supposition, 

— oj^ 4- axy — j-* = o, 

which therefore being expunged and the remaining terms being 
divided by o, there will remain 

3 4- 3 a^ox 4 - ^oo — 2 axx — ax^o 4 - ayx 4 - aSy 

4- axyo — 3^’®— 3>*^^ — :^oo = o. 

But whereas 0 is supposed to be infiff*.iely little that it may represent 
the moments of quantities, the terms which are multiplied by it will 
be nothing in respect to the rest. Therefore I reject them and there 
remains: 

3 xx^ — 2 axx 4- ayx 4- axy — ^yy* = o. 

Method of Limits. Newton’s third method, that of limits, 
appears in his Tractatus de Quadratura Curvarum (1704). In 
the introduction he says: 

Let a quantity x flow uniformly and let it be required to find the 
fluxion of X". In the time in which x by flowing becomes x4* 0, the 
quantity x" becomes x4-oj"; i.c., by the method of infinite series, 

4- nox^~^ -<- oox*^ 4-, etc., 

2 

and the increment 0 and 

, nn — n 

nox"-^ 4--4-, etc., 

2 

are to each other as 1 and 

an — n 

4 -etc. 

2 

Now let the increment vanish and their last ratio will be i to nx'*-\ 
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He also gives the interpretation of these ratios as the slope? 
of a secant through two points on a curve and of the tangent 
which is the limiting ix^sition of this secant."- He adds: 

If the points are distant from each other by an interval however 
small, the secant will be distant from the tangent by a small interval. 
That it may coincide with the tangent and the last ratio be found, 
the two points must unite and coincide altogether. In mathematics, 
errors^ however small, must not be neglected. 

In the Frincipia (Section I) Newton set forth his idea of 
these ultimate ratios as follows: 

Ultimate ratios in which quantities vanish^ are not^ strictly speak¬ 
ing, ratios of ultimate quantities, but limits to which the ratio of 
these quantities^ decreasing without limit, approach, and which, 
though they can come nearp- than any given difference whatever, 
they can neither pass over nor attain before the quantities have 
diminished indefinitely. 

In the flmcional notation Newton represented the fluent of 
I by xo, or simply by i. The fluent of he represented by x, 
and so on,“ a notation first published in the Algebra of John 
Wallis (1693), 

Summary of Newton’s Method- Ball has clearly summarized 
Newton's general method of treatment as follows: 

There are two kinds ol problems. The object of the first is to 
find the flusion of a given quantity, or, more generally, the relation 
of the fluents being given, to find the relations of their fluaions.” This 
is equivalent to differentiation. The object of the second, or inverse, 
method of fluxions is, from the fluxion or some relations involving it, 
to determine the fluent; or, more generally, ^'an equation being pro¬ 
posed exhibiting the telation of the fiuidons of quantities, to find the 
relations of those quantities, or fluents, to one another.” This is 


^ Gravea, Icc. cit. 

V, X, y, s fluentes tiuintitatea, & earum fluxtones hia x, jt, a, 

resptctivift. . . . Qua lativnc v est fluzio ovitititatiS v, -t v 

V, fii ij" flujtij ipfiiuE ti'" II| 
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equivalent either to integration, which Newton termed the method of 
quadrature, or to the solution of a differential equation which was 
called by Newton the inverse method of tangents.^ 

Leibniz. Leibniz (1684) was well aware of the work of men 
like Barrow, Huygens, Gr^goire de Saint-Vincent, Pascal, and 
Cavalieri. He was in London in 1673, and there he prob¬ 
ably met with scholars who were perfectly familiar with the 
discoveries of Barrow and Newton, and with Barrow himself 
he had extended correspondence. After leaving England he 
set to work upon the problems of tangents and quadratures and 
invented a notation which wa^ original and at the same time 
w'as generally more usable than that of Newton,—the "dif¬ 
ferential notation.” He proposed to represent the sum of 
Cavalieri’s indivisibles by the symbol /, the old form of 5, the 
initial of summa^ using this together^wiui Cavalieri’s omn. (for 
omnia), and to represent the inverse- operation by d. By 1675 
he had settled this notation,- writing Jydy— as it is written 
at present. 

Leibniz published his method in 1684® and 1686,* speaking 
of the integral calculus as the calculus summatorius, a name 
connected with the summa (/) sign. In 1696 he adopted the 
term calculus integralis, already suggested by Jacques Ber¬ 
noulli in 1690. 

His Conception of the Differential. Some idea of his concep¬ 
tion of the differential may be obtained from a statement in a 
letter written by him to Wallis on March 30, 1699: 

It is useful to consider quantities infinitely small such that when 
their ratio is sought, they may not be considered zero, but which are 
rejected as often as they occur with quantities incomparably greater. 

^W. W. R. Ball, Hist, of Matk.t 6th ed., p. 344 (London, 1015), to which the 
reader is referred for further details, Mr. Ball having given special attention to 
the work of Newton. See also A. von Braunmuhl, Bibl. Math., V (3), 335. 

* But published in 1686. Love, loc. cU. 

*"Nova methodus pro maiimis et niinimis, itemque tangentibus . . . in the 
Acta Erudiiorum. 

<"De peomeuia recondita et analysi indivisibiliuin atque infinitorum,” also in 
the Acta Eruditorum. On an early case of integration (xsgq) before the symbol¬ 
ism appeared, see F. Cajori, in Bibi. Math., XTV' (3), 312. 
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Thus if we have x + dx 15 rejected. But it is different if we seek 
the difference between x^dx and x, far then the hnite qnatititieB 
disappear. Similarly wa cannot have xdx and dxdx standing to¬ 
gether, Hence if we are to differentiate xy we write: 

(jc 4" dx) (^' -p dy) — = xdy + ydx 4- dxdy. 


But here dxdy is to be rejected as incomparably less than xdy -i- ydXr 
Thus in any particular case the error is less than any finite quantity,^ 

As to the approximate period at which he began to arrive at 
his laws for the differentiation of algebraic functions, we have 
a manuscript of his which was ■written in November^ 1676, and 
in which he gives the following statements: ^ 


dxr = 2 x, — 3 etc., 






dx'= and convc 



e-\-i 


Hence d-\=dx-^ will be — 2 X-^ or — and or 
x^ r ^ 

I 


rfj;! Vriil be 


— X 

2 


“ or — 

2 


Some of these results are incorrect, probably because^ot care¬ 
less writing, and some appear in hia earlier mannscripts, but 
they all serve to show how the mind of Leibniz was working in 
this period. By the end of the year 1676 he had developed the 
rule for differentiating a product, and by July, 1677^ he had 
the differentiation of algebraic functions well in hand," 


^Lsibnitsins Matkemamhe SchTifieti, Gerhardt ed., W, fij (Senes ^^1 
Ltibnhztrns ed.. HaJle, ias$) (th.s p^men tratislited 

M. Child, Tht Early Mathemaiical Manvscripls of iliJi&JiiSi p. is 4 CChicsgo, 
1930L the results being as there stated, including erron, 
sChild, loc. aU-t p. nS, 
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His notation for differentiation was used in England by John 
Craig as early as 1693/ ^.nd the same writer used his sign for 
integration ten years later.' Both symbols were somewhat 
familiar to English mathematicians throughout the i8th cen¬ 
tury, although it was not until the 19th century that their use 
in Great Britain became general. 

Priority Dispute. The dispute between the friends of Newton 
and those of Leibniz as to the priority of discovery was bitter 
and rather profitless. It was the subject of many articles® and 
of a report by a special committee of the Royal Society.* 

English readers of the i 3 th century were so filled with the 
arguments respecting the controversy as set forth in the Com- 
mcrcium Epistolicum (1712) and Raphson’s History of Flux¬ 
ions (1715), that they gave Leibniz little credit for his work. 
It was not until De Morgan (1846) reviewed the case that they 
began generally to recognize that they had not shown their 
usual spirit of fairness. On the other hand, Leibniz was so 
stung by the accusations of his English critics that he too 
showed a spirit that cannot always be commended. 

Leibniz states his Case. It is interesting to read the words of 
Leibniz in his own defense, as presented in his Historic et Origo 
Calculi Differenticlis 

Since therefore his" opponents, neither from the Commercium 
Epistolicum that they have published, nor from any other source, 
brought forward the slightest k.it of evidence whereby it might be 
established that his rival used the differential calculus before it was 
published by our friend;^ therefore all the accusations that were 
brought against him by these persons may be treated with contempt 

^Methodui Figvrarum (London, 1693). ^Tractatus Maihtmaticus. 

® Beginning with a publication by a Swbs scholar, Nicolas Fatk) de Duillier 
(1664-1753), whose Lincae brevissimi dticensus investigaiio geometrica duplex 
appeared in London in 1699. See Child, Leibniz Manuscripts, pp. 22, 23. 

■‘The report appeared in 1712. See Collins, Commercium Epistolicum. It was 
also edited by Biot and Lefort and published at Paris in 1856. 

-Found in MS. by Dr. C. I. Gerhardt in the Royal Library at Hannover and 
published in Latin in 1846; English translation by Child, Leibnh Manuscripts, 
pp. 32 , 57. 

Leibniz’s, the work being written in the third person. 
e., himself. 
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be$ide tLe question. They have UEed the dodge gf the pettifogging 
advocate to divert the attention of the judges from the aiatter on 
trial to other things, namely to inhnife seriesn But even in these they 
could bring for^’ard nothing that could impugn the honesty of 
our friend, for he plainly ackno’wledged the manner in which he made 
progress in them; and in truth in these also, he finally attained to 
something higher and more generaln 

Brief Summary o£ the Dispute. The facts are that Leibniz 
knew of Barrow's work on the “differential triangle'^ before he 
began his own investigations, or could have known of it, and 
that he was also in a position to know something of Newton's 
work. The evidence is also clear that Newton’s discovery was 
made before Leibniz entered the field; that Leibniz saw some 
of Newton's papers on the subject as early as 1.677; that he 
proceeded on different lines from Newton and invented an 
original symbolism; and that he published his results before 
Newton's appeared in print. With these facts before us, it 
should be possible to award to each his approximate share in 
the development of the theoryd 

Successors of Newton and Leibnir. Most of the British writ¬ 
ers of the period 1693-1734, failing to comprehend Newton's 
position, considered a fluxion as an infinitely small quantity.^ 
The first noteworthy improvement in England is due to Bishop 
Berkeley, who, in his Analyst (1734), showed the fallacy of 
this method of approach and attempted to prove that even 
Newton was at fault in his logic. Berkeley provoked great 
discussion in England, and the result was salutary, not that it 
affected Newton's standing, but that it put an end to much of 
the lax reasoning of his followers.® 

^On the jreneral ccjitrover&y see the summaiy given in Bail,. ifiJC u/ 

6Ch ed., pp. ^56-352; H, STomaji, Tie Laibniz lo the Innentiofi uf the 

Di^ertntial CaJtrduj, En^JJsh transilaUoni London, iB&a- 

®F. Cajori, Mitth. Momh.^ XXIV, 14s; XXVI, 15; *0 these articTea 

the reader is referred far valuable details nelstinj? to this periad. 

*On the Readual Improvemeni of the Leibniz theory through the laytng of a 
scientific foundation for the doctrine of limils, see F. Cajori, "Grafting of the 
Lheoty oE limits on ihe calculus of Lcihniz," Anar. Math, jtfwiift., XXX, 223, 
with excellenl bibliography. 
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Cauchy’s Contribution. Perhaps the one to whom the greatest 
credit is due for placing the fundamental principle of the cal¬ 
culus on a satisfactory foundation is Cauchy.^ He makes the 
transition from , .r/ , ^ x/ v 

dx'~ * 


to 

as follows: 


dy^f{x)dx 


Let y = fix) be a function of the indei>endent variable x; i, an 
infinitesimal, and k, a finite quantity. If we put i =ah, a will be an 
infinitesimal and we shall have the identity 

i ah 

whence we derive 

/,N /(3c 4. ah)^f{x) _ f{x /) -fix) ^ 

' a i ' 

The limit toward which the first member of this equation converges 
when the variable a approaches zero, h remaining constant, is what 
we call the "differential” of the function y = /(x). We indicate this 
differential by the characteristic, d, as follows: 

dy or df{x). 

It is easy to obtain its value when we know that of the derived func¬ 
tion, y' or /'(x). In fact, taking the limits of both members of equa¬ 
tion (i), we have in general: 

( 2 ) df{x):=hfix). 

In the particular case where f(x) = x, equation (2) reduces to 

dx =- A. 

Thus the differential of the independent variable, x, is simply the 
finite constant, h. Substituting, equation (2) will become 

or, what amounts to the same thing, 

dy = y'dx. 

^Risutni d *5 LtQons tw U Calctd InJinhisimeU, Quatriime Ltfon, Paris, 1823; 
CEuvrcs Completes, Sir. II, Tome IV, Paris, xSgg. 
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5 - Japan 

TEe YemrL There developed m Japan in the 17th century a 
native calculus which may have been the invention of the great 
Seki Kowa (1642-170S)j as tradition asserts, although we have 
no positive knowledge that he ever wrote upon the subject. 
This form of the calculus is known as the yenri, a word mean¬ 
ing "circle principle” or "theory of the circle” and possibly 
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Crude mUgration, hcni Snvasuchl Kaiuyijti^ Kokan Sampo-fd, 1670. Sawa- 
guchi was a pupil of K&wa, the Newtcm of Japan 

suggested by an earlier Chinese title or by the fact that the 
method was primarily used in the measurement of ^is figure. 
The mensuration of the circle by crude forms of integration 
is found in various works of the i8th century, such the one 
illustrated above and the one shown on page 7^^, published by 
Mochinaga and Ohashi in 16S7. A similar use of the theory is 
found in connection with the mensuration of the sphere m 
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Isomura's work of 1684, and thereafter it appeared in numerous 
works in the closing years of the 17th century and the early 
part of the century following. 

In a general way it may be said that the yetiri was an ap¬ 
plication of series to the ancient method of exhaustion. For 
example, Takebe Kenko (1722) found the approximate value 
of TT by inscribing regular polygons up to 1024 sides, and prob¬ 
ably more, giving the value to upward of forty decimal places. 
In this work Takebe states that his method of approximation 
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From the Kaisan-ki Kdmoku, by Mochinaga and Ohashi, representatives of the 
Seki School. The work was published in 1687. The method is essentially that 

of Sawaguchi 



was not the one used by Seki Kowa. In fact we know that the 
latter found an approximate value of ir by computing successive 
perimeters, whereas Takebe based his work upon the squares 
of the perimeters, tt* being taken as the square of the perimeter 
of a regular polygon of 512 sides. The value of v is expressed 
as a continued fraction, a plan which he states was due to his 
brother, Takebe Kemmei, Some of the formulas and series used 
by Takebe were very ingenious.^ 


^Smith-Mikami, p. 143. 
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TOPICS FOR DISCUSSION 

I. General steps in the development of the calcjlus from the time 
of the Greeks to the present. 

2* Zeno’s paradoxes^ their purpose^ their fallacies^ and their lela,- 
tioji to the calculus. 

3. The study of indivisible elements among the Greek philoso¬ 
phers, and its influence upon mathematics, 

4. The atomistic philosophy of the Greeks, its founder and advo¬ 
cates ; its bearing upon ancient mathematics and its relation to the 
modern calculus. 

5. The relation of the method of exhaustion^ especially as devel¬ 
oped by Archimedes^ to the integral calculus, 

6. The various Greek writers on the method of exhaustion, to¬ 
gether with a consideration of its results. 

7. The contributions of Archimedes to the making of the calculus. 
His methods of proof. 

0, The method employed by Archimedes in discovering lus geo¬ 
metric propositions. 

9. Formulas of the modern calculus anticipated by Archiniedes 
and any other Greek writers. 

10. The contributioDs of the Greeks to the subject of mechanics, 
and especially those of Aristotle and Archimedes, 

II. Influence of Oresme with respect to the calculus, 

1 2 . Causes leading to Kepler's study of the problem of the calculus, 
together with a statement of the results of his work. 

13. General nature of Cavalieri’s contribution; the problems 
studied; the weakness of his method; the special results that he ac¬ 
complished ; and his influence upon X^ibniz. 

14. Fermat’s contributions to the calculus compared with those of 

Cavalieri, Earrowy and Kobervah 

'pjig contributions of Roberval, Earrow, and other immediate 

predecessors of Newton. 

16. Newton’s discoveries in the calculuSj with particular reference 
to the fundamental principles employed by him. 

17. Leibniz’s discoveries and the question of priority. 

15. General nature of the developments in the calculus after New¬ 
ton and Leibniz. 

Tp, General nature of the early Japanese calculus. 
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itio; ill France, iq I; Gcrbert'a, jfiof 
in Germany, 1^3, 100 j Greek, ifii; 
gbociTfed, 166; Japanese, 3 70; Korean, 
i7>i 174 i lint, iSi, iSbl Mohamnije- 
ci^, 374; Polish, 176J Pythagorean 
table, I77J Roman, 165; Russian, 
17S1 1761 TurkSah, 1741; Western 
European, 377 

Abbreviations of fractions, aai 
Abel, N, H. {c. 3Bj5), 4*9 

Abhandlungen, 

Abraham hen Ezra (c. ]:i40>, 353, 457 s 
44 ^s 545 

Abstiasa, jiS, 334 
Abac lute number, la 
Absolute term, 304 
AbsoFutc value, a 67 
AbaCract, ii 

Abil Pekr Mohammed. iSec al-Karkhi 
Ab& Ja'far al-Khazln fc. p6o), 455 
AfafPl-Farad^ (c. 987), 4&b 
Abhl-HaSftn ft. 1260), 620 
AbQ'bWem (c. ()So), 4 tiT, bofl, 6i7s 
fiia, 633 

Abundant number, zo 
Achilles problem, 346 
Acre, 644 

Acta fopetatiions) , 36 
Adams, G, (e, rT4&)i 206 
Addend, 88 

Addition, 88, 184; of frprtion*, 323; 
symbols of, 395 

70 % 


Adeland of Path (c. irso), iz, 382 
Adriaan. . 5 ec Adriaen 
Adriaen AnthonEssoon (u. 1600], 310 
Adriaen Metius (c. 16001,310 
AdriaensKoon, J. M. (c. ifioa), 373 
. 4 fbiitiuE Faustus, L., 361 
.^Ibutiua Macedo, M., 337 
Aethelhard. Set Adtlard 
Aifeoted quadratics, 430 
Afghanistan, 71 
Aggregation symbols, 416 
Agnesi, M. G. U. 1749), 331 
Agricnla, G., 637 
Agrimetisor, 361 
Aguillon, F. fi6i3), 344 
Aljmed ibn 'Abdallah al-Mcrvatl 
(c. 86o>, dao 

Ahmea (c. 1650-15313 b.c.}, sio, 386 , 
500 

Ahmflse. .See Ahmea 
Ahrens, W-i 55*1 
Akbinim, zra 
Albategnlus [c. oao), 608 
aE-Batt^f. See Albafeenius 
ATbcxElni (c. rwo), 73= 3 °® 

Alchemy, 59S 
AEdatus, A. (1530), d37 
AfcohatffHiiJ, Cfldei, 198 
Akuin tc. 775)1 535 
Alcsaandro (e. J714), 

Alejtandre de ViSledicy (c. 1140), 14, 
fio 

Alexandrian calendar, 65S 
al-Fazari \c. 773), 7 = 

Alfonsitie Tables {c. 1250), 600 
Alfonso X, el Sablo, 609 
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Algebra, 378; applications, 582; Arabic, 
382; Chinese, 380; Egyptian, 379; 
Greek, 381; Hindu, 379; tnediev^, 
382; name, 386; Persian, 382; 
powers, 393; related to geometry, 
320; symbofe, 38a, 395; unknown 
quantity, 393 

Algorism (algorithm), 9, 78, 88 
Algus, 9, 78 

al-Haitam of Ba^ra (c. 1000), 453 
al-Hasan (Alhazen). Sec al-H^tam 
al-Has;^kr U. 12th century), 118 
'All ibn Veil (c. 1590), 393 
al-Karkhi (c. T020), 388, 504 
al-Kashl (c. 1430), 310, 305 
al-Khayy&ml. See Omar Khayyam 
ai-Khowirizmf (c. 825), 9, 72, 382, 
388, 446 
Alliagc, 588 
Alligation, 387 
Ailman, G. J, (c. 1880), 677 
Allottc de la Fuye, 38 
Alloy, 588 

Almagest. See Ptolemy 
AlmShini (al-M 4 h&ni) (c. 860), 382, 
4 SS 

al-Mamun (c. 820), 372 
Almanac, 663 

al-Mervazi (^abash al-^&sib) (c. 
860), 622 

al-Rashid (c. 800), 672 
ai-Rumi (c. 1320), 626 
al-2^rq&la (Zark&la) (c. 1030), 609, 
616 

Ambrose of Milan (c. 370), 542 
Amicable (amiable) numbers, 23 
Amodeo, F., 689 

Analytic geometry, 316, 322, 324; 
solid. 323 

Anatolius (c. 280), 3 
Anaximander (c. 575 b.c.), 603 
Andalo di Negro (c. 1300), 663 
Anderson, G., 80 
Andr6s, M. J. (c. 1515), 200 
Andrews. W. S., 394 
Angle, 277; sum of angles in a triangle, 
287; trisection, 297, 298 
Anharmonic ratio, 333, 334 
Anianus (1488), 665, 668 
Annotio, Perito. 5 m Cataldi 
Antecedent, 483 
Anthology, Greek, 532 
Antilogari^ms, 523 
Antiphon (c. 430 b.c.)i ^77 
Antonio dc Dominis (1611), 343 
Apianus. P. (c. 1527)1 34 li 44 ii S08, .309 


Apices, 75 

Apollonius (0.223 B.C.), 318 
Approximate roots, 253 
Arabic numerals, 69, 70. See Hindu- 
Arabic numerals 

Arabs, achievements, 272, 455, 467; 
algebra, 382; computation of tables, 
626; in Europe, 609; geometry, 272; 
magic squares, 597; measure of the 
earth, 372; trigonometry, 608. See 
Arabic numerals, Hindu-Arabic nu¬ 
merals 

Arbalite, 346 
Arbuthnot, J., 637 
Arcerianm, Codex, 304 
Archibald, R. C., ai, 30, 287, 293, 302 
Archimedes (c. 223 b.c.), 3, 434, 679, 
681, 684; cattle problem, 453, 384; 
on the circle, 307; cubic of, 80 
Arcus Pylfiagoreus, 177 
Area, of a circle, 298, 302; of a poly¬ 
gon, 606; of a triangle, 631 
Areas, 286, 644 
Arenorius, 5 

Argand, J. R. (c. 1810), 266 
Argus, 9, 10 

Aristarchus (c. 260 b.c.), 604 
Aristotle (0. 340B.c.), 2 
Arithmetic, 7, 8. See Calculate, Cal¬ 
culating machines, Logistic, Nu¬ 
merals, Problems, Series, and the 
various operations and rules 
Arithmetica, i, 7 
Arithmetics, American, 86 
Armillary sphere, 330, 370 
Arnaldo de Villa Nova (c. 1273), 669 
Amauld, A. (c. 1630), 28 
Arnauld de ViUeneuve (c. 1273), 669 
Arnold, Sir E., 80 
Ars Magna, 461-464 
Ars supputandi, ti 
Article^ la, 14 
Artificial numbers, 208 
Aiyabhata the Elder (c. 310), 379, 387 
_ 444, 6^, 613, 626 
Aryabhata the Younger, 379 
Arzacbel. See aUZarqkla 
As, 208 

Asoka (3d century B.c.), 65-68 
Assize of bread, 366 
Astrolabe, 348, 601 
Astrology, 72 

Astronomical fractions, 229 
Astronomical instruments, 348, 364 
Astronomical progression, 495 
Astronomy, 601-607 
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Asyn^ptoie, 516 

AthelharJ. 5 cc Adt-l*rid 

Athcnsiis ({T. s-M?), aSp 

Athenian c^endarj iGsq 

Atomic theory, 677 

AuijTim. 5ff Alj-orism 

August, E. ^fi-.'SoJr 270 

Augustine cf Hippo (f. 400), hop 

Aurelius Cicjnctig Prudtntius (c. 400), 

k^b 

AusdeJuiungslehre, 2<iS 
Autotycus (f, 603 

Aventinus, J. (c. iioa 

Avoirdupois wcLglit, 

Ajtioms, 530 , lEi 
Ayer Papyrus, 3^6 
Ayutas, 308 

Baba Nobutake (c. 1700), 367 
Babbage, C- (f, 1840) j 204 
Babylonians, calendar, 655; geometry, 
ija; measures, 635, &4J05 numemisi 
3d' triRotuiEnctry, fioi 

Eachfit, C, G. (c. 1612), 535 
Backer Rule, 4^0 
Eackjtaitimcsri, id6 

Bacon, Roger (c- 125°). 2^2, 340, 37a 

Bagdad, 75 

Baity, F. (lS4i)j 

Biker, H. (15^3), 403, 502 

Baker, S,, 556 

BakhshltU manuscript, yo 

Balij W. W. Rouse, 314, &(35, 6^6 

Bamboo rods, 16^171, 432 

Banerjee, G. H., 64 

Bank, 187 

Banking, 573, 574 

Baraniccki, M, A., 176 

Barbaro, E. (c, F490), 

Barbieri, M., 157 

Barcelona, 75 

Baretay, A. (c. 1500), 187 

Batnird, F. P., 137 

Bar Oseas (c, 250 jj,c.), 67* 

Barozzi, F. (c. 1580), 82 
Batrovt'^, I. (c, 1070), 413, d^o 
Bartels, J, M, C, ■(f. ^6 

Barter, 568 

BarioB, C- (c, »55o)i 34^,35^ 

Barton, G. A., 38, dj^ 

Base line, 376 

Easpertnann-Jordan, E. von, 673 
Bastard Kufe, 440 
Battanl. 5ee AlbAtegnEus 
Baumdster, A., rda 
Bayley^ Sit E. C., iS7r iS&t i ?7 


Bcchtelj E, A., acsa 

Bede the VenembN (c. 710), 200 

Beet jg 

Bchi Eddin (c, i6od>, 58S 

Beldamandi (c. 1410), 40J 
Bell, J. D., 16& 

Belli, £ (c, rs70>, 2^5, jS5, 35.5 
Beman, W. W., adi, 2^7, 407 
Ben. Sus Ibn 

Benedetto da Firenze ic. 7460), 547 
Benedict. See Benedetto 
Benedict, S. R., 32 
Ben Ezra. 5efi Abraham ben Ezra 
Ben MtIeH. Ste ai-Khowarizmi 
Benthnn, 327 
Benvenuto d’ Iniola, 52S 
Berkeley, Q. (c. r74D>, 695 
Berlin Papyrus, 432, 443 
BemouiLi^ Jacejues (c. t^o), 505, 
528, d29 

Bornoullij Jean (1) (c, dia, 6di; 

on complcii numbers, sd4 
BcmnoiJJi numbers, 505 
Berosus (c. sjos-C-), ^7^ 

Beyer, J, H, (idrd], 245 
B^zout, E. (j. i77SJh 4St? 

Bhandarkai, 70 

Bhiskara (c. 1150), 380, 425, 426, 446, 
484^ SOI, 52s, 61S 
Bianco, F. J. von, 319 
Bieirens de Haan, D. <£.1870), 315, 
S28 

Bierin^i C. H., 298 

E^urdarij G.j 347, 64H 
Bija Ga«-ita, iSOj 
Bill of ejtchange, 377 
BilletH, G.p 550 
Billion, 54 

Binet, J. P. M, (c. 1S12), 477 
Binomial Theorem, 507, 5tt 
Bion, H. (c. 1718) r ai9 
Biot, J. B. if. 1840), 

Biquadratic ociuadon, 4dd 
Birkeriml>cr, A., 341 
Dissaker, R. (1654), ^08 
Ejrjrobo, A. A. I dod 
Bloomfieid, M., 71 
Blundevitie, T. ■((:. 1594) h ^27 
Bobynirt, V., 34, 213, 219 
Boccardini, G-, 282 
Bdckb, A.., d^d 
BbJtlcUj E., 17 

Boethius {Eoetiusl tc. 5^0)^ d, 73-5*4 
Bolyai, F. (Cr 1815 !-837 
Bolyai, J* (c. 1825), 335 - 337 
Bombdli, R. (1372)- 3 Sb, 428 
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Boncompagni, B. (c. 1870), 15, 37, 34, 
71, 104, 108, 114, 153, 354 
Bond, J. 610 
Bonoia, R., 383 
Borgbi (Borgi), P. (1484), 81 
Borrowing process, gp 
Bortolotti, £., 36, 459, 687 
Bosanquet, R. H. M., 330 
Bosmans, H., 340, 253, 338, 430, 435, 
4 S 9 . 465. S08, 685, 687, 688, 689 
Bouelles, Charles de (c, 1500), 33, 337 
Bouguer, P. (1734)1 327 i 376 
Bouvelles. See Bouelles 
Bowditch, C. P^ 664, 673 
Bowring, 166 
Brachistochrone, 336 
Brahe, Tycho, 310 

Brahmagupu (c. 638), 380, 387; on 
quadratics, 44s 
Brihml forms, 67, 69 
Brandis, J., 63s 

Braunmiihl, A. von (c. 1900), 600, 610 

Breasted, J. H., 645 

Brewster, D., 692 

Bridges, J. H., 340 

Briggs, H. (c. 1615), 516 

Bring (c. 1786), 470 

Brocard, H. (c. 1900), 336 

Broken numbers, 217 

Broker, 5$^ 

Brouncktf, W. (c. 1660), 430, 433, 693 
Brown, E. W., 693 
Brown, R., 58 
Brugsch, H. K., 34 
Bryson (c, 450 b.c.), 678 
Buckley, W. (c. 1550), 336 
Budi (Budaeus), G. (c. 1516), 209, 
637 

Budge, £. A. W., 316 
Bu6e, Abbe (1805), 266 
Buhler, G., 71 

Burgi, J. (c. 1600), 431, 333, 627 
Burk, A., 388 
Burgess, E., 608 
Burnaby, S. B,, 664 
Burnam, J. M., 75 
Burnell, X C., 70 
Burnside, W. S., 473 
Bushel, 64s 

Buteo (Button), J, (c. 1523), 438, 434, 
S4I 

Butler, R., 346 
Butler, W., 11 

Cabala, 333 
Cabul, 73 


Cxcilius Africanus (c. 100}, 545 
Cxsar, JiiJius (c. 46 b.c.), 639, 660 
Caesar, J. (1864), 342 
Cajori, F., 3, 64, 88, 203, 331, 346,283, 
397i 404. 507, 546, 618, 686, 688, 
69a, 693, 699 
Calandri, P. (i 49 i)> 143 
Calculate, 166 
Calculating machines, 202 
Calculatores, 166 
Calculi, 166. See aJso Counters 
Calculones, 166 
Calculus, 676 

Calendar, 631, 655-664; Athenian, 638: 
Babylonian, 633; Chinese, 033; 
Christian, 660; Egyptian, 636; 

French Revolution, 663; Gregorian, 
662; Roman, 639 

Callippus (Calippus) (c. 323 b.c.), 650 
Cambien, 183 
Cambio, 369 

Canacci, R. (c. 1380), 391 
Canon Paschalis. See Calendar 
(^tor, M. (c. 1900), 10, i6o, 177,345, 
362 

Capacity, 644 
Capella (c. 460), 3, 300 
Cappelli, A., 62 
Capra, B. (1635), 246 
Caractercs, 73 
(^rat, 639 

Cardan, H. (or J.) (c. iS 4 S)i 384, 428, 
439-464, 467, 330 
Cardinal numbers, 36 
Cardioid, 326 
Cardo, 317 
C^rKni, F,, 376 
Cartini, L., 529 
Carmen de Algorismo, 78 
CjuTjot, L. N. M. (c. 1800), 333. 
Carpeting problems, 368 
Carra de Vaux, 64, 329, 387 
Carrying process, 93, 183 
Carslaw, H. S., 282 

Cartesian geometry, 318. See also 
Analytic geometry 
Carvalho, A. S. G. de, 689 
Casati, P, (1685), 346 
Cassini's 0^, 329 
Cassiodorus (c. 502), 3 
Castellum nucum, 36 
.Castillon ((^astiglione), G. F. M. M. 

Salvemini, de (c.1750), 326, 511 
Casting accounts, 98 
Casting out nines, 131 
Cataldi, P. A. (c. 1390), 419 
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Catenpry^ 

Catoptrics, 

Cauchy, A. L. (c. 1830), jm 
C ttvalieTS, B. <c. 6B6 

Ciiylcy, A. (e. 1870)^ 321, 4?7 
CelesiSaS sphere, 3^4, 3^5, 567 
CHlini, B.^ 342 
Celsius, A. U, I 740 >, 

Celaus, J. ic. 75), 543 
Censo, 3^4, 427 
Census, 534. 5 ec tdio Censo 
Cent, 64S 

C^flifJrinaa rpnim 247 

T^'entesimal anjrle division, inj 
Ceu!en, L. van (c. igBu), 310 
Chac 4 , A, Br, 436, 493, 500 
f’hain rule, 373 
Chftldea. .See BpbyiotLipns 
Chaifani, F. H., 40 
ChpMIk^n, Ilirt 34Q 

Chamberlain, B, H., 171 
Champlain’s ostroJabe, 330 

Chances, doClrine of, 5^9 

Characteristic, 314 
CbarlemaRne (c. 7So), 648, 672 
ChasJea, M. 1850), 9, 13, So, lo^, 
137 , 175, 1:7, 322 h 378 h 6^17 
Ch assant, L, A„ 57 
Chaucer, 18S 

Check, 370' of elevcua, 154; of ninesj 
131. .5^ oiro Checks 
Checkered board, liij 
Checks cm nperations, 131 
Chelebi (c. 1310}, 626 
Chessboard problem, 549 
Cheyney, E. P., 564 
Child, J. M., d'po, 

Chinese, algebra, 4?^, 4 J 5 , 457, 473 ^ 
calendatj 635; detetmmants, 475 j 
gfrometty, 271; numerals, 39, 47 , 68; 
series, 49(^5 tTiKonoTnetry, Goa j 
values of IT, 309 
Ch^in Kiu-shao (c, 1230), 42, 381 
Chords, table of, 604, 607, 614^ 634 
Chorab, 174 

Chdu^fte'i Suaa-kingy 215, 602 
ChrUti^ of Pra^ (f-1400), 77, 95 
Christian calendar, 6G0 
Chryaippus {C- 140 b.c.>, 324 
Chryatal, G., 253 

ChutiLtet, N, (1484), 84, 414, 50a, 

Chu Sfii-kle (£. 1599)+ *57: 382 
Chiljen, Murai 
Ciacebi, 29 

CJermans, J, fc. 1640), 2C3 
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Ciphering, ri 

Circle, 2 78 5 quadrature of, 29S, 3*3, 
5 es rtfro TT 

Ciroumfercuce, oJ the eaflh, 3S9 

Cissoid, 314, 327 

Cisterts prcibilem, 536 

CMraut, A. C. 1760), 323, 464 

Clairaut, J, B. (c- 1740), 206 

Clarkq, F, W., 650 

Ciarke, H. E,, 589 

Ctassiftcatinii, of numhcis, of equa- 
iinna, 442 

Clavius, C, (c. 1SS3), 430, Wa 

Qay, A, T., 574 

Clepsydra, 33S, 671 

Cloche, 673 

Clock, 6 '7J, h7J, 674 

Clock problem, 548 

Cfodd, E., 393 

Clofi, 367 

Cloth, cutting of, 36S 
Cochlioid, 327 
Cutked hat [curve), 327 
Codex Alcobaiieniis, 1:98 
Codex Areerisniii, 504 
Coefficient, 393 
Coins, S4G 

Colebrookc, H. T„ 91, 360, ^37 
CoUina, J. [c. 1700}, 415, 692 
Colmar, T. de {c. 1820), 204 
Col&on, J„ 693 
Cijiifwjtfl rejtriUa, 60 


Comhinatiun lock, 327 
Combinations, 524 
Commercial problems, 53 a 
Citfftfiief^niTt 311 

CommiisLDn ^nd brokerage, 538 
Commutative law, 393 
Company, See PartnEiiEhip 
CoinpasScS, Sector, 347 
Complement, 98 
CotnplEi numbers, iGi, 267 
Composites, T2, 14 
Ca^poivs ^ein-hen, G2 
Compound interest, 364 
Compound cumbers, 14 
Compound propgrtitm, 491 
Comptroller, ififl 
Computing table. See Abacus 
Computus, 63 It b 64 - Sse aiio Calendar, 
Compntus 
Conant, Cr A„ 37* 

Couant, L. Lr^ 39 
Conchoid, 298, 327 
Concrete, rr 
Cobdamine, La, 649 
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Cone, frustum of, 204 
Congruence theorems, 285 
Congruent figures, 285 
Congruent numbers, 30 
Conic sections, 317, 454 i 679 
Conjoint rule, 492 
Conjugate numbers, 267 
Consequent, 483 
Contenau, G., 37 
Continued fractions, 311, 4t8 
Continued products, 311 
Continuous magnitude, 26 
Convergence, 5°? 

Coordinate paper, 320 
Coordinates, 316, 324 
Copernicus, 610, 622 
Cordovero, M. (c. 1560), 526 
Cornelius de Judeis (1594)» 354 
Corporation, 576 

Corpus Inscripiionum Eiruscarum, $8 

Cor^« /nscriptionum Latinarum, 57 

Corssen, W., 38 

Cortese, G. (c. 1716), iis 

Cosa. .See Coss 

Cosecant, 622 

Cosine, 619, 631, 632 

Cosmic ^ures, 295 

Coss, 392 

Cossali, P., 108, 384 
Cotangent, 620-622, 632 
Cotes, R., 265, 613 
Cotsworth, M. B., 651 
Coulba, 174 
Counter, 181, 18$ 

Counters, 158, 165, 166, 186, 190. Su 
also Abacus 

County. See Numerals 
Counting rods, 169 
Counting table, 174 
Court of the Exchequer, i88 
Cowr>’ shells, 501 

Cra/te of Nombryng (c. 1300), 32, 78, 
92, 98, 102, 104 
Craig, J. (1693), 698 
Cramer, G. <c. 1740), 328 
Credit (creditum), 576 
Credit, letter of, 576 
Cretan numerals, 48 
Cross ratio, 334 
Cross stafi, 346 
Cruma, 361 

Ctesibius of Alexandria (2d century 
* C.), 538, 672 

Cube, 292; duplication of, 298, 313 
Cube numbers, 19 
Cube root, 144, 148 


Cubes, sum of, 504 
Cubic curves, 324 
Cubic equation, 454-467 
Cubit, 6^ 

Cuboid, 292 

Cubus, 427 

Cuento, 82, 88 

Cuneiform numerals, 36, 68 

Cunningham, W., 555 

Currency, 569 

Curtie, E. L. W. M., 123, 256, 345, 393, 
S 44 » 550. $86 
Curve surfaces, 325 

Curves, algebraic, 324; characteristics 
of, 326; cubic, 324, 325; of descent, 
326; of double curvature, 32s; plane, 
324; of pursuit, 337; tautochronous, 
328; transcendental, 324; well- 
known, 326. See also Cissoid and 
other names 

Cusa, Nicholas (c. 1450), 327 
Cushing, F. H., 59 
Cycloid, 327 

Cypriote numerals, 48, 49 
Daboll, Nr, 588 

Dagomari, Paolo (e, 1340), 81, 665 
D’Alembert’s Theorem, 474 
Damianus, 340 
Danfrie, 363 

Danti, E. (c. iS 73 )t 339 . 340 
Danzel, T. W., 59 
Darboux, J. < 3 ., 333 
Daremberg, C., 209 
Darius vase, 161 
Dase, Z. (c. 1S60), 311 
Day, 653 

Days, names of, 657 
Days of grace, 578 
Decagon, 290 

Decin^ point, 238. See also Fractions 
Dedmanus, 317 
Decimatio, 541 
Decker, E. de (1626), 518 
De Colmar. See Colmar 
Decourdemanche, J. A., 64 
Decussarc principle, 56 
Defident number, 20 
Degree, 232, 374 , 443 
De Haan. See Bierens de Haan 
Delaroain, R. (c. 1630), 205 
Delambre, J. B. J. (c. 1800), 605 
De latUudinibus fortnarum, 319 
Democritus (c.400 b.c.), 677 
De Moivre. A. (c, 1720), 265, 529, 613 
Demonstrative geometry, 271 
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De Morgan ^ A. (c. iSjo>, 14a, *52, 

6gS 

Demotic TvritjTijTi 47, 

Denarius, 20S 
Denominate numbErj 12 
Denominator,, mcr 
Density oi the cairthj 37^ 

DcfMircifius, A. dc ^746), 330 
Deposit (depositujti)j 376 
Desajjjues, G, (c. 1640), 332 
DescarteSj R. (c. 1637)^ ^2i, jiS, 343^ 
43 4431 471. 

Descriptive geometty, 331 
DeteTmimmli 433 h 473 
Develey, E. (c. iSoo), S3 
De Vick, H. (c. 

DevU^ curve, 32a 

Dc Wittj J. 324 

Dhruva, H, H,„ 70 

Dial of Ahas^ ^71. See also Sundial 

Diameter, in geometTyj 27a; as mtm- 

bdTj. t 

Diaz. 5ee Diez 
Dickson, L. E., z, 39, 3QI 
Dickstcin, S., iif 176 
Dieck, W., 3ZZ 
Diefenbadi,, L., ^36 
Diego de Lauda, 43 

Diez, J. (c. iS5D>i 385, 3^a; probiems 
by, 590 
Difference^ 97 
Differences, finite, gi2 
Differential, dQ6 
Differential notation, 

Differential trianjjle, 69* 

DlfferentiaGon, 691 

Dip^s, L. and T. (c. i572-)t 453 

Difita, 12, 13, 13 

Dill, S„ 372 

Ditwortli, T., 5BS 

Dime, 647 

Dirnension of an equation, 443. 
Diemyaodorua (c. sob.c.), 67* 
Diophantus {C.27S), 422-424, 430, 
453, 453 
Dioptrics, 359 
Discount, 565 
Diacrtte magnitude, 26 
Distances, 2S5 
Distributive law, 395 
Dividend, 131 
Divine proportion, a^r 
Diviaibiilty, 221 

Division, r2 3{ 3 danda, 141; haieUo, 
13d; of common fractions, 226 \ 
complementary, 134; definition, jeS; 


jerrea, o^ff'ea, and 133 ^ gal¬ 

ley method, 136 1 Gerbert’s rficthod.. 
134; Greek, 1335 long, 14a, 14a'' 
repie^o, 135; ssapesio, 1315 ^ sejfageai- 
rr^, 233; short, 133; symbol, 4*6 
Divisotj 131, 22a; advancing, 130 
D’Oeagoe, M., 203 
Dod&on, J. (1742), 523 
Doliac, 1547 

Dominical letter, <552 
DominEs, A. de {r6ii), 243 
Double False, 43S 
Drachma, 6^6 
Brayoni, A,, r^S 
Draughts, 166 
Dcccbsler, A., 653 
Drieberg, F. von, 16 
Drumhead trigonometry, 357 
Duality, 325 

Duchesne, S- U. r5&3)| 310 
Dijrar, A. (e. 15IQ), 3^6, 3zS, 342, 597 

59S 

Duhem, P. (c. 1900), 342 
DuHlier. 5fe Fitlo 
Duplation, 33 

Dupiication of the cube, s^, 353 

Durania, 7 a 

Dust tablCj 177 

Dutt, R. C„ 213 

Dynainia, 354 

e, logarithmic base, 517 
Earth, density, 37^- form, 369, 374 ^ 
measure, 3^^576 

Easter, 631, 65^. Sec also Calendar 
Eastlake, F, W„ i'^7 
Economic probiema, 351 
JEsyptf 45, ^79, 37bh Soo 

Egyptians, calendar, *36^ equationa, 
43 r, 4351 fractions, 310; geomepy, 
270; meacutea, 634^ numerals, 43; 
symbols, 410 
EJaattc curve, 328 
Elchatayn. Jee False Position 
Elefufia proposition, 284. 

Elevens, check of, 154 
Ell, d4o, d4a 
Ellipafi, 3T7, 454 
Elwortby, F. T., 200 
MncykUipddk,. $57 

Enestrbm, G,, 13, i-io, r39, 2153. 

431, 437f 461, 4'5^h Sii, 53* 

Engel, F., =67, 335 
Engliali ine.aaures, ^40, ^43 
Enriques, F., 232 
Epantbema of Thymaridas, 433 
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Epicycloid, 336, 338 
Eijuality, symbol of, 395 
Equating to zeto, 431 
Equation, 394; dimension of, 443; of 
payments, 559 

Equations, Arab forms, 434. 434, 436; 
biquadratic, 384,466; Giine^ forms, 
435, 43a, 457; classification of, 44a; 
cubic, 384, 454-467 Egyptian forms, 
431, 435; factoring, 448; fifth de- 
gree,46Q; fundamental theorem,473; 
Hindu forms, 435, 434, 458: indeter¬ 
minate, 4 S»- 4 S 3 » 584; Japanese 

forms, 433; linear, 432. 435. 583; 
literal, 435; number of roots, 473; 
numerical higher, 471; in printed 
form, 426-433; quadratic, 443; 
simultaneous, 431, 43 a, 583; solu¬ 
tion of, 435 

Equiangular spiral, 339 
EratosAenes, 5, 370 
Erlangen, Siisungsbcrickte, 293 
Erman, J, P. A., 130 
Etruscans, 58, 64 
Ettcn, H. van (1624), 535 
Eudid (e.300B.c.), 4, 338; first edi¬ 
tions, 273, 373; geometric terms, 
274; on quadratics, 444 
Eudoxus (C.370B.C.}, 678 
Euler, L. (c. 175°), 26s, 312. 43 i. 4 SO. 

453. 464. 469, 613, 627, 629 
Euler's Theorem, 396 
Evans, A. J., 50 
Evans, G. W., 687 
Even numbers, 16. 18 
Exchange, 569, 572, 577 
Exchequer, 188 

Exhaustion, method of, 303, 677-679 
Exponents, 414 
Ey'ssenhardt, 23 

Fabri, 0 . (1752), 355 
Factor (broker), 558 
Factors, 30; of equations, 448 
Fairs, 569 
Fnkkri, 38a, 388 
Falkener, E., 594 
Fa’se Position, 437-441 ' 

Famous problems, three, 297 
Farthing, 647 
Fathom, 641 

Fatio de Duillier, N. (c. 1700), 698 
Faulhaber, J. (c. 1620), 518 
Faustus, L. .£butius, 361 
Favaro, A., 126, 206, 437, 436 
Fegenez, H. G., 195 


Fellowship. See Partnership 
Fcnn, J. (1769), 283 
Fermat, P. de (c. 1635), 452, 453, 688, 
689 

Fermat, S. (1679), 3*3 
Fermat's Numbers, 30 
Fermat's Theorem, 30 
Feme! (Fcmelius), J. (c. iS 35 ). 374 
Ferramentum, 361 
Ferrari, L. (c. 1545), 467 
Ferro, Scipio del (c. 1500), 459 
Fibonacci, Leonardo (c. 1203), 6, 310, 
382, 384, 437 . 457 . 471, 50s. 609 
Figurate numbers, 34, 170 
Fikrist, KHdb al- (Book of Lists), 466 
Fina;us. See Fine 

Finckc (Fink, Finke, Finchius), T. 

(c. 1583), 611, 621 
Fine, Oronce (c. 1523), 345 . 347 
Finger notation, 196 
Finger reckoning, 12, I 30 , 196 
Finite differences, 512 
Fink, E., 336 

Fior, Antonio Maria (c. 1506), 459 
Fischer, 475 

Fitz-N^ (c. X178), 188 

Fleet, J. F., 70 

Fleur de jasmin (curve), 328 

Floridus. See Fior 

Fluxions, 693. See also Calculus 

Foecundus, 613, 621 

Folium of Descartes, 328 

Fontana, G. (c. 1775), 324 

Foot, 641 

Fortunatae Insulae, 317 
Fracastorius, H. (Fracastoro, G.) 
(c. 1540), 373 

Fraction, definition, 219; name, 217; 
terms, 220 

Fractional exponent, 414 
Fractions, addition of, 223; astronomi¬ 
cal, 329; bar in writing, 215; 
Chinese, 215; common, 215. 219; 

complex, 219; continued, 311, 418; 

dedmal, 235; division of, 226; 

Egyptian, 210; general, 213; Greek, 
214, 23T; multiplication of, 224. 232; 
operations with, 222; periodic, 30; 
physical, 339; Roman, 308, 214; 

sexagesimal, 228; subtraction of, 
333; unit, 210, 213; vulgar, 319 
Francesca. See Francesdii 
Franceschi, Pietro (c. 1475), 296, 34a 
Franco of Lifcge (c. 1066), 310 
Frank, J., 350 
Frankland, W. B., 335 
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Freieiu^i J' 

Frty, J'h , 

Fricdleiiih G,» 16 , !(?► 5Dj ieo, 127 
FrisLiis. iSce GtmHia 
fri^w, G., 125 „ N jr 

Froraantcet, A, (c. ^73 

Fruscunif a cone> 2^14 j tii ^ pyrimifl, 

FuiiLft Sadaaute (4. J7So>n 4' 
fundamentat operations, 33, 3Si 
Furlong f 64^ 

F^iss, P. Hr von, 434 

Gamine, 53° 

Galileo (c. ^6^3, a47i 373 j *73 
Gallon^ 644 
Galois, E. (c- i&3d), 

Gambling and probabilityT 5 id 
GameSf number, 16 
Garbe, R., 7^ 

Gardner, E- G., 3d2 
Gardthaiisen, V,. 

GauEmg. See Gaging 

Gauss, C. F. (c. iSoo)» 337, 4691 474, 

Other, 390- See olso Jabir 
Gehhardt, M„ 4=7 
Geet, M„ 3S4 ^ 

Geiler of KaiserberE (c. iS<»)p 
G etcith, E-, 3^^ , , 

Gellibrand, H. (f- 163^),, 

Gcmatvla, 54, 152 

Gemmi Friiiua (c. t54*^7j 31* 

Ctmowc lines, 411 
GeomCtTic trOK, 34& , 

Geometric series, Series 
Geometric square, 343 . , , 

Geometry, 27*1 analytic, 
iDiiian^ 270: Cbincsfi, 371; 
atTBrtive, 271, descriptive, 33 ^, n'KyP“ 
tian, 270; elliptic, 338, 
hyperbolic, 33S; instruments ot, 3445 
intuitive, 270; modem, 33^5 
for, 273 j iKjn-EucUdeatL, 331, 33^, 
parabolic, 33 ®? proj*ctiv 9 , 273, 33=5 
Roman, 271 
Gcrbert (c- loool, 74 
Gergonne, J. D. (c, rSiol, 334 
Gerhaidt, C. t., 10, 92, 39^, 692, 698 
Gemardua (13th century?), 34 i 
Gtrsten, C. L- (i 7 ^S>i =*^4 
GballgaU F (c, f 7 

Gherardo Cremontnae tc. n^oJ, 3nii 
■6r6 

Ghetal di, M. ^ 3 ^ 'i ^ 1 

Giambattista della Porta ti33SJ, 373 


Gibson, G. A-, 315 
Gill, 644 

Ginabursi J,, 3^5 

Giniel, F. 

Gimrd, A. (c. i& 30 >i 41 Si 43^>, 474? 

6iJ, *23 

Glaishei, J. \\\ L„ jis, JiB 
GneccHi, F., 589 
Gnomon, t( 5 , ticii, 603, 669, 671 
Goblr numerals, 73, i75 
Goideo Number, 6$ s 
Golden Ruk, 484, 48d, 49 ^ 

Golden Section, 291 
Gomperz, T., 504 
Goniiometry, bts 

GoschEcitwiisch, J,, 168 ^ 

Gos&elin, G- tc. 1577)1 430 , 39 =» 433 
Gould, R. T., 974 
Gouraud, C- (1843), 52S 
Gow, J., 50, 14S 
Griftoti'i Chromdti, S3S 
Grain (Tveight), 637 
Gramma symbol, 42 B 
GrassmaciEi, K, G- tc. 1850), ios 
Graunt, Jr (1662)', 530 - 

Gravelaar, 240 
Graves, G. K., *76 
Great Britain, 640^ 64*, *4d 
Greatest common divisor> 222 
Gretk AKthalogyt 33^i 3^4 
Greeks, algebra, 381 ; astronomy, 603 
eeametry, 271^ measures, *36, 641 
numerals, 47 : trigonometry, *02 
Green, J, R., 180 
Greenougll, J- B„ ro 3 , 64? 
Greenwood. T. tiT 39 )i ^6, 494 
Gregorian calendar, 662 
Gregori", E- (C- 339 

Gregory XlII, 96* 

Griffith, F. L., 432 
Groma, 3*1 
Gromaticus, 361 ^ 

Group of an equation, 470 
Giuma, 391 . ..a 

Glinther, S., rid, 3^9, 4 ^ 9 f 47 ® 
Gmllacme, C. E-, bja 
Gunter, E, {c. 1620), 619, 92i 
GuntbfiT, R. T., 36 =k &J 3 
Gapta forms, 67 
Givalior inscription, 69 
Gyula V, SebcfiLy£rt, 19+ 

Ham. See Bierens de Haan 
IJabdah 
Hager, J., Sor 
Haldane, K- o., 323 
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Half-angle functions, 629 
Hall, H., 188 
Halley, E. (c, 1690), S 3 o 
Halliman, P. (1688), 255 
Halliwell, J. 100 
Halsted, G. B., 28a, 33$ 

Hamilton, W. R. (c. 1850), 267 
Hanai Kenkichi (c. 1850), 203 
Hankel, H. (c. 1870), 118, 261 
Hare-and-hound problem, $46 
Harkncss, W., 650 
Harley, R., 470 
Harmonic points, 332 
Harmonic series, 503 
Harpedonaptae, 288 
Harper’s Dictionary of Classical Lit- 
erature and Antiqtnties, 162 
Harriot (Hariot), T. (c. 1600), 322, 
430, 431, 471, 527 
Harrison, J. (c. 1750), 674 
Harun al-Rashid (c. 800), 672 
Haskins, C. H., 27, 189 
^a^slr, al- (c. 12th century), 118 
Havet, J., IS 
Hay, 541 
Hayashi, T., 476 

Heath, T. L., 676, 680, 681; edi¬ 
tion of Euclid, 14; History, 16 
Hebrews, measures, 63 s; mysticism, 
S06; numerals, S 3 , 59 
Hegesippus (c. 370^ 542 
Heiberg, J. L., s, 80, 338, 5241 681 
Heidel, W. 670 
Hdlbronner J. C. (c. 1740), 17 
Heliodorus of Larissa, 340 
Helix, 329 
Hellins, J,, 331 
Helmreich, A., 390 
Henderson, E. F., 188 
Henry, C., lo, 14, 322 
Hferigone, P. (c. 1634), 431, 618 
Hermann, J. M. (c, 1814), 206 
Hcrmite, C. (c. 1870), 470 
Herodianic numerals, 49 
Heromides, 274 

Heron (Hero) (c. 50, or posdbly c, 
200), 60s 

Herschel, J. F, W. (c. 1840), 618 
Herundes, 274 
Herzog, D., 523 
Heteroraedc numbers, 18 
Heuraet, H. van (c. 1639), 330 
Hexagonal number, 24 
Hiao-txe (c,350B.c.), 169 
Hieratic writing, 47, 68 
Hieroglyphics, 43, 68 


Higher series, 304 
Hilbert, D., 277 
HiU, G. F., 64, 76 
Hiller, E., 17 
Hilprecht, H. V., 37 
Hindasi, 64, 118 
Hindu-Arabic numerals, 42 
Hindus, algebra, 379; astronomy, 625; 
equations, 434; instruments, 363; 
measures, 637, 642; observatories, 
365; quadratics, 444; trigonometrj', 
608, 615, 623, 629; values of tt, 308 
Hipparchus (c. 140 b.c.), 324, 604, 614, 

639 

Hippias of Elis (c. 425 b.c.), 300, 303 
Hippocrates of Chios (c. 460 b.c.), 
679; luncs of, 304 
Hippolytus (3d century'?), 152 
Idisab al-Khataayn. See False Position 
Hobson, £. W., 304 
Hoedeve (1420), 188 
Hochheim, A., 123 
Hock, C. F., 7 
Hoffman, S. V,, 350 
Homans, S. {c. i860), 530 
Homology, 334 
Hoppe, E., 230, 314 
Horace, 16 

Homer, W. G. (1819), 381 

Morsburgh, E. M., 203 

Horseshoe problem, 531 

Hosbino Sanenobu (1673), 592, 394 

Hostus, M., 53 

Ho-t’u, 196 

Hoiiel, S., 165 

Hound-and-harc problem, 346 
Hour, 669 
Hour^ass, 671 
How^, H. H., 68 
Huber, D., 336 
Hudalrich Regius (1536), 181 
Huddc, J. (1639), 466, 6^ 

HQbner, M., 137 
Hulsius, L., 354 
Hultsch, F., 209, 231, 636 
Hunger, K. G., 18 
Hunrath, K., 10, 143 
Huswirt, J. (1501), 83 
Huygens, C. (c. 1670), 673 
Hylles, T. (1392), 492 
Hyperbola, 317, 454, 689 
HjTJerbollc functions, 613 

t for 613 

lamblichus (c. 323), 432 

Ibn al-Zarqkla (c. 1030), 609, 616 
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Ibn KhaJUkiti (1356), 549 
Ibjft Yanis the Youn^ei laocs), 
Ibrililni ibn YEdtyk. See Zsrq^la 
Ideler, L., 655 
I Hajig tc. Soe ?), 54? 

I-iimg, 524, 591 

Imaginary numberSf 261; graphic: rcp' 
rcscntati-on, in trigonometry, 

612 

Inch, S42 

Incommensunibte lines and numbeis, 

Zncomposite numbers, 20 
TndctjtrmLiialc equitioiaE, 451^4^3, fiS4 
India, 3^4. See also Algebra, Hindus, 
Numerals. 

Indivisibles, 6S6 
InfiniLe prodiitts, 430, jpG 
Infinite scries, 50G, 679 
Infinitesimal. Jes Cakulus 
Inscribed quadrilnteralr 3 EG 
Inatruments in geometry, 544, 36S 
IntcgraJ sign, GqG 
Integration, 679, 6E4, 691 
Interest, sgg, compaynd, 5*4 i 

origin of term, 

Inverse proportion, 490 
Inverted ftactioosJ divisor, ss'j 
Irrationals, sgi 

Irreducible case in cubics, 461, 464 

Italian practice, 492 

Iwasaki Tosbibisa {c. i77S)j 53? 

Jabfr ibn Afiah fc. 1130)^ jpo, G09, 632 
Jackson, L. L„ 479 
Jacob, Simon {c. 1550), 346 
Jacob ben Micbir (c. 125*), Gfig 
Jacobi, C. Gr J. (c. 1S30), 4?? 

Jacob’s staff, 34^ 

Jacobs, F., 532 
Jacobus, See Jncopo 
Jacopo da Firenze (1307), 71 
Jahnkc, E., 36E 
Jaipur observatory, 366 
Jai SinRh (c. 1730), 365 
Janet, P., 362 

janszoon (JanaeO), Z, (c.IlilO), 373 

Japan, 421, 614, 701 

Jaatrow, M., 560 

Jebb, S.1 340 

Jeher. 5 ee Jabir 

Jccblel ben Josef (1302), 

Jefferson, T. (o. iT?o), 649 
Jellen, M. (c, 1779)1, nS 
jemsbid. iSee al-Kasbl 
JenEdnson, C. H., 194 


Joremias, A„ 331 

Jetrard (c, 1834), 4J<J 

Jesuit missionaries, 364 

Jetons (jettons), 192. See also Counters 

Jevons, F. B., 36r 

Jews, SS5^ 5GS 

joanneg Phtioponus (£. *40 , 314 

Job ben Salomon, 442 
Jobanne-i HEspaiensis <c, 1140), 3S2 
Johnson, G., 6 
JoJly, Von (isar), 37G 
Jones, T. E., 359 
Jones, W. (r. 312 

Jorriaiiu5 Nemorarius (of Namur, de 
Sa-ionia) (c. iiZ5),334 
Joseph LLS problem, 541-544 
Judih ben Barffilai, 6S4 
Junge, G., 2S9 
Just, R., 400 
Jya (jiva), dis, 6id 

Kabul, 72 

Kastner, A. G. (c. 1770), 4d4, fii3 
Kalinga. DUiniCrals, fiy 
Kant, I., 336 
Karagiannldes, A., 335 
Karat, G39 

Kartihl, aU (c. 1020), 382, 388, 304 

Karo^tfiT numerals, 63 

Karpmski, L. C.t 64, 93, iSS, ZI2, 232, 

33d, 383 

Kaye, G. R., 152, 158, 308, 365 

Ketiand, P., ?d3 

Kenyon, F. G., go 

Kepler, J. (c. rijio), 342, 431, dS5 

KerbenTechmjng, 194 

Keyaer, C. J., 282, 335 

KLallikau, Ibn (1:25$), ^49 

Khayyam. See Omar Khayyam 

KhOWirizlHl (£. 825), 9, 72:, 382, 388, 

44G 

KilderEdn, d43 
KiriJicr, A- (c. rd^o), 392 
KIttredIge, G. L., 193^ 647 
K'sit-cft’cwig tAriiktHeiie in 

Nine Serfa'ojjj)^ 257, 3S0, 433 
Kliem, F., 679 
KiimpeTt, R., 3?o 
Kloa, T. (iS3fi), i7G 
Knight, Madam, 570 
Knosaos, 48 
Knott, C, G., 157, 245 
Knotted cords, 59 
Kobe!, J, tc. I5=<5>P 549 p 558 
KoeUe, S. W,, 197 
Konen, H., 452 
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Kast'il, C.^ 4J7 
K^^uto^f a, M, S.^ s 
K&wa. Seitii 
ICncHs^ G- van, 353 
K^iJitr^pia numerd&p 67 
Kuhitsiditli, W., i&s 
Kuckuck, A., ivi, i(iS 
K.[ihnp H. 365 

Kusina numcraJs, 67 

Loicaillc!, N- L. dc ft. 1750), J74 
La Condamiiie, 64$ 

Lstoupcric, A, T- de, 157 
Lacroix, £. F. (Cr [fioo), 

Lagny, F. de (c. 1710), &iJ, 637 
Lg^range, J. L. Ce. 17RC1), 

47 ^] 

Lali[rc, P. rfc (Cr 3=4 

Laisant, C. A., 537 

LamLert, J. H. (c. 377 C^)i jijij 

Lambo, Ch.j 414 
LaJacialii, R, A., 165 
Landa, D, 6 e., 43 
Lange, G., 526 
Langlatid, W.1 So 
Lao-tze, 195 

Laplace, P, S, (c, iSoo), 476 
Lapland, survey' in, 375 
La Roche. 5 « Roche 
Latitude, 

Latltudines, 319 
Latus, 40 Ts 4 ° 9 i 
Lauder, W. 564 

Laurembergi J. 5^7 
Lautenachlagcr, J. F, (c, 457 

Law of signs (equation), 471 
Zjcap year. Ses CaJendar 
Least squares, 530 
Leoat, M., 476 
Lcicichi, G, A., 415 
Lafebvre, B., 5S 
Legendre, F. (c. iga 

J„ 40 

I^naiii, £. N., 345 
Leibnii, G. W. Freiherr von (t, kSSz), 
47$, igr, oh complex numbers, 
3(4^ priority disputfi, 6 g 3 
Lejonioi^ate, 339 

Lemolbe, £. M. Hr {c. 1873), sgo 
Leonardo of Cremona (i:, 1483), ^jo 
Leotiardn Fibonacci (of Pfea). St-t 
Fibonacci 

Leonardo da Vinci (c. i$cq), 337, 342 
I^pSius, K. R., h4i 
Lessing, G. E., 584 


Letter of credit, 57^ 

Leucippus (c. 440 D.Cr), 677 
Leupold, J, (fr r72o)h 104 
Leurtchon, J. (ifi!*), 333 
Levels, 

Levi hen Gecsem (c. 1330), 326, 630 
Lex Fs^rJdi», 544 
I,eybouri3, W. (e. 1670), 302 
Lkbteniejd, G. J„ 4^12 
Liebennajin, F., ifiS 
Lictinianrt, W., 304 
LJlius (Liiio), A. [c. 13Co), 663 
Lunai^n, 336, 33^ 

Limits, 13, S9+ 

Lindemann, F., 26, 393 
Line, 274 

Llpperfiheim (Lippershey), J. [ifigS), 
373 

Liter (litre), ^46 
Little, A, G., 34a 
LlLuus, 325 

Liu Hue (c. S^i3i^ 380 
Livingstone, R. W., 381 
Livre, 64^ 

Li Veh (c. 1230), 3Sr 

Lobachevsky, N. I. (c. 1^23), 335, 33 d 

Locte, L. Lr, ros 

LGffler, E., 230 

Logarithmic Spiral, 320 

Logarithms, 313 

I.opJstic, 7, IQ, 303 

Longitude, jtS, O73 

LcingitudincSh 

Loria, G., an, 2r3, stir, 370, 334, 331, 
33 S, 470, 471, 

Lo-sbu, ToO, 

Love, A. E. H., 688 
LowcHj P., T74 
Lucas, E., s^)o, 336, 341 
Luchu IsJands, r7i 
Lucky numbers, 17 
LuttetiuE (c. iflo), 33a 
Lucilain, W. (iTflg), 28-3 
Ludolf (Ludoiph) van CeuJeii (c. 1580)^ 
3 to 

dit&itecim scri^tortiw, 166 
Lifdiij Lrir?(Kctiiprii»t, t 66 
Lunes of Hippocrates, 304 
Luts, H. F., Jio 
Lyfct, H, (1619)» 247 

McClihtock, E, (c, iSgo), 335, 53a 
Macedo, M. ^butius, 357 
Macfarlane, A. (c. iodq), 2 08 
Mac Guckih dc SlaWj 349 
Machin, J. (c, 1706L 312 
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Mach.i[tan 

McttJitnul&j 

Mackay, jf. S., 313 

MaClauriii''& Theciremh 
Macro bins., 32 
Magic ctroles, gqi, 594 
Magic a-quares, 5^1 
Mai-islcr JolianncSj 457 
Mahaffy, J. P., jOf 160 
Mahlvin, .See Mahaviricliyi 
MaJilvtirflclrya {c. Ssd), aa?j. 330, 367 j 
on quadratics, 445 
MfliimoucI Beys 54 

MaLuniid ibn Mohammed at-Rdml 
fc. 1520), 626 
Man, E. H„ iS 
Mannheim, A. {Cr iSSc)* 20^ 
M^nhcim and Mnutard> 333 
M&asacnij V. (c. igts), 3 , 4^4 
Mantissa, 514 

^(cr^arita pkyi^^s<iphjtl^^ 37S 

Marquardt, ibi; 

Martt, A., £4, lafij 200 
Martin, Th., 12 
Martines, D., 137 
MariJnJ, G. H„ 

Masabiro. Ses Murai 
Masicart, J., 2^7 
Masheieyne, N. (£. 1770)1 376 
Masperrti G., 193, 364 
Maspero, H., 236 
Mass of earth, 376 
Massorctcs, 33 

Mastor^on, T. C^. 3 ^*= 53 ^ 

Mas'bdi (c. 950), slo 
MathieUi E., 144 
Matthiesscn, L., 424, 471, 3S5 
Maupertuia, P. L. M. de (1746), 37 S 
Mmrotiica (Maurtilycus), F. ti353), 
62 s 

Masimos Planudes (c. 1340), &i 
Maya nunicraJSs 43 
MMdovis of G&ld-, 550 
Mean proportienak, 434, 4B3 
Measures, 634 
Mechanitiai calculation, 136 
Mediation, 33 

McL Wen-ting tc. 3 & 7 S), x 7 o 
Meilis, J. (1304), 149 
Menaechmus (c. 454 

Menant, J., 360 

Menelahs (c. xm), 6*3, 6 q 6, 615 
Mensa Keometricali&s 177 
Metisa ^thagorica, 177 
Mensor, 361 

MercateUo (c. xja-s), *33 


Merchants’ RuSc (or Key), 483 
Messahak (c. Boo), 333' 

Messier, C. (1775), 649 
Metiua. Sse Adrtien 
Meton (c. 43a b,c,), 65S 
MetJrtc system, 242, 37^, 64S 
Metrodofus (t, 300 ?J, 533 
Metf opolitan Museum, 4S, 45^ ^^34 
Miju Rakusai (iSig), 62S 
MikamE, V,, 4O3 114, aig 
Mile, 641 

Miitiam, W- T., 673 
MiJhaud, G. (c.tqoo), 444 
Mitier, G. (1:631), 51S 
Miller, G. A., 597 
Miller, J. (1750), 649 
Millet, 333 
MiLtiard, 

MLUiuti, 3 o 

Milne, Joshua {£, jB3d), ^30 
Mint problemt, 5B9 
Alinuendr 96 

Minus sign, 396, 397^ in the Kule of 
False, 397, 441 
Minute, 218, 33a 
Mitam CheEebi (c, 1320), 626 
Mirror, 3^6, 3 $3 
Misrachi, EJia (c. i^oo), 33 
Mised numbers, 14 
Miltnrcs, 

Miyake Kentj^S frt 1713), 173, 543 
Mochitittga (1687), 702 
MoenElt, 10 j 
Modem geometry, 331 
Modulus, 267 

Moirai (pflipwOi 232, 615, 617 
Moivre. See De Moivre 
Mommsen, T. (r. 1850), 53 
Money chaogera, 573. Sff al^fr Bant, 
Check, Curtiency, Eicbsnpe 
Monfotte, A. iii (c, 1700), 689 
MotiRt, G, (c. iSciO)j 332 
MonieT-Williams, M„ 337 
Montflutan, C. G, de, 339 
Moitth, 643 

Months, names of, 659 
Montuqci (1846)^ 330 
Moore, Jonas (i^74)s **2 
Moriand, S. (c. x67o>, =04 
Morlcy, F. V.| 32^1 
Morley, S. G„ 44 
Morse, H. B., 40 
Mortality table, 330 
Moulton, Lord, 514 
Moutem, G. ic. 1670), 5x3, 649 
Moya, J. P. de 1562), 198 



IXDEX 


71 S 

Miitlef, J, H. 374 
Mtilkr^ T., 515 
Myii, T,, 4J* 

Mule-and-aas pirahlcm, 552 
Multiple angles, functions, 6n) 
Multiplicitionf loi; by allt^uot patla, 
133f pKr iOf; BLiaikaEa^s 

plan, 107^ cmcellaEion, uB; per 
P<^ cdlonttS^ 124; 
column^ T12 ; of common irattions, 
334; CDcnplemcritaryj con- 

trackdf 123; ptr cpppat nyl crossj 

I X'i 'f pfF ti4; 

Roman, 106; left-to-rii{^it, nSj fier 
orsaTtfitOj loQ; PaCtoU^a plans, 107; 
Polish, lao; process of, J0&5 quad- 
Tilatcta], 114; quarter squares, 123 ; 
^jer re^^is^Dp 117; Russian, 106, iza, 
ptj scaceherOt 106; per jeupejssoi 
ri7f -of SCTageslmals, 232; short 
methods, iiq, iiz\ of, 114^ 
Spanish, loT; symbols, 401; tabic, 

I'funro, I?, C., 

Mutai ChQzen (c. 1765), gii 
Murai MRsahiro {c. 1732), 33^, 3S'q, 
614 

Murajiiatsu KudayQ Mosel tc. ifiSj), 

543, 

MuratoEi, L. A., 300 
Myriad, 308. 

JVabec, H. A., 200 
Nagari nOmtiTalR,, (7 
Magi, Ar, loq, 1&2 
I^ame, E. van, i6^ 

Nana Ghat ingcriptlons, 6^ 

Napier, J, (c. 1614'), 431, 514, 6ri, 652 

Napier's rods, 202 

Napier's Rules, 633 

Nsrducci, E., 3, S 

Nasik numeral 0^, d? 

Nas'ir ed-din {c. 1330), (io^, dgo, 631 
Nasmitli, J., 566 
Ncandcr, M. (f, 1570) ,4=3 
Negative eiiponents, 414 
Negative numbers, 257, 39G 
Ncilc, W, (c. 16G5), 330 
Nepal numerals, 67 
Ne^ficlmann, G. H, P.j 232 ■ 

Ncuberg, J., 3=7 

Newton, Sir Isaac {c. 1G80), 324, 344, 
472, 311, &r2j 60^;: priority dispoito, 
GqS 

Newton, John (c. iGjS), 611, 

Nicholas Cusa 1450)] 347 


Njcholsop, W. (1787), 2ofi 
Nick sticks, i$4 

Nicolas Petri (15*?), 459, 4^5, 4^^ 
Nicomachus (q. i-oo), 3 
Nicomedes, conchoid of, agS, 317 
Nidct, J., S&3 
Nielsen, N„ dn 
Nine 213, 3S0, 432 

Nines, CaaLlrig OUL, 131 

Nintii, A. P., 64 
Nobutake. Aep Baba 
Noel, E., 650 
Noether, M., 333 
Nokk, A., do4 

Non-Eudidean geometry, 333 
Norm, 2G7 
Norton, K., 240 
Norwood, R- {id3ll, 6ifi 
Notation, 3^. iSee aljo Numerals 
Number puzzles, 581 
Number theory, 4, Sie aiso Arithmetica 
NumbejiS, artificial, 3oSj compleoi, J6i; 
composite, 12, 14; compound, 14; 
conjugate, 267; cube, 191 even, 16, 
1&; hctcroTncclg, 183 imaemary', £Gi, 
s63i irrational, 2513 large, Sb; miiwd, 
T4; nesative, 357; oblong, a git odd, 
a6, iS; perfect, zo; plane, 18; prime, 
20,. jqj rtwline, 3^, 86; squire, 
18, 24; Writing, 3G, B6 
Numerals, Arabic, 6S, Go, 7a; Attic, 4?; 
Babylonian, 36, 68; Chinese, 30, 
67, GB} Cretan, 4S; Cuneifomij 36, 
G3; Cypriote, 48; ^yptian, 43, 63; 
Etruscan, g8, 64; Gobdr, 73; Greek, 
47, 49, 164; Hebrew, 53, 3^; Hero- 
dianic, 4$; Hindu-Arable, 42-88; 
Hindu varisuis, 67, 70, 71; Roman, 
34; Sanskrit, 42, 70; Spanish, B6; 
SumerUn, 67 
Numeration, 33 
Numerator, 220 

Numerical higher equations, 471 
Nuuk, P. {c. 1330), 46s 
NuflezL Ses Nunes 

Obeurauch, F, J., 331 
Oblique coordinates, 324 
Oblong numbers, 231 
Odd numberu, 16, iB 
Ohashi ti6S7N 702 
Qllva, A., 46c 

Omar Khayyam (t. nod), 3Ba, 4^^, 
443, 447, 4Sfin 30S 

Operations, fundamental, 32, 33, 416 
Oppert, G., 64, 163 
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Opti«i 33S 

Ordinal raurubcrsj a-6 

Onjiriuie, 3rS, 334 

Ortsmc tf, iJ6q), 319, 414, 516, 

Oito (Ollio), V. (c. I373.>i 510, 62J 
Ouphlrtds W. [cr 205, 413^ 43(J^ 

aji 

Ounce, Cfit 

of Casinif 33$ 

Ovio, G.f 33g 

Oaanam, J. <i6^i>, 326, 533 

IT, 17&, 307-313 k l-bc symbn], 313 
PacialEi L, Ic: 2404)1 334, 4-27, 443 
fan chu tiih^ ibtl 
Pantoiif A. ViT.f 473 

Panto Daj;(jmiari, dclP Almi.-o (t, 2340), 
is3h 23tij 216 
Papsas (c. '78 

PapjJUS (£,300 >* *39 
Pappus*Gu]din tbeorenif a 96 
Paraboia, 327, 434, $79, <5^ 
Paraboloidi &Es 
Faiatietepip^d, 291 

Parallels, 279, 335, 336? postutate of, 

2^3 

Parent, A. (c. 1710), 335 
Parentheses I 426 
Partnership, 554 

Pascal, E. (c. i650>, 203, 333,^ .^qS, 
Pascal, E., 

PascaJ's. Tmnjrlc, 503 
Passions (operations), 36 
Pasturajie problems, 337 
Paton, P,i 332 
Paul {Pao'lo) oi Pisi, Bi 
Pauly-Wissowa, aoq 
Pearls (curve), 330 
Peck, 64s 

Peckbam, John (c. iiSo), 34 e 

Pecunia, 945 

Peet, T, Eric, 34 

PceterseUi H. 439 

Ppkinjr, instrumenti at, 3^4 

Peletier (Feletarius), J, (c, 1560), 439 

Pdl, J, (c, id$Q}, 406 , 423 

Pell Equation, 4^2 

Pellos fPellliZati) fc. 1493), 23B 

Pena {Pena, de la Pctie)„ J, (4, 2557), 

l^nny, $47 
Pentaficm, loo 
Pentaptonfll number, 24 
Per cent 51^, 2^0 
Percenlage, 247 


Perch, 644 

Perci {modem Perei), See Moya. 
Perfect numbers, 20. 

Periodic JractioEH, 30 
Periods in notation, 3b 
Perif,tiery^ 17B 
Pcrmillage, 250 
Permutations, 324, 51S 
Persia, 364, 453, boB 
PersiJ£jCL[vc, 33S 
Pern, mission to, 373 
Peter, B., b34 

Petri, Nicoias (1367)1 45dn 465^ 4^5 
Petne, W. M. F., 293, 034, &43, 632 
Petrie Papyrus, 432 
Peurbach, G. von (c, 1460), 609 
Picard, J. (c. ie?o), 321, 374 
PincfiK, T. G.1 360 
Pint, 64s 

Pitiscus, Br (c, 1595), ill, da J 

Pittarelli, G., 342 

Place value, 43, 44 

Plane numiki^, 18 

Plane surface, 276 

Plane table, 336 

Planets, ^37 

Planisphere, 33 r 

Planudcs, MaKitnus (c. i;4d)3 Be 
P lates, F- de (c. 1300), 363 
Plato (c, 3$0B.c,>, i, 5 
Platonic bodies, 593 
Playfair, J. (t. 1793), 

Plimpton, G. A„ 383, 391, 39J, 404, 
40^,4?“. 4S5 k 55 G 57G &6b, 667 
Pliickec, J. ic. i3so>, 325 
Plunket, E. M., 672 
Plural proportion, 491 
Plus and minus signs, 397, 39B, 402 
Plus sign, variants, 402; in the Rule 
of False, 307, 441 
Plutarch, 602 

Poincare, H. (f. 1900), 333 
Point, 274 

Points, harmonic, 332 
Polar coordinates, 326 
Polenr, G. {c- 1740)1 ^04 
Poll tax, STS 

Polygonal numbers, 24, 27, 499 
Polypotis, area of, bod; regular, 301 
Polyhedron theorem, Z9b 
Polj'hedrons, 295; regular, 29b; stellar, 
296 

Putnodoro, G. {1624), 356, 35S 
Poncclet, J, V. ic. rS^a), 35.3 
Pondera, 361 
Pons asinorum, 284, 2S0 
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Poo 3 e, R. L.j iSg' 

PorU, G. dcllft 373 

Fortius, L.f 637 

Po$C[dorijy^ (PLt&ldnnius} 100 b.c.) ^ 

5 - 371 

Position. See False Positiou 
Postulate of parallels, 

Postijlates, 2S1 
Pott, A. F„ joo 
PotCBj R., 637 
Poudra, N. G-, 33®. 

Pound, 636, 636, 646, 1547 
Po^'f!, J., 5^7 
Poii'eTS, 3^r3 

Poynting, J. H. {igloii, 37S 
Practioa (pratica, pratiche), n 
Practice, 4-5! 

Praypr stldts, i-gS 
Pnme meridian, 317 
Prime nutnher, g, 20, Ja 
Printinp, effect on numerals, 77 
Priscian (fith century), 54 
Prkm, 2gi 
Probability, gaS 

Problem, chessboard, 345; cistern, 536^ 
hare-and'hound, 546; of Hierols 
crown, Sfloj horsisboc?, ggi; Jose¬ 
phus, S4?; testament, 5+4; Tur'ts- 
and-Christinns, 541. 

Problems 

Fcoblems. a[|rcbraic, gSs; commercial, 
532; economir, 352; elementary, 
531; famous and fauciftil, 297, 301, 
S 33 j S3*l Metrodorus, 332; of 
pursuit, 54b^ typical, 336 
Product, ^0 
Profit and loss, 357 
Proimessions, 404, 4^6 
Projoctiles, iga 
PrOjefCtivC gcOTOctry, 331, 332 
Proportion, 413, 477, 47^; atranet- 
luent of terms in, 4^, 4BS, 4S0 ] 
compound, 491; divine, sgi ■ inverse, 
4po; relation to series, 4g.7; terms oJ 
a, ^3; types of a, 432, 5e£ oJjo 
Rule of TTircc 
Proportional compasses, 347 
Proportionality, 47S 
Propositions of Roometry, typical, 2E4 
Prosdoctmo de’ Beldamaudi (c, r^To), 
302 

PaammitCB, 3 

Pfolemy, Ctiude fc, 13a), 371, do7, 
613, 0S4, fiao, 631, ^2 
PLoletny's Theortm, 624 
PuJiM, 308 


Fulrenzicr, 387 

Punt quadratic, 430 

Pursuit, curve of, 327; probiems of, 

340 

PuBfIcj, 33 z,. filiP Probtems 
Pyramid, 392; frustum of, 393 
Pyramidal number, 23 
Pythasoras lc-540 0,C.>, 4 
Pythagorean numbers,, a 83 , 451 
Pythagorean table, 124 
Pytbagoiean Theorem, sS 3 

Quadrant, 33^-857 

Quadratic equation, 443-431; Hindu 
rules for, 444-44^ 

Quadratrix, 3CKI, 30^ 

Quadratum geometrienm, 343 

Quadrature, sgE, See also Qrcle 

QuadrivLum fQuadruvium), 3 

Quart, ^44 

Quarter squares,. 123 

f^atemions, 3P7 

Quentos, Sd 

Quipu, 195 

Quotient, 131 

Rubuet, Cr, 32j 
Radical shrn, 408. 409 
Radius, with abacus, 138, 173; geo¬ 
metric, 27S 

Radulph of L't"'! (r. ioed), 177 
Rshn, J, H. (c, iflcio), 406, 411, 431, 
474 

Rainbow, 343 
Ramsay, J. H., r8g 
Ramsay and Lanciani, jdy 
Ramus, P. (r. 1330), 342,'430 
Range finder, 393 

Raphson (RaJphsun), J. (c, 1715), 
6 g 3 , dgS 

Rara Arithff^etiaB-, 34 

Ratio, 477, 478, 678; anhanuonic, 333, 

334 

Ratios compounded, 481 
R echenmeister$, igo 
Reebenpfeonig, igi 
Reckoning on the lines, 183 
Recorde, R. (f, 3342), gS*, 4zr, 412, 
480 

Eficrofttions, mathematical, 532, Sft 
Problem ajMi PrabJertis 
Rectifications^ 33a 
Refraction, 343 

Regiomontanus (4, i47'0)i 417] 429* 
809, 826, 630 
Regius, H. (i 53 *>h 
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Aej^uU, ayeitienEi H dtcntmeiiti, 441 j 
bilands, 440; CMcis, 5S6; fatai, 437- 
443; iniusa^ 443 ; lancmm, 440; posi- 
Cionisr 437-44-2; potatorum, 5S7; 
quatuor quantitEitum, £07 ; 
quantittturUi 6o7; virigiflyiUj 
Regular polygona, 301 
UcHatSek, E., 5p7 
Reiff. R., 504 
Reimer, N. T., spS 
Rdnach, S,, So 
Remaud, J., 10 
ReJatioti, symbol^ oJ, 4 to 
R emainder, 13 & 

Retiueno, V., sod 
Res, 40&, 4.27 

Rhaeticua, G. J, iS5Ci)j 410, Cai;, 
6^3, b27, O29 

Khmd, A. H. Cpapyrua), 34 
Rhoniya. Ste Rahu 
Riccati, V, te. 1750), 613 
Ridiurdson, L. J., 

Richter ic. iRSc], 311 
Riemarm, G. F. B. (o. 1^50), 33a 
Right-angled triaafiie, 455 
Risner, F. (c, 1370), 341 
Robbins, F. E., 5, 55a 
Robert of Chester (c. 1140)1 383, 
416 

Roberts, Er S-, So 
Robertus AngEtcos fr. 1131), 621 
RobOrval, G- R, df (c. 1640), 653 
Robinaon, L. G., dSi 
Roche, E, de la Lt. 1530), 407 
Rod, d*! 

Rod numierats, 40, 43 
Rodet, L„ 378, 433 
Ro^mbold (c. iotd)^ 177 
Rollaridua (c. 1434), 77 
Romans, calendar, 639; fractions, 
measures, 636, 64^; numeraia, 54 
Rood, 644 

Roomen, A. van tc. iSPS), Jto 
Roots, X44t abbreviated naetboda, 1307 
approsumate, 353; cube, 144, 14S; 
higher, 14q; meaning of the temii 
rso; square, 144, 253 
Roaurpes, Tflb 

Roseoe, translation, 343 
Rosen, F., 3SS 
Ro&enhagcn, G., ib3 
Rossi, G„ 34S 
Roth, P. (c. 1610)+ 474 
Roulette, 3^8 
Round, jr H., 

Rudio, F,, goj, 3ra 


Rudolff, C, ic. rs2S>, 3B4, 408, 428, 

Ruffini, P. [c, iSoo), 469 
Rule of False Positkm, 437^43. Set 
ReguJa 

Rule of Five, Seven, etc., 4pi 
Rule of Misturcs, 586 
Rule of Three, 477, 4S3; conapound, 
491 

Ruled autfacGs, 316 
RQmi, al- (c. 152*), ^25 

Sa''adLa ben Joseph (cr, dJp), 31? 
SaaJfeld, G. A,, ib? 

Satcheri, G. (1733), 333 
Sacnau, E. Cr, 63c 
Sagittm 6iq 
Saglio, E., 2ag 

Saint-Vincent, G. de (c. 1630), b5o 
Saka forms, 67 
Salamla abacus, i&x 
h’afomon, J,, 101 
Salvemini. Fp? Castillon 
Salvianug Jqlianus tc. lij), 543 
Sifvino degTl Armatl (1317), 372 
Sanchu, 171 
Sand Htckoner, 5, So 
Sand table, 136 
Sang Hung (CrriSSnC.), 170 
Saogi, 41, 17X-173 
Santa Maria de RipolJ, 73 
Shradi numerals, 71 
Sargon {c.J750E.C.), fioi 
Sat£ ShigeharU (t 6 o 51, T7r 
Savv'aguchi lCa2uyuki (c. 1665), 701 
Sayce, A. H., 230, 534. 360 
Scales, meLhod of the, 440 ^ of count- 
hif, u, 4r 
Scaphe, 370 

Scarburgb (Scarborough), C. (c. i60g), 
5 i 8 

Schack-Sdbackenburg, H., 432, 444 
Sebepp, A., 326 

Scheubel (Scbtj^bel), J. (c. 1350), 425 
Schilling, Frr sb4 

Schisare, 23 t 

Schlcgel, V.j 268 

Schmid, W. (is'dg), 292 

Schmidt, J, J., 33 

Schoner, A. (c. 13S0), 430 

Schooten, F. van, the Younger (£. 

^656), 348, 474 

Schotten, H.,. 374 
S’chaty, 176 
Schubert, K., igi 
Schillkc, A., 2^4 
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Schiitte, F-h 370 
Sthultaberg, Wr von, ^54, 195 
SchunaMhet, H. C. 1^30), 337 
Scipio N^sicn (c. 159 p.Cr)t d?2 
Store, Tpa 
S^:bKty^^ 194 

Sebnkht to. 650), 64, p 
Secanti 622 
SDCOUid, 2^2 

Settor compaases, 347 
Sedgwict, W, T., 337 
Sttltllot, L- E. Am-f 
Seebuhrti, F., 637 

iSc/er /fiETfa, 6^ 

Sekj Kowa ic. jtd'0o)h 433, 47^, 5 g 3 , ;oi: 
SemidJasieter, 279 
Seqt ^kd), Ooc, dig 

ScricE., 494; antitriKcmometriq, 513; 
arithmetic, 40S; convergence^ of, 
S07; extent oE Lreatment of, 497 j 
gcOtnCLric, 500 ^ Gresnry's, har- 
moitic, 303 i higher, ^04; infinite, 
^d6 , d7gi kind& of, 49$^ IngarldiiniiO, 
513; names for, 4^' relation to 
proportton, 497; sum of, 17, 497- 
30s; trigonotnetriCi 31! 

Serret, J. A, (c, ia&3>, ^9-2 

Seven, check of, 154 

Seven liberal arta, 3 

Sexaj^rsimal fracitLoris, 223 ; symbols of, 

334 

Shadows, 17, 602, 620; CnbiK of, 621 

Shanks, W. (c, 1933), 311 

Sbeffers, G, hga 

Shekel, 636 

ShiHEnf:, ^47 

ShotweJI, J. T.| bjr 

Sii Pong-tau (c, id5*)h 5^3 

Sieve of Eratosthenes, 5 

Sign, 233 

Significant figutea, 15 
Signs, law of, 396 
SiSbtrheTK, M,, 100, 15 a 
Simon, M. (0. 1990), 431 
Sitnpaon, T. (c, r75(?)i 469 
Simnttaneous equations, 431 
Simultaneous quadratic equations, 45a 
Sine, dl4; ibbteviltiuns for, 618; 
for, dr6 

Eines-j addition theorera of, 628^ tablea 
of, did; tbeorant of, 630, 632 
Single FaJsCf 440 
Sinus totns, 627 
Siasah ihn JDahlr fc. 1230), ^9 
Slane, Mat Guckin de, 349 
Slate, 179 


SLoDian, H., 692 

Sluze, R. F. Baron de (c, i6do), 
63o; ciineliOild of, 327 
Smethum, idS 
Smith, A. H., ifi3 
Smith, D. K., 64, 124, l 32, 2ia.j 
Ji2j 3^5 h S3^ SSSj 6715 
Smith, W., ^40 
Smogolenski (c. 1630), 523 
Smyly, J. G-, 33d 256, 294 

Sntdl, W. {rda?!, 631 
Sneiling, T., 181 
Solid analytic geometry, sag 
Solid geometry', 291 
Solid number a, 19, 2^ 

Solidus, ^49 

Sommerville, D. M. Y., 333 

Soreau, R., 136 

Spaces (spacia), 1S3 

Speclea, 33 

Speculum, 350, 353 

SpeideU, j. trdao), 517 

Sphere, 294; astronomical, dq3-9gS 

Spherical numbers, 2g 

Spherical triangle, 931 

Spinoza, B. {c. 1670), 

Sriialsr 32? 

Square, geometrkj 345, 355; 

Square numbera, rS, 24 
Square root, 144, 233 
Squares, criteria for, 356; suma of, 
^7, 504 

Squaring the circle, apS, 302 
Srldhari (c. Io2o), 44d 
Stadium, 540, 641 
Sthekel, P.j 33S, 337 
Stark, W, E., 345 
Steele, R., 32, 7S 
Steiner, J, (f, 1340), 334 
StEtnaebneidier, M, tc. iSgo), 34, 36, 
T37n ^ 00 , 437, 663 

Stephano Mercatello (c. 1322}, 73^ 
Stereographic projection, 344, 351 
Stevin, S. (iT, 3590), 43a 
Stifel, M, (c. 1525), 3S41 302, giPi 

g 20 

Stitt, S. S., 

Stock, 194, 576 
Stone, E. (1740)1 326 
Stoy, H., 197 
Straight line, 273 
Studnitka, F. J.j 77, 310 
Study, E,j 
Sturm, 29'B 
Sturm, L. C. 1710), Ag 
237 
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Suan-pan^ i&Sj 203 
Subatractio, 

Subtraction, 94, i 34 ; of fractions, ^33 
methods of, ^iS s aymbola of, 355 
Subtrahend, ^ 

SueVLIE, 11 

Sum, Sg^ go ; of a series, 4?'?-50S 
Sit-marie CompeMdioso, aSg, 39^r Sflo 
Sundial, 3?D, 601, 6iO, 669-671 
Sun-tzi (ist Ctfttury ?), aSoj 433 
Superstitions, 17 
Svppuiatidi ars, 11 
Surds, 351, 2^2, 557 
Surface, 376 

Surfaces, 323; curvature of, 315; ruied. 

Surveying, 317, 344, 363 
^tV, 16^ 

Suter, H. (c. 2890), 34, 74 , 92, rT&, 
i 64 n 4i7, 4Sr, 350 
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Sylvester, J. J. (c, iSSo), 477 
Sylvester, FopUr See Gerbert 
Symbolism, poor, 41:7. .See also Sym¬ 
bols 
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aggregation, 416; of Diophantus, 
421-424 i of division, 406; of equal¬ 
ity, 4105 of equationE, 421, 4345 of 
imaginary numbers, 266; of inequal¬ 
ity, 413; of multiplicLtion, 403; of 
negative number, 139, 393-397 f 

Oriental, 424; o-f per cent and per 
millj 2^a; of proportion, 413; of 
ratio, 406; of relation, 410; of roots, 
407; in the Rule of False, 397, 441; 
of subtraction, 395-397; of the un¬ 
known, 422, 423 i of Vlcta, 430, 449 

Tibit ibn Qorra (c. 870), 435, 6S5 
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Trigonometric functions. 

Tabula gao-metricalss (abaci), 177 
Tait, P. G. (c, iSSd), a_67, 268 
Takebe Hikojiro Kenko (c. 702 

Takebe Kemmei (c. 1722), 703 
Takeda Shingen (1824), 536 
Talent, 635, 636 
Tally stidtE, 171, igi 
Tangent, 62a 

Tangential coordinates, 32b 
Tangents, abbreviations for, 622; prob¬ 
lem of, 6^9 h tables of, 624; thEorem 
of, 611, 631 


Tangutans, 169 

Tannery, P, (f.1900), 3, 101, 1341 J26, 

= 54 n 3 = 453 h 47 ^: ^5 

Tanstetter, G. (c. 1520), 341 
Tauto, 393 
Tare and tret, 567 
Tariff, ^71 

Tartagtia, Nicolo (c. 1545)1 334 ? 

428, 460, 494 
TaurinuE, 337 
Tautochronous curve, 325 
Tases, 571 
Taylor, 398 
Taytor, J„ 92 
Taylor’s Theorem, 513 
Ttuceira, F. G., 313, 326 
Teteacope, 372 
Temple, R. C., 637 
Tessera, 195 

Testament problem, 544 
Thales (c. 6iMB.cO> 4, 602; measuring 
distances, 2S3 
TAeologvmenar 27 

Theon of Smyrna (c. 125), S, 6, 433 
TheophraEtus (c, 35011,0.), 677 
Theory of numbers, 29 
Thibaut, G., 3SS 
Tliibetan " wheeE of life," 595 
Thierfelder, C. (1587J, 439 
Thirteen, fear of, 17 
Three, 2 

Thymaridaa (f. 3SQH.Cr), 432 
Thynne, F., 564 
Tieffenthaler, J. (c. 1750-), 366 
Ticnc, 651 
Tithes, 572 
Titulus, f>T. 

Tod, M, ht,, so, 162 
Todfiutiter, I. (c, 1850)? 323 
Ton, 645 

Topics for Discussion, 31, 155, 207, 
26q, 377? 53Ip 599 p 633k *75? 703 
Touraeff (Turajev), B. A., 293 
Townsend, E. J., 277 

de imiformiUiie^ etc., 319 
Tran^oendental numbers, 268. See alia 
Logarithms, Trigonometric func¬ 
tions 

TranEversaJs, theory of, 333 
Treichel, A., 195 
Tret, 367 

TrtutEem, P., 397, 2 S 5 p 497 
Trianpde, 2 83 , 290; arithmetic (Pas- 
calhj, 598; right-angled, 233 ; spheri¬ 
cal, 604--60S, 631 
Triaagular numbers, 24 
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